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Preface

This thesis consists of an introductory chapter (Chapter 1) followed by eight
research chapters (Chapters 2-9), each of which is written as a self-contained
journal paper, except that all references are gathered at the end of the thesis.
These eight chapters are based on the eight papers that are listed below and
have been submitted to journals for publication. Chapters 2, 3 and 6 are
mainly based on research that was done while the author was working as a
PhD student at Northwestern Polytechnical University in Xi’an, China; the
other chapters are mainly based on research of the author at the University
of Twente. The paper that forms the basis for Chapter 7 has recently been
published in Discrete Mathematics, and the paper underlying Chapter 6 has
been accepted for STAM journal on Discrete Mathematics. The other papers
are in different stages of the refereeing process. All chapters deal with results
in which certain subgraph conditions on graphs imply that these graphs have
structural properties that are somehow related to the existence of Hamilton
cycles. This explains the title of the thesis. Since the thesis has been written
as a collection of more or less independent papers, the reader will find a certain
amount of repetition of relevant concepts, definitions and background. The

author apologizes for any inconvenience.
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Chapter 1

Introduction

1.1 Basic terminology and background

For terminology and notation not defined here, we use Bondy and Murty [8].
We consider finite, undirected, simple graphs only.

A graph G is hamiltonian if it contains a Hamilton cycle, i.e., a cycle
containing all vertices of G. The term refers to Sir William Rowan Hamilton
who invented a game in the 1850s in which a player has to produce a Hamilton
cycle in a dodecahedron after another player has prescribed five consecutive
vertices of it. We omit the details.

Checking whether a given graph G is hamiltonian or not is a notorious
NP-complete decision problem, and is a special case of the Traveling Salesman
Problem that attracted a lot of attention (See, e.g., [1]). Since this thesis deals
with structural conditions for hamiltonian properties and not with algorithmic
questions, we will not elaborate on the complexity issues involved, but we refer
the interested reader to the vast literature that can easily be found on the

internet.

In contrast to the problem of deciding whether a given graph is eulerian,
i.e., contains a trail that traverses every edge of the graph exactly once, no
nice characterization, i.e., a necessary and sufficient condition, is known for the
existence of a Hamilton cycle in a graph, in the sense of being useful in deciding
the (non)existence of such a cycle without too much effort. Since the early
1950s this has been the motivation for considering necessary conditions and
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sufficient conditions separately, with a strong emphasis on sufficient conditions.
The results of this thesis also mainly deal with sufficient conditions, although
we sometimes add a mild necessary condition to the graph classes we consider
in order to obtain stronger results. We will come back to this later.

We will shortly describe two types of sufficient conditions for the existence
of a Hamilton cycle that have been popular research areas for a considerable
time, namely degree conditions and forbidden subgraph conditions. Before we
do so, we need to introduce some additional terminology.

Let G be a graph. For a vertex v € V(@) and a subgraph H of G, we
use Nz (v) to denote the set, and dg(v) to denote the number, of neighbors
of v in H, respectively. We call di(v) the degree of v in H. For z,y € V(G),
an (x,y)-path is a path P connecting x and y; the vertex x will be called the
origin and y the terminus of P. If x,y € V(H), the distance between z and y
in H, denoted dg(z,y), is the length of a shortest (z,y)-path in H. If there
are no (x,y)-paths in H, then we define dg(z,y) = co. When no confusion can
occur, we will denote Ng(v), dg(v) and dg(x,y) by N(v), d(v) and d(zx,y),
respectively.

The earliest degree condition for a graph to be hamiltonian was given by
Dirac [20] in 1952. It states that a graph G on n > 3 vertices is hamilto-
nian if every vertex of G has degree at least n/2. Dirac’s Theorem has been
generalized in several ways and directions. For later reference we present the
following degree sum condition given by Ore [30] in 1960. We will present gen-
eralizations of this result and its counterpart for other hamiltonian properties
in the thesis.

Theorem 1.1 (Ore [30]). Let G be a graph on n > 3 wvertices. If for every
two nonadjacent vertices u,v € V(G), d(u)+d(v) > n, then G is hamiltonian.

These early degree conditions and many of its successors have a serious
drawback. Although they are best possible in the sense that we cannot replace
n by n—1 in the above result, the graphs satisfying the conditions are very close
to complete graphs and therefore almost trivially hamiltonian. For example,
the graphs satisfying the condition in Ore’s Theorem have at least roughly
n?/8 edges. In fact, they are close to complete graphs in the following sense:
one can add edges one by one between nonadjacent vertices in such a way that
the new graph is hamiltonian if and only if the previous graph is hamiltonian,
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until a complete graph has been obtained. This follows from a well-known
closure result of Bondy and Chvétal [7]. We omit the details.

The above degree conditions are sometimes referred to as numerical con-
ditions or global conditions, for obvious reasons, and seem to be too strong
for guaranteeing hamiltonicity, in the sense that they imply much more on the
structure of the graphs that satisfy these conditions. This might have been a
reason for researchers to consider structural instead of numerical conditions,
and local instead of global conditions. One option is to look at local structures
of the graph and impose certain conditions there.

We now turn to subgraph conditions and the relevant terminology and
notation. Let G be a graph. If a subgraph G’ of G contains all edges zy € E(Q)
with z,y € V(G’), then G’ is called an induced subgraph of G (or a subgraph
of G induced by V(G")). For a given graph H, we say that G is H-free if
G does not contain an induced subgraph isomorphic to H. For a family H
of graphs, G is called H-free if G is H-free for every H € H. If G is H-
free, then H is called a forbidden subgraph of G. Note that forbidding H as
an induced subgraph puts less restrictions on the graph G than forbidding
H as a subgraph: in the former case H is allowed as a subgraph of G if G
contains at least two adjacent vertices that are nonadjacent in H. Also note
that the conditions on the graph G become weaker if the forbidden subgraph
gets larger, in the following sense: if H; is an induced subgraph of Hs, then
G being Hi-free implies that G is Ho-free, but not vice versa. So the larger
the forbidden subgraphs, the richer the class of graphs under consideration, in
the above sense.

We will now describe some special graphs and graph classes that play a
key role as forbidden induced subgraphs in the sequel.

The graph K 3 is called a claw . The vertex with degree 3 is called the cen-
ter , and the other vertices are the end-vertices of the claw. Claw-free graphs
have been a very popular field of study, not only in the context of hamiltonian
properties. One reason is that the very natural class of line graphs turns out
to be a subclass of the class of claw-free graphs. So it is a rich class in the
sense that for every graph G = (V, E) we can obtain a (claw-free) line graph
L(G), with vertices of L(G) corresponding to the edges of E, and with two
vertices adjacent in L(G) if and only if the corresponding edges of G share
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exactly one vertex in G. It is an easy exercise to show that line graphs cannot
contain a claw as an induced subgraph. In fact, line graphs can be character-
ized by a set of nine forbidden subgraphs, one being the claw. We will not
elaborate on this in the thesis. Forbidding the claw does not help for hamil-
tonicity, i.e., not every claw-free graph is hamiltonian. There are examples
of 3-connected nonhamiltonian claw-free (even line) graphs, but it is a long-
standing conjecture that all 4-connected claw-free graphs are hamiltonian. It
is interesting to note that the lower bound on the degrees in Dirac’s Theo-
rem can be lowered to roughly n/3 in case of claw-free graphs and something
similar holds for the bound in Ore’s Theorem. Natural questions to consider
here are: is there a single (connected) graph H such that every (2-connected)
H-free graph is hamiltonian? Is there a (connected) graph H such that every
(2-connected) claw-free H-free graph is hamiltonian? Can we characterize all
such graphs or pairs of graphs for this and other hamiltonian properties? This
is the motivation for the results of this thesis.

Let P; (i > 1) be the path on i vertices, and C; (i > 3) be the cycle on
i vertices. We use Z; (i > 1) to denote the graph obtained by identifying a
vertex of a C3 with an end vertex of a Pj1, B;; (i,j > 1) to denote the graph
obtained by identifying two vertices of a C3 with the origins of a P;y; and
a Pji1, respectively, and N; ;1 (4,j,k > 1) to denote the graph obtained by
identifying the three vertices of a C'3 with the origins of a P;11, Pj41 and Py1,
respectively. In particular, we let B = B;; (this graph is sometimes called a
bull ), W = By 2 (this graph is sometimes called a wounded ) and N = Ny ;1
(this graph is sometimes called a net ) (see Figure 1.1).

Forbidden subgraph conditions for hamiltonicity have been known since
the early 1980s, but Bedrossian was the first to study the characterization of
all pairs of forbidden graphs for hamiltonian properties in his PhD thesis of
1991 [3].

Before we state one of his results, we first note that forbidding K is absurd
because we always assume a graph has a nonempty vertex set. Moreover,
we note that a Ks-free graph is an empty graph (contains no edges), so it
is trivially nonhamiltonian. In the following and throughout the thesis, we
therefore assume that all the forbidden subgraphs we will consider have at
least three vertices. We also restrict our attention to connected forbidden
subgraphs, since we want to look at local conditions, in the sense that the
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Z; B (Bull) N (Net) W (Wounded)

Figure 1.1: Graphs P;,Cs,Z;, B,N and W

vertices of the concerning subgraph have a distance not so far in the graphs.
Finally, we note that every component of a Ps-free graph is a complete graph.
Hence a connected Ps-free graph on at least 3 vertices is trivially hamiltonian,
and it is in fact easy to show that Pj5 is the only connected graph H such that
every connected H-free graph on at least 3 vertices is hamiltonian. The next
result of Bedrossian deals with pairs of forbidden subgraphs, excluding Ps.

Theorem 1.2 (Bedrossian [3]). Let R and S be connected graphs with R, S #
P and let G be a 2-connected graph. Then G being {R, S}-free implies G is
hamiltonian if and only if (up to symmetry) R = K13 and S = Py, Ps, Ps,
03, Zl, Z2, B, N or W.

Important to note here is that the claw is always one of the forbidden
subgraphs, a phenomenon that we often encounter(ed) in similar results. Also
recall that a Py-free graph is Ps-free, etc., so the relevant graphs for S are in
fact Pg, N and W all the other listed graphs are induced subgraphs of P, N
or W.

Motivated by Bedrossian’s results many papers have appeared in which
similar results have been obtained for other graph properties. We will come
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back to this later, and we will present a newly obtained result in the thesis for
the property of being homogeneously traceable, to be defined later.

One of the main objects of the thesis, however, is to combine the two
types of conditions, i.e., to restrict the degree conditions to certain subgraphs.
Why should we be interested in doing so? Recall that the degree conditions
had the drawback that they impose such strong conditions on the graphs
that they are not far from complete graphs, in the sense described earlier.
Early subgraph conditions have a similar drawback, especially if the forbidden
subgraphs are small. As an example, it is an easy exercise to show that a
connected K7 3-free and Zi-free graph is either a path, a cycle, or a complete
graph minus the edges of a matching. We omit the details. Combining degree
conditions and subgraph conditions by relaxing the degree conditions to hold
for certain nonadjacent pairs of vertices in certain induced subgraphs instead
of all nonadjacent pairs could clearly lead to common generalizations: if the
degree condition holds for every nonadjacent pair, it obviously holds for certain
nonadjacent pairs; allowing a certain subgraph as an induced subgraph under
some condition is obviously weaker than forbidding the same subgraph.

Before we present the results of the thesis, we need a few more definitions.
We first turn to a type of conditions for hamiltonian properties that we will
generally address as heavy subgraph conditions .

Let G be a graph on n vertices, and let G’ be an induced subgraph of G.
We say that G’ is heavy in G if there are two nonadjacent vertices in V(G’)
with degree sum at least n in GG. For a given fixed graph H, the graph G is
called H-heavy if every induced subgraph of G isomorphic to H is heavy. For
a family H of graphs, G is called H-heavy if G is H-heavy for every H € H.

For hamiltonicity we obtained the following counterpart of Bedrossian’s
Theorem. The proof of this theorem can be found in Chapter 6 of this thesis.

Theorem 1.3. Let R and S be connected graphs with R, S # P3 and let G be
a 2-connected graph. Then G being {R, S}-heavy implies G is hamiltonian if
and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1, Zy, B, N or
wW.

Comparing the two theorems, we firstly note that the claw K 3 is always
one of the heavy pairs. Secondly, note that P is the only graph that appears
in the list of Bedrossian’s Theorem but is missing here. Chapter 6 contains
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examples showing that Py has to be excluded in the above theorem.

In the thesis we will consider a number of other hamiltonian properties,
i.e., properties that are similar to being hamiltonian but either weaker (implied
by being hamiltonian) or stronger (implying hamiltonicity). We present some
additional definitions first.

We begin with some weaker hamiltonian properties, the first of which is
well-studied, but the second of which is not so well-known.

A graph G is said to be traceable if it contains a Hamilton path , i.e., a
path containing all the vertices of G; it is called homogeneously traceable if for
every vertex x of G, it contains a Hamilton path starting from .

We also considered the following stronger hamiltonian properties.

A graph G is said to be Hamilton-connected if for every two distinct vertices
x and y of GG, it contains a Hamilton path connecting x and y; it is called
pancyclic if it contains a cycle of length k for all £ with 3 < k£ < n, where
n=[V(G)].

For some properties, e.g., traceability and pancyclicity, we would like to
consider a slightly weaker or stronger degree condition than the heavy sub-
graph condition we introduced before. We shall give the reasons for this later
in this chapter. Here we introduce the additional related terminology.

Let G be a graph on n vertices, let G’ be an induced subgraph of G, and let
k be an integer. We say that G’ is og-heavy in G if there are two nonadjacent
vertices in V(G’) with degree sum at least n+ k in G. Here the o refers to the
degree condition in Ore’s Theorem, while the ; refers to adding or subtracting
a small constant in the degree condition. For a given fixed graph H, the graph
G is called H-op-heavy if every induced subgraph of G isomorphic to H is
ox-heavy. For a family H of graphs, G is called H-o-heavy if G is H-ox-heavy
for every H € H. Thus for k£ = 0, an H-op-heavy (H-op-heavy) graph is an
H-heavy (H-heavy) graph.

Note that an H-free graph is also H-op-heavy; more generally, if k£ < /£,
then an H-oy-heavy graph is also H-og-heavy; if Hi is an induced subgraph of
Hj, then an H-free (Hi-heavy, Hi-op-heavy) graph is also Ha-free (Ha-heavy,
Hj-op-heavy); and for a complete graph K, saying that a graph is K,-free is
equivalent to saying that it is K,-heavy (K,-ox-heavy).
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For the same reasons as before with forbidden subgraphs, when we say
that a graph is H-heavy (H-op-heavy), we always assume by default that H
has at least three vertices and that it is connected.

1.2 Main results of the thesis

The thesis contains a variety of results on subgraph conditions for hamilto-
nian properties of graphs. The general questions that have been addressed
are: for which graph S, or for which pair of graphs R, S, does the following
hold: every graph (restricted to a certain class of graphs, avoiding more or
less trivial counterexamples) that is S-free (S-heavy, S-op-heavy) or {R, S}-
free ({R, S}-heavy, {R, S}-op-heavy) has a certain hamiltonian property. For
some properties, forbidden subgraph conditions were already established by
other researchers; in that case, we present and prove the corresponding heavy
subgraph counterparts; for other properties, we give both forbidden and heavy
subgraph conditions for a graph to have the required property.

Let P be a property of graphs (like hamiltonicity, traceability, and so
on). If apart from some trivial exceptions, a graph with property P must
have (vertex) connectivity at least k, then we say that being k-connected is
a necessary connectivity condition for property P (or that k is the necessary
connectivity for property P). For instance, every hamiltonian graph is 2-
connected. Therefore being 2-connected is a necessary connectivity condition
for the property hamiltonicity. When we consider the property P, we only
consider graphs that satisfy the necessary connectivity condition.

Another remark concerns the degree conditions we impose on certain non-
adjacent vertices (for some types of heavy subgraph conditions). When we
consider a hamiltonian property P, it is always easy to construct a graph with
a large minimum degree that does not satisfy the property P. For instance,
the complete bipartite graph K(,_2)/2,(n42)/2 on n vertices (with n even) is
not traceable, and every induced subgraph of it (other than K; and Kj3) is
0_o-heavy. On the other hand, a counterpart of Ore’s Theorem shows that ev-
ery graph on n vertices in which every pair of nonadjacent vertices has degree
sum at least n — 1, is traceable. This is the reason for considering o_i-heavy
subgraph conditions for traceability, where the subscript n — 1 is called the
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necessary degree sum for traceability. This of course does not mean that a
large degree sum of nonadjacent pairs of vertices is a necessary condition for
traceability: a long path is a traceable graph but has maximum degree 2. Sim-
ilarly, noting that K(,_1)/2 (n4+1)/2 18 not hamiltonian and not homogeneously
traceable, and K, /3 /2 is not pancyclic, the necessary degree sum for hamil-
tonicity and homogeneous traceability is n and the necessary degree sum for
pancyclicity is n+1. Thus, for the hamiltonian property with necessary degree
sum n + k, we always consider og-heavy subgraph conditions instead of heavy
subgraph conditions.

Recall that if a connected graph is Ps-free, then it is a complete graph,
and it satisfies all the above properties (with the corresponding necessary
connectivity). In many cases, Ps is the only single connected graph S such that
every S-free graph (with the corresponding necessary connectivity) satisfies
the given property. In fact, for og-heavy subgraph conditions, where n + k
is the corresponding necessary degree sum, this is also true. This will be
proved in the respective chapters. In the remainder of this introduction, we
will consider the more interesting cases involving pairs of subgraphs, except for
the next subsection on longest cycles. So when we consider a pair of forbidden
subgraphs (and also og-heavy subgraphs) in the sequel, we will always exclude
P35 as one of the members of the pairs.

A. A result on longest cycles

In Chapter 2 of the thesis we consider sufficient conditions for a property
on longest cycles of a graph. We first introduce some additional terminology.

Let G be a graph on n vertices. A vertex v is called a heavy vertex of G
if d(v) > n/2, and a cycle C is called a heavy cycle of G if C' contains all the
heavy vertices of G. From results by Bollobds and Brightwell [6] or Shi [33],
one can easily deduce that every 2-connected graph has a heavy cycle. This
result generalizes Dirac’s Theorem, because if every vertex has degree at least
n/2, the heavy cycle is a Hamilton cycle.

In general, a longest cycle of a graph need not necessarily be a heavy
cycle. In Chapter 2 we consider the property that ‘every longest cycle is a
heavy cycle’ in graphs. This property is clearly weaker than hamiltonicity.

Since a separable graph can have no cycles containing internal vertices of all
its blocks, we only consider 2-connected graphs, although 2-connectivity is not
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a necessary condition for the property that every longest cycle is a heavy cycle.
Since the definition of a heavy cycle involves the concept of a heavy vertex,
we consider (forbidden subgraph conditions and) heavy subgraph conditions
for this property, although 7 is not the necessary degree sum for this property.
In both respects, Chapter 2 differs from the other chapters.

With respect to a single forbidden (or heavy) subgraph condition for the
property that every longest cycle is a heavy cycle, for 2-connected graphs we
obtained the following result.

Theorem 1.4. Let S be a fixed connected graph and let G be an arbitrary 2-
connected graph. Then G being S-free (or S-heavy) implies that every longest
cycle of G is a heavy cycle, if and only if S = P3, K13 or K.

Since the single forbidden (or heavy) subgraph is not always P3, we expect
that a characterization of all the pairs of forbidden (or heavy) subgraphs for
this property will be very complicated. In this thesis, we do not consider pairs
of forbidden (or heavy) subgraphs for this property.

B. Results on traceability

With respect to forbidden subgraph conditions for traceability of connected
graphs, the following result was established in 1997.

Theorem 1.5 (Faudree and Gould [24]). Let R and S be connected graphs
with R, S # Ps and let G be a connected graph. Then G being {R,S}-free
implies G is traceable if and only if (up to symmetry) R = K13 and S = Py,
Cs, Z1, B or N.

It is a bit disappointing that one needs to forbid almost the same graphs as
for hamiltonicity, i.e., a claw combined with any of the induced subgraphs of
the net IV, whereas traceability is a weaker property. The counterpart on heavy
subgraphs does also indicate that traceability requires a strong hypothesis.
Without any additional assumptions on the structure of the graph G, for o_1-
heavy subgraph conditions, perhaps surprisingly there exists only one pair for
the property of traceability. The following result will be proved in Chapter 3.

Theorem 1.6. Let R and S be connected graphs with R, S # P3 and let G be
a connected graph. Then G being {R,S}-0_1-heavy implies G is traceable if
and only if (up to symmetry) R = K13 and S = Cs.
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Recall that C3-0_1-heavy is in fact equivalent to triangle-free. In order to
obtain better results, it was observed that many graphs that were used to prove
the ‘only-if’” part of the above theorem were almost trivially nontraceable, in
the sense that they contain at least three end blocks. To exclude such graphs,
we turned to block-chains, as defined below.

C. More results on traceability

A block-chain is a graph whose block graph is a path, i.e., it is either a
P, a Py, or a 2-connected graph, or a graph with at least one cut-vertex
and exactly two end blocks. Note that every traceable graph is necessarily a
block-chain, but that the reverse does not hold in general. Also note that it
is easy to check by a polynomial algorithm whether a given graph is a block-
chain. For the forbidden or heavy subgraph conditions for a block-chain to be
traceable, we obtained the following results, the proofs of which can be found
in Chapters 4 and 5, respectively. In the next theorem, the graph Ny ;3 is the
graph illustrated in Figure 1.2.

Theorem 1.7. Let R and S be connected graphs with R, S # P3 and let G be a
block-chain. Then G being {R, S'}-free implies G is traceable if and only if (up
to symmetry) R = K13 and S is an induced subgraph of N113, or R = Kj 4
and S = Pjy.

Figure 1.2: Graph Ny 13

It is interesting to note that one of the pairs does not include the claw, in
contrast to all existing characterizations of pairs of forbidden subgraphs for
hamiltonian properties we encountered.

Theorem 1.8. Let R and S be connected graphs with R,S # Ps and let G
be a block-chain. Then G being {R, S}-0_1-heavy implies G is traceable if and
only if (up to symmetry) R = K13 and S is an induced subgraph of N or W.
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Note that we can relax C3-o_;-heavy (triangle-free) to a condition on much
larger subgraphs by turning to block-chains.

D. Results on hamiltonicity

Bedrossian [3] studied forbidden subgraph conditions for a 2-connected
graph to be hamiltonian. Recall that he characterized all pairs of forbidden
subgraphs for hamiltonicity.

Theorem 1.9 (Bedrossian [3]). Let R and S be connected graphs with R, S #
P; and let G be a 2-connected graph. Then G being {R, S}-free implies G is
hamiltonian if and only if (up to symmetry) R = K13 and S = Py, Ps, Ps,
03, Zl, ZQ, B, N or W.

For hamiltonicity of 2-connected graphs, we obtained the following coun-
terpart on heavy subgraph pairs. The proof can be found in Chapter 6.

Theorem 1.10. Let R and S be connected graphs with R, S # Ps and let G
be a 2-connected graph. Then G being {R, S}-heavy implies G is hamiltonian
if and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1, Zy, B, N
or W.

As noted before, there is only one forbidden subgraph pair {K 3, Ps} that
is not a heavy pair for hamiltonicity.

E. Results on homogeneously traceable graphs

Note that a hamiltonian graph is homogeneously traceable, and that a ho-
mogeneously traceable graph is traceable, but not vice versa, so this condition
is somewhere strictly between hamiltonicity and traceability. Also note that
a homogeneously traceable graph is necessarily 2-connected. As far as we are
aware, this property has not been studied before in the context of forbidden
subgraphs, so we do not know of any existing forbidden subgraph results for
homogeneously traceable graphs. We prove the following characterization of
all such pairs in Chapter 7. The crucial graphs for this result are depicted in
Figure 1.3.

Theorem 1.11. Let R and S be connected graphs with R,S # P53 and let G
be a 2-connected graph. Then G being { R, S}-free implies G is homogeneously
traceable if and only if (up to symmetry) R = Ky 3 and S is an induced sub-
graph of By 4, Ba3 or Ni13.
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Figure 1.3: The graphs By 4, B2 3 and N1 13

For heavy subgraph conditions, we get the following counterpart of the
above theorem in Chapter 7.

Theorem 1.12. Let R and S be connected graphs with R, S # P3 and let G be
a 2-connected graph. Then G being {R, S}-heavy implies G is homogeneously
traceable if and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1,
Zo, B, N or W.

One may note that the heavy subgraph pairs in the above theorem are
exactly the same as in the theorem for hamiltonicity. In fact, the ‘if’ part
of the theorem can be deduced by the fact that every hamiltonian graph is
homogeneously traceable. Some families of graphs that are not homogeneously
traceable and that we need for the proof of the ‘only-if’ part are shown in
Chapter 7.

F. Results on pancyclicity

In Bedrossian’s PhD thesis, he also studied forbidden subgraph conditions
for pancyclicity of 2-connected graphs and obtained the following result.

Theorem 1.13 (Bedrossian [3]). Let R and S be connected graphs with R, S #
P3 and let G be a 2-connected graph which is not a cycle. Then G being



14 Chapter 1

{R, S}-free implies G is pancyclic if and only if (up to symmetry) R = Ki 3
and S = Py, Ps5, Z1 or Zs.

With respect to o1-heavy subgraph conditions for pancyclicity, we extended

Bedrossian’s result and obtained the following counterpart, the proof of which
can be found in Chapter 8.
Theorem 1.14. Let R and S be connected graphs with R,S # P3 and let G
be a 2-connected graph which is not a cycle. Then G being {R,S}-01-heavy
implies G is pancyclic if and only if (up to symmetry) R = K13 and S = Py,
P5, Zl or ZQ.

Note that exactly the same graphs appear in both results.
G. Results on path partition optimality

A path partition of a graph G is the union of some pairwise vertex-disjoint
paths such that every vertex of GG is contained in one of the paths. If G is a
nonhamiltonian graph, then the path partition number of G, denoted by 7(G),
is the minimum number of paths in a path partition of G; if G is hamiltonian,
then we define 7(G) = 0. Alternatively, 7(G) is the minimum number of edges
we have to add to G to turn it into a hamiltonian graph, except for degenerate
cases. Note that m(K;) = n(K3) =1 and 7(2K;) = 2.

The separable degree of a graph G, denoted by o(G), is defined as the
minimum number of edges one has to add to G to turn it into a 2-connected
graph, again except for degenerate cases. We define o(K7) = o(K2) = 1 and
0'(2K1) = 2.

It is not difficult to see that for every graph G, 7(G) > o(G). We call
a graph path partition optimal if its path partition number is equal to its
separable degree. In the final chapter of this thesis, we consider the path
partition optimality of graphs.

With respect to forbidden subgraph conditions for a graph to be path
partition optimal, we obtained the following result.

Theorem 1.15. Let R and S be connected graphs with R,S # P3 and let G
be a graph. Then G being {R, S}-free implies G is path partition optimal if
and only if (up to symmetry) R =Ky 3 and S = Cs, Py, Z1, B or N.

Before stating the counterpart of the above theorem for heavy subgraphs,
we introduce some additional terminology and notation.
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Let G be a graph and let G’ be an induced subgraph of G. We define the
heft of G’ in G, denoted by ha(G’) (or briefly, h(G’)), as the maximum degree
sum of two nonadjacent vertices in V(G’). If G’ is a clique, then we define
h(G") = 0. For a given graph H, the H-heft index of G, denoted by ng(G),
is the minimum heft of an induced subgraph of G isomorphic to H. If G is
H-free, then we define g (G) = co. Note that if H; is an induced subgraph
of Hy, then ng, (G) < nm,(G).

We use n(G) to denote the order of G. Thus, a graph G with ny(G) >
n(G) + k is an H-op-heavy graph.

With respect to heavy subgraph conditions for this property, we obtained
the following result.

Theorem 1.16. Let R and S be connected graphs with R, S # P3 and let G be
a graph. Then nr(G) > n(G) — o(G) and ns(G) > n(G) — o(G) implies G is
path partition optimal, if and only if (up to symmetry) R = K3 and S = Cs,
P4, Zl, B or N.

1.3 Closure theory

In this section we use the terms claw-free, claw-heavy and claw-og-heavy in-
stead of K1 3-free, K 3-heavy and K 3-ox-heavy, respectively.

Apart from the Bondy-Chvétal closure theorem based on degree sums of
nonadjacent vertices that we mentioned before, there are two other types of
closure theories that are closely related to the topic of the thesis. One was
proposed by Ryjacek, in the context of his research on hamiltonicity of claw-
free graphs; the other was proposed by Cada, for research on hamiltonicity of
claw-heavy graphs. We distinguish them with a prefix or superscript r or c,
respectively, in the following notations.

To study the hamiltonicity of claw-free graphs, in particular to show that
the conjectures on hamiltonicity of 4-connected claw-free graphs and of 4-
connected line graphs are equivalent, Ryjacek developed his closure theory, as
follows.

Let G be a claw-free graph and let z be a vertex of G. We call x an
r-eligible vertex if N(z) induces a connected graph in G but not a complete
graph. The completion of G at x, denoted by G, is the graph obtained from
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G by adding all missing edges uv with u,v € N(x). The following statement
was proved by Ryjacek, where ¢(G) is the length of a longest cycle of G.

Theorem 1.17 (Ryjacek [32]). Let G be a claw-free graph, and let x be an
r-eligible vertex of G. Then

(1) the graph G, is claw-free; and
(2) e(Gy) = ¢(G).

Let G be a claw-free graph. The r-closure of G, denoted by cl"(G),
is the graph defined by a sequence of graphs Gi,Go,...,G¢, and vertices
T1,T9,...,T¢_1 such that
(1) G1 =G, Gy =d"(G);

(2) x; is an r-eligible vertex of G, Git1 = (Gy)y,, 1 <i <t —1; and
(3) cl"(G) has no r-eligible vertices.

A claw-free graph is said to be r-closed if it has no r-eligible vertices.

Theorem 1.18 (Ryjacek [32]). Let G be a claw-free graph. Then
(1) the r-closure cl"(G) is well-defined;
(2) there is a triangle-free graph H such that cl”(G) is the line graph of H;
and

(3) ¢(G) = e(c"(G)).

Let P be a property of graphs. P is said to be stable under the r-closure
(or simply, r-stable), if for every claw-free graph with property P, its r-closure
also satisfies the property P. It is easy to deduce from the above results that
the properties hamiltonicity and non-hamiltonicity are r-stable.

On the r-stability of the property S-freeness for some graph S, Brousek et
al. proved the following result. Here H denotes the graph obtained from two
triangles by identifying two vertices, one of each of the triangles (see Figure
1.4; this graph is sometimes called an hourglass ).

Theorem 1.19 (Brousek, Ryjacek and Schiermeyer [16]). Let S be an r-closed
connected claw-free graph. Then the class of {K1 3, S}-free graphs is r-stable
if and only if

S={Cs, HYyU{P;:i>3}U{Z;:i > 1} U{N;j:1,5,k>1}.
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Figure 1.4: Graph H

By the above closure theory, when one considers the hamiltonicity of
{K1 3, S}-free graphs, for some graph S in the above theorem, it is convenient
to consider the r-closure of the graphs. Using this closure concept, several
researchers obtained many results (see, e.g., [10,15,16]).

As shown in [13], the properties of being homogeneously traceable or pan-
cyclic are not r-stable in general. Thus the above closure theory cannot be
applied in a straightforward way when we consider these properties of graphs.

In order to study the hamiltonicity of claw-heavy graphs, Cada proposed
an alternative for the above closure theory.

Let G be a claw-heavy graph on n vertices and let z € V(G). Let G’ be
the graph obtained from G by adding the missing edges uv with u,v € N(x)
and d(u) + d(v) > n. We call z a c-eligible vertex of G if N(x) is not a clique
and one of the following is true:

(1) Ngr(z) induces a connected graph in G'; or

(2) Ngr(x) consists of two cliques C; and Cs, and there is a vertex z non-
adjacent to x such that d(z) + d(z) > n and zy;,2y2 € E(G) for some
y1 € V(C1) and y2 € V(Cy).

Theorem 1.20 (Cada [17)). Let G be a claw-heavy graph, and let x be a
c-eligible vertex of G. Then

(1) the graph G, is claw-heavy; and
(2) (@) = c(G).

Similarly to the r-closure, we can define corresponding concepts as follows.
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Let G be a claw-heavy graph. The c-closure of G, denoted by cl¢(G),
is the graph defined by a sequence of graphs Gi,Go,...,G:, and vertices
T1,Z2,...,T+_1 such that
(1) Gy =G, Gy = c(G);

(2) z; is a c-eligible vertex of Gy, Giy1 = (Gy)),, 1 <i<t—1; and
(3) ¢l(G) has no c-eligible vertices.

A claw-heavy graph is said to be c-closed if it has no c-eligible vertices.

Theorem 1.21 (Cada [17]). Let G be a claw-heavy graph. Then
(1) the c-closure cl°(G) is well-defined;
(2) there is a triangle-free graph H such that cl°(G) is the line graph of H;
and

(3) ¢(G) = c(cl®(G)).

Let P be a property of graphs. P is said to be stable under the c-closure
(or simply, c-stable), if for every claw-free graph with property P, its c-closure
also satisfies the property P.

In contrast to the results on the r-closure, apart from several trivial graphs,
the property being S-heavy is generally not c-stable for any c-closed connected
claw-free graph S. For this reason, when we consider heavy subgraph pairs
for hamiltonian properties, the alternative closure theory is also difficult to
apply. This is the reason why most of the proofs in this thesis require new
methods for obtaining the hamiltonian properties of claw-heavy graphs. We
found several fit-for-purpose methods for the case when no closure theory
seemed to be applicable. We refer to Chapters 5, 6 and 7 for more details.

1.4 Other related properties

There are many other graph properties that are interesting to consider in
the context of forbidden and heavy subgraph conditions. Some of them have
been researched with respect to forbidden subgraph conditions, but for heavy
subgraph conditions we do not know of any complete characterizations of pairs
of heavy subgraphs for other graph properties. Below we mention some graph
properties that could be interesting for future research.

A. On the existence of dominating cycles
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Let G be a graph. A dominating cycle of G is a cycle C such that every
component of G — C' is an isolated vertex. Note that if a graph is hamiltonian,
then it obviously has a dominating cycle.

Problem 1.1. Which pairs of connected graphs {R, S} imply that every 2-
connected {R, S}-free (or {R, S}-heavy) graph has a dominating cycle?

B. On the existence of 2-factors

A 2-factor of a graph G is the union of some pairwise vertex-disjoint cycles
such that every vertex of G is contained in one of the cycles. With respect to
forbidden subgraph pairs for the existence of a 2-factor in a 2-connected graph
(on at least 10 vertices), a complete characterization has been given in [23].

Theorem 1.22 (Faudree et al. [23]). Let R and S be connected graphs with
R,S # P53 and let G be a 2-connected graph on at least 10 vertices. Then
G being {R, S}-free implies G has a 2-factor if and only if (up to symmetry)
R = K13 and S is an induced subgraph of Bi4 or Ni13, or R = K14 and
S =P,

The following problem is open and seems to be suitable for future research.

Problem 1.2. Which pairs of connected graphs {R, S} imply that every 2-
connected {R, S}-heavy graph has a 2-factor?

Note that 2-connectivity, even connectivity, is not a necessary condition
for the existence of a 2-factor, so one might consider relaxing this condition.
The existence of a 2-factor in a given graph can be decided in polynomial
time. In this respect, this graph property looks less interesting than the other
properties, but it would still be interesting to know how much the heavy
subgraph pairs for this property differ from the forbidden subgraph pairs.

C. On pancyclicity of 3-connected graphs

With respect to forbidden pairs of graphs that imply a 3-connected graph
is pancyclic, Gould et al. gave a complete characterization. In the follow-
ing theorem, L is the graph obtained by joining two vertices of two disjoint
triangles by an edge (see Figure 1.5).

Theorem 1.23 (Gould et al. [29]). Let R and S be connected graphs with
R,S # P3 and let G be a 3-connected graph. Then G being { R, S}-free implies
G is pancyclic if and only if (up to symmetry) R = K13 and S is an induced
subgmph Of L, P7, Z4, Bl73, 3272 or NLLQ.
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Figure 1.5: Graphs L, P;, Z4, B1 3, Ba2 and Ny 12

Note that 3-connectivity is not a necessary condition for pancyclicity, so
imposing 3-connectivity seems a bit artificial. Nevertheless, by doing so the
forbidden subgraphs become larger, so the result applies to a richer class of (3-
connected) graphs. We do not know any counterpart of this result for o;-heavy
pairs of subgraphs.

Problem 1.3. Which pairs of connected graphs {R, S} imply that every 3-
connected {R, S}-o1-heavy graph is pancyclic?

C. On Hamilton-connectedness of 3-connected graphs

If a graph G has a vertex cut with two vertices, then G cannot have a
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Hamilton path connecting these two vertices. This implies that every Hamilton-
connected graph (on at least 4 vertices) is 3-connected, i.e., the necessary con-
nectivity condition for Hamilton-connectedness is 3-connectivity. Several re-
sults are known involving forbidden pairs of graphs that imply a 3-connected
graph is Hamilton-connected (see, e.g., [9,24]). These papers also contain
graph families of non-Hamilton-connected graphs that restrict the pairs con-
siderably, but as far as we know there is no complete characterization of the
forbidden pairs for this problem.

Note that the complete balanced bipartite graph K, 3 , /2 is not Hamilton-
connected, and every two nonadjacent vertices of it have degree sum n. This
implies that the necessary degree sum for Hamilton-connectedness is n + 1.
To finish the introduction, we propose the following problem.

Problem 1.4. Which pairs of connected graphs {R, S} imply that every 3-
connected {R, S}-free (or {R, S}-01-heavy) graph is Hamilton-connected?
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Heavy subgraphs for heavy
longest cycles

2.1 Introduction

Let G be a graph on n vertices. A vertex v is called a heavy vertexr of G if
d(v) > n/2, and a cycle C is called a heavy cycle of G if C contains all heavy
vertices of G.

The following theorem on the existence of heavy cycles in graphs is well-
known.

Theorem 2.1 (Bollobés and Brightwell [6], Shi [33]). Every 2-connected graph
has a heavy cycle.

In this chapter, we first characterize the separable graphs that contain no
heavy cycles.

Let G = (V,E) be a graph, v € V, and e € E. We use G — v to denote the
graph obtained from G by deleting v and all the edges incident with v, and
G — e to denote the graph obtained from G by deleting e.

We first obtain a structural result on the distribution of heavy vertices in
a connected graph that does not contain a heavy cycle.

Theorem 2.2. Let G be a connected graph on n wvertices and suppose that
G contains no heavy cycle. Then G has at most two heavy vertices. More-
over,

23



24 Chapter 2

(1) if G contains no heavy vertices, then G is a tree;

(2) if G contains precisely one heavy vertex, say x, then G — x contains at
least n/2 components, and each component of G — x contains exactly one
netghbor of x; and

(3) if G has exactly two heavy vertices, say x and y, then zy € E(G) and
xy is a cut edge of G, n is even and both components of G — xy have n/2
vertices, and x (ory, respectively) is adjacent to every other vertex of the
component containing x (or y, respectively).

Briefly stated, (3) of the above theorem means that G is a spanning su-
pergraph of 77 and a spanning subgraph of T, with T} and 75 as indicated in
Figure 2.1.

We postpone the proof of Theorem 2.2 to Section 2.3.

In general, a longest cycle of a graph may not be a heavy cycle (see, e.g.,
Figure 2.2). In this chapter, we mainly consider heavy subgraph conditions for
longest cycles to be heavy. First, consider the following theorem of Fan [22].

Theorem 2.3 (Fan [22]). Let G be a 2-connected graph. If max{d(u),d(v)} >
n/2 for every pair of vertices u,v with distance 2 in G, then G is hamiltonian.

This theorem implies that every 2-connected Ps-heavy graph has a Hamil-
ton cycle, which is of course a heavy cycle. In fact, we will prove the following
theorem in Section 2.4.

Theorem 2.4. If G is a 2-connected K1 4-heavy graph, and C is a longest
cycle of G, then C is a heavy cycle of G.

Note that K13 is an induced subgraph of K 4. So any longest cycle of a
2-connected K 3-heavy graph is heavy. In fact, P53, K13 and K 4 are the only
connected graphs satisfying this property, as shown by the next result.

Theorem 2.5. Let S be a connected graph on at least 3 vertices and let G be
a 2-connected graph. Then G being S-free (or S-heavy) implies every longest
cycle of G is a heavy cycle, if and only if S = P3, K13 or Ky 4.

The ‘if’ part of the proof of this theorem follows from Theorem 2.4 imme-
diately. We will prove the ‘only-if’ part in Section 2.5.
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Figure 2.1: Extremal graphs with two heavy vertices and no heavy cycles
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2.2 Some preliminaries

We first give some additional terminology and notation.

Let s and t be two integers with s <t, and let z;, s < i <, be vertices of
a graph. We use [z, 7] to denote the set of vertices {x; : s <1 < t}.

Let P be a path and z,y € V(P). We use P[z,y] to denote the subpath of
P from z to y. Let C be a cycle with a given orientation and x,y € V(C'). We
use 6’)[1:, y| and <E[y, x] to denote the (x,y)-path on C traversed in the same
or opposite direction with respect to the given orientation of C, respectively.

Let G be a graph on n vertices and let £ > 3 be an integer. We call a
circular sequence of vertices C' = vjvg - - - vxv; an Ore-cycle (or briefly, an o-
cycle) of G, if for all s with 1 < i < k, either v;v;41 € E(G) or d(v;) +d(vig1) >
n, where vg 1 = v1. The deficit of C' is defined as def(C) = [{i : v;v;+1 ¢ E(G)
with 1 <4 < k}|. Thus a cycle is an o-cycle with deficit degree 0.

Similarly, we can define o-paths of G.

Now, we prove the following lemma on o-cycles.

Lemma 1. Let G be a graph and let C' be an o-cycle of G. Then there exists
a cycle of G containing all the vertices of V(C).

Proof. Assume the opposite. Let C’ be an o-cycle containing all the vertices
of V(C) such that def(C") is as small as possible. Then def(C’) > 1. Without
loss of generality, we suppose that C' = vyvg - - - vxv1, where viv, ¢ E(G) and
d(v1) + d(vg) > n. We use P to denote the o-path P = vjvg - - - vg.

If v; and vy have a common neighbor in V(G)\V(P), denote it by x. Then
C" = Pugzv; is an o-cycle containing all the vertices of V(C'), but with deficit
degree smaller than def(C”), a contradiction.

So we assume that Ng_p(v1) N Ng_p(vk) = 0. Then dp(v1) + dp(vg)
|V (P)|, since d(v1) + d(vg) > n. Thus, there exists an integer i with 2
i < k —1 such that v; € Np(vy) and v;—; € Np(vg). But then C”
Plvy,vi—1|vi—1vi Plug, vi]vivg is an o-cycle containing all the vertices of V/(C
and with deficit degree smaller than def(C”), a contradiction.
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Note that Theorem 2.1 can easily be deduced from Lemma 1.

Let P be an (z,y)-path (or o-path) of G. If the number of vertices of P is
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more than that of a longest cycle of G, then, by Lemma 1, we have zy ¢ E(Q)
and d(x) + d(y) < n.

In the following, we use E(G) to denote the set {uv : uv € E(G) or
d(u) +d(v) > n}.

2.3 Proof of Theorem 2.2

We assume that G is a connected graph on n vertices, and we suppose that
G contains no heavy cycle. If G contains at least three heavy vertices, then
let X = {x1,x9,..., 21} be the set of heavy vertices of G, where k > 3. Then
C = z129-- - xRx1 is an o-cycle. By Lemma 1, there exists a cycle containing
all the vertices of X, which is a heavy cycle, a contradiction. Thus G contains
at most two heavy vertices.

Suppose that G contains no heavy vertices, but that G has a cycle C.
Then C is a heavy cycle of G, a contradiction. So if G contains no heavy
vertices, then G is a tree, proving (i) of Theorem 2.2. Next we consider the
two remaining cases: G contains exactly one or exactly two heavy vertices.

Case 1. G contains exactly one heavy vertex.

Let = be the heavy vertex of G, and let H be a component of G — x. Since
G is connected, Ny (z) # 0. If [Ny (x)| > 2, then let 21 and x2 be two vertices
in Ng(z), and let P be an (x1,z2)-path in H. Then C' = Pzozz; is a cycle
containing x, which is a heavy cycle, a contradiction. Thus |Ng(x)| = 1.

Since d(x) > n/2, we conclude that G—z contains at least n/2 components,
proving (ii) of Theorem 2.2.

Case 2. G contains exactly two heavy vertices.

Let z and y be the two heavy vertices, and let P be a longest (z,y)-path
of G. If [V(P)| > 3, then C' = zPyx is an o-cycle of G. By Lemma 1, there
exists a cycle containing all the vertices of V(C’), which is a heavy cycle, a
contradiction. Thus |V(P)| = 2, implying that zy € E(G) and that zy is a
cut edge of G.

Let H, and Hy be the components of G — zy containing x and y, respec-
tively. Since d(z) > n/2 and zy' ¢ E(G) for all ¥ € V(H,)\{y}, we get that
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|V (Hy)| < n/2, and similarly, |V (H;)| < n/2. This implies that n is even and
[V (Hy)| = [V(Hy)| = n/2.

Since d(x) > n/2 and |V(H,)| = n/2, we get that za’ € E(G) for every
x' € V(H,)\{z}. Similarly, yy’' € E(G) for every y' € V(Hy,)\{y}.

This completes the proof of Theorem 2.2.

2.4 Proof of Theorem 2.4

We assume that G is a 2-connected K7 4-heavy graph on n vertices, that C' is
a longest cycle of G, and that c is the length of C. We give an orientation to
C. We are going to prove that C is a heavy cycle of G. Let x be a vertex in
V(G)\ V(C). Tt is sufficient to prove that d(z) < n/2.

Let H be the component of G —V(C) containing z. Then all the neighbors
of z are in V(C)UV (H). Let h = |V(H)|. Noting that x is not a neighbor of
itself, we have dy(z) < h. We are going to prove a number of useful claims,
the first of which is easy to check.

Claim 1. If vy, vy are two vertices of V(C) with vivy € E(C), then either
vy ¢ E(G) or zvy ¢ E(G).

Proof. Otherwise, C' — vivy U vizve (with the obvious meaning) is a longer
cycle than C, a contradiction. ]

By Claim 1, if P is a subpath of C, then dp(x) < [|V(P)|/2].

By the 2-connectedness of G, there exists a (ug,vp)-path (and thus, a
(up, vp)-o-path) passing through x which is internally-disjoint with C, where
ug,vg € V(C). We choose such an o-path Q = x_px_g4q -+ 1227 - - - 20 SUch
that
(1) 41 € N(x); and
(2) |[V(Q) N Ng(z)| is as large as possible,

where x_;, € V(C) and zy € V(C).

Claim 2. ) contains at least half of the vertices in Ny (x).

Proof. 1f di(x) = 0, the assertion is obvious. So we assume that dg(x) > 1.
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Suppose that |[Ng(2)NV(Q)| < dg(z)/2. Then |[Ng(z)\V(Q)| > [du(x)/2]
> 1. We first prove four subclaims.

Claim 2.1. For every @’ € Ny (2)\V(Q), ¥z, ¢ E(G) and 2/2_, ¢ E(G).

Proof. If o'z, € E(G), then Q' = Qlz_p, x)za’z1Qz1, ] is an o-path con-
taining more vertices of Ny (z) than @, a contradiction. Thus z'z1 ¢ E(G).

The second assertion can be proved similarly. O

Claim 2.2. z_17; € E(G).

Proof. Suppose that z_jx1 ¢ E(G) Let x;,x; be any pair of vertices in
Ny (2)\V(Q). By Claim 2.1, 2}z, ¢ E(G) and i ¢ E(G). Since G is a
K 4-heavy graph, z}z’; € E(G).

By the 2-connectedness of G, there is a path from Ny (z)\V(Q) to V(C)U
V(Q) not passing through x. Let R’ = yjya---y, be such a path, where
y1 € Ng(x)\V(Q) and y, € V(C)UV(Q)\{x}. Let R be an o-path from x to
y1 passing through all the vertices in Ny (z)\V(Q).

Ify, € V(O)\{z_k, 21}, then Q' = Q[z_g, ]z Ry; R’ is an o-path containing
at least half of the vertices of Ny (x), a contradiction.

If yr € V(Q[r1,21]), then Q" = Qz_y, z]zRy1 Ry, Qyr, 7] is an o-path
containing at least half of the vertices of Ng(z), a contradiction.

If y, € V(Q[r—_k,z_-1]), then we can prove the result analogously.

Thus the claim holds. O

Now, we choose an o-path R = za)al - -z, which is internally-disjoint
with C' U Q, where x/, € V(C)UV(Q)\{x} such that

(1) 2} € N(z); and

(2) [V(R)N (Ng(2)\V(Q))| is as large as possible.

Claim 2.3. R contains at least half of the vertices of Ny (z)\V(Q).

Proof. Note that dH—Q(x) > 1. Tt is easy to check that 2} € Ny(2)\V(Q).
By Claim 2.1, 2{z1 ¢ E(G).

Suppose that [V(R) N (Nu(z)\V(Q))| < dr-q(x)/2. Let Nu(x)\V(Q)
\V(R) = {af,23,... 27}, where s > [dy_qg(x)/2].

For every vertex z/ € Ny (z)\V(Q)\V(R), by Claim 2.1, 2/z, ¢ E(G).

Similarly, we can prove that =7z} ¢ E(G).
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For any pair of vertices 2, 27/ € Ny (z)\V(Q)\V(R), {21 ¢ E(Q), ') ¢
E(G), ziry ¢ E(G), x;-’a:’ljé E(G) and #\x; ¢ E(G). Since G is K 4-heavy,
we conclude that =}z € E(G).

By the 2-connectedness of G, there is a path from Ny (z)\V(Q)\V(R) to
V(C) UV(Q) not passing through xz. Let T" = y1y2...y be such a path,
where y; € Ny(x)\V(Q)\V(R) and vy € V(C) U V(Q)\{z}. Let T be an
o-path from x to y; passing through all the vertices in Ny (x)\V(Q)\V(R).
Then R’ = Ty, T' is an o-path from = to V(C)UV(Q)\{z} containing at least

half of the vertices of Ny (z)\V(Q), a contradiction. O

By Claim 2.3, R contains at least one quarter of the vertices of Ny (x).

Claim 2.4. 2, € V(C)\{z_k, z¢}.

Proof. Assume the opposite. Without loss of generality, we assume that z]. €
[:Uh xf] .

If ). = 21, then Q' = Q[z_g, z]rRx1Q[x1, 7] is an o-path containing more
vertices of Ny (x) than @, a contradiction.

If 2], = x;, where 2 < ¢ <, then let x; be the last vertex in [z, x;—1] such
that x; € N(z). Then Q" = Qz_k, x_1]z_121Q[z1, xj]xjo R, Qlx,, x/] is an
o-path containing more vertices of Ny (x) than @, a contradiction.

Thus z;. € V(C)\{z_k, z¢}. O

If Q[z,xy] contains less than one quarter of the vertices in Ny (z), then
Q' = Q[x_g,xz]zR is an o-path containing more vertices of Ny (z) than @, a
contradiction. This implies that Q[z, x| contains at least one quarter of the
vertices of Ny (z). Similarly, Q[x_g, x| contains at least one quarter of the
vertices of Ng(z). Thus @ contains at least half of the vertices of Ny(z), a
contradiction. This completes the proof of Claim 2. 0

By Claim 2, k+¢—2 > dy(x)/2.

Let ug = xz_, € V(C) and vg = zy € V(C). We assume that the length of
E’)[vo, ug is r1+1, and that the length of 8[u0, vo] is ro+1, where r1+r9+2 = c.
We use (_i = VULV -+ Up UQVU—pyU—pyt1 - - - U—1V9 tOo denote C with the given
orientation, and (5 = UQUIUL * - * Up VOU—pyU—_pyt+1 - U_1Ug tO denote C' with

the opposite orientation, where v; = u;, 41— and v_; = u_p,_14;.
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Claim 3. ry > k+ ¢ — 1, and for every vertex v, € [v1,vy], zvs ¢ E(G), and
for every vertex u; € [u1,ui|, zus ¢ E(G).

Proof. Note that () contains k+ ¢ — 1 vertices of V(H). If r; < k+¢—1, then
C' = Qvog[vo, uplug is a longer o-cycle than C. By Lemma 1, there exists a
cycle containing all the vertices of V(C"), a contradiction. Thus, r; > k+£—1.

If zvs € E(G), where vs € [v1,v], then C' = 8[US,UO]UOQ[UO,JU]:L‘US is
an o-cycle containing all the vertices of V(C)\[v1, vs—1] U V(Q[x, x;-1]), and
[V (C")| > ¢, a contradiction.

If zu; € E(G), where u; € [ug,u], then we can prove the result analo-
gously. This completes the proof of Claim 3. O

Similarly, we can prove the following claim.

Claim 4. r9 > k+ ¢ — 1, and for every vertex v_s € [v_g,v_1], zv_s & E(G),
and for every vertex u_; € [u_g,u_1], zu_; ¢ E(Q).

Let di = d—>[v1 ul}(x) and dy = d

o (). Then do(z) < dj +da + 2.

g[v_l,u_ﬂ

Claim 5. dl < (T‘l - (k}—f—g) +1)/2 and dg < (7‘2 - (k+£)+1)/2.

Proof. If ry = k+{—1, then by Claim 3, d; = 0. So we assume that r; > k+/.

By Claim 3, d; = dzg[w+1 ukﬂ](w). By Claim 1, dy < [(r1 — (k+¢))/2] <
(ri1—(k+0)+1)/2.

The second assertion can be proved analogously. O

By Claim 5,

de(x) <di+de+2<(ri+re+2-2k+4)/2+2=c/2—(k+{—-2).

Noting that k + ¢ — 2 > dg(z)/2, we get do(z) < (¢ — dg(x))/2. Thus
d(z) =dc(z) +du(z) < (c+du(x))/2 < (c+ h)/2 <n/2.

This completes the proof of Theorem 2.4.



32 Chapter 2

2.5 The ‘only-if’ part of the proof of Theorem 2.5

Noting that an S-free graph is also S-heavy, it suffices to prove that a longest
cycle of a 2-connected S-free graph is not necessarily a heavy cycle if S # Ps,
Kl’g and K1,4.

First consider the following fact: if a connected graph S on at least 3
vertices is not P3, K13 or K4, then S must contain K3, Py, C4 or K 5 as an
induced subgraph. Thus we only need to show that not every longest cycle in
a Ks-free, Py-free, Cy-free or K1 s-free graph is heavy.

We construct three (classes of) graphs as sketched and indicated by Gy,
G2 and G5 in Figure 2.2.

The structure of a graph G1 of type 1 is clear from the figure: all edges
are drawn in the figure, except for the dots in the middle that indicate the
missing vertices z; and edges xz; and yz;, and the longer circular segments
indicating connecting path along the outer cycle. With the right choice of
the parameter values k and r, the outer cycle is the longest cycle and this is
clearly not a heavy cycle because it misses the heavy vertices x and y. In a
graph G of type 2, the subgraph Ga[{z} U [z1, z]] is a star K, and v and
v are adjacent to all the vertices of the K} and of the two K,’s (note that
also uwv € E(G2)). With the right choice of the parameter values k and r, any
longest cycle passes through u and v, picking up all the vertices of the two
K,’s, but missing the heavy vertex x. In a graph G35 of type 3, x and y are
adjacent to all the vertices of the three Kj’s. With the right choice of the
parameter values k and r, the outer cycle is the longest cycle and it clearly
misses the heavy vertices x and y.

Note that G is K3-free, G is Py-free and Cy-free and G5 is K 5-free. This
completes the proof of the ‘only-if’ part of Theorem 2.5.
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Uy

0

G3 (r>1land (2r+2)/3<k<r—3)

Figure 2.2: Graphs G1, G2 and G3
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Heavy pairs for traceability

3.1 Introduction

A graph is traceable if it contains a Hamilton path, i.e., a path containing all
its vertices. In this chapter, we consider heavy subgraph conditions for the
traceability of connected graphs.

If a graph G is connected and Ps-free, then it is a complete graph and it
is therefore trivially traceable. In fact, P5 is the only single subgraph with
this property. The following theorem on forbidden pairs of subgraphs for
traceability is well-known.

Theorem 3.1 (Duffus, Jacobson and Gould [21]). If G is a connected { K1 3, N'}-
free graph, then G is traceable.

Obviously, if H is an induced subgraph of N, then an {K 3, H }-free con-
nected graph is also traceable. Faudree and Gould proved that these are the
only forbidden pairs with such property. We refer to Figure 3.1 for an illus-
tration of the graphs appearing in the next result.

Theorem 3.2 (Faudree and Gould [24]). Let R and S be connected graphs
with R, S # Ps and let G be a connected graph. Then G being {R,S}-free
implies G is traceable if and only if (up to symmetry) R = K13 and S = Cj,
P4, Zl, B or N.

A natural question is to consider o_1-heavy subgraph conditions for a graph

35
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° ° ® °
./;\. Py

C3 I

Z B (Bull) N (Net)

Figure 3.1: Graphs Cs, Py, Z1, B and N

to be traceable. First, we will prove in Section 3.4 that every 2-connected Ps-
0_1-heavy graph is traceable.

Theorem 3.3. If G is a connected P3-o_1-heavy graph, then G is traceable.

It is not difficult to see that Ps3 is the only connected graph S such that
every connected S-o_j-heavy graph is traceable. Now we consider which two
connected graphs R and S other than Ps imply that every connected {R, S'}-
0_1-heavy graph is traceable. In fact, perhaps surprisingly, as we will show
below, there is only one such pair of subgraphs.

Theorem 3.4. Let R and S be connected graphs with R, S # P3, and let G
be a connected graph. Then G being {R,S}-o_1-heavy implies G is traceable
if and only if (up to symmetry) R = K13 and S = Cs.

Since Cj is a clique, saying that a graph is C3-o_1-heavy is equivalent to
saying that it is Cs-free. Thus for the ‘if” part of Theorem 3.4, we only need
to prove that every connected claw-o_;-heavy and Cs-free graph is traceable.
In fact, we can prove the following stronger theorem.

Theorem 3.5. If G is a connected claw-o_1-heavy and Z1-free graph, then G
1s traceable.
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We postpone the proof of Theorem 3.5 to Section 3.5. In Section 3.6 we
prove the following theorem, which gives another forbidden subgraph for a
connected claw-o_1-heavy graph to be traceable.

Theorem 3.6. If G is a connected claw-o_1-heavy and Py-free graph, then G
15 traceable.

In fact, these are the only forbidden subgraphs satisfying such property.

Theorem 3.7. Let S be connected graphs with S # P3, and let G be a con-
nected claw-o_1-heavy graph. Then G being S-free implies G is traceable if
and only if S = Cs, Z1 or Py.

We prove the ‘only-if” part of Theorems 3.4 and 3.7 in Section 3.2.

3.2 The ‘only-if’ part of Theorems 3.4 and 3.7

We construct two families of non-traceable graphs as depicted in Figure 3.2.
Since all the graphs have at least three vertices with degree 1, it is obvious
that none of these graphs are traceable.

Let R and S be two connected graphs other than Ps such that every
connected {R, S}-o_1-heavy graph is traceable. Then by Theorem 3.2, up to
symmetry, R = K; 3 and S is Cs, Py, Z1, B or N. Note that Gy is {K1 3, Ps}-
o_1-heavy and that Gy is {K1 3, Z1}-0_1-heavy. Hence S must be C3. This
completes the proof of the ‘only-if’ part of Theorem 3.4.

Let S be a connected graph other than Ps such that every connected claw-
o_1-heavy and S-free graph is traceable. By Theorem 3.2, S must be C5, Py,
Z1, B or N. Note that (G; is B-free. Hence S must be C3, Py or Z;. This
completes the proof of the ‘only-if’ part of Theorem 3.7.

3.3 Some preliminaries

We first give some additional terminology and notation.

Let G be a graph, let P be a path of G, and let z,y € V(P). We use
Pz, y] to denote the subpath of P from z to y.
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G1 (k> 3 and L '
n > 4k — 3) Gy (k>4 and n > 6k +9)

Figure 3.2: Two families of non-traceable graphs

Let G be a graph on n vertices and let k be an integer. We call a sequence
of vertices P = vjvg-- v an o_j-path of G, if for all i € [1,k — 1], either
viviy1 € E(G) or d(vi) + d(vit1) > n — 1. The deficit of P is defined by
def(P) = |{i € [1,k — 1] : vjui11 ¢ E(G)}|. Thus a path is an o_;-path with
deficit 0.

We first prove the following lemma on o_1-paths.

Lemma 1. Let G be a graph and let P be an o_1-path of G. Then there exists
a path of G containing all the vertices of V(P).

Proof. Assume the opposite. Let P’ be an o_1-path containing all the vertices
of V(P) such that def(P’) is as small as possible. Then def(P’) > 1. Without
loss of generality, we assume that P’ = vjvg---v, and vzvp+1 ¢ E(G) and
d(vg) + d(vgs1) >n—1, where 1 <k <p-—1.

If v and vg41 have a common neighbor in V(G)\V(P), denote it by x.
Then P” = P'[v1, vg)vgavg41 P [Ug11, vp] is an o_1-path containing all the ver-
tices of V(P) with deficit smaller than def(P’), a contradiction.

So we assume that Ng_p/(v1)NNg_pr(vg) = 0. Then dpr(vg)+dpr(vgs1) >
|[V(P")| — 1 since d(vg) + d(vky1) > n — 1.
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If vivgyr € E(G), then P” = P'[vg, v1]v104+1P [Vk41,vp] is an o_;j-path
containing all the vertices of V(P) with deficit smaller than def(P’), a con-
tradiction. Thus we assume that vivgp; ¢ E(G) and similarly, vyvi, € E(G).
Thus, there exists an integer ¢ € [1,p — 1] \ {k} such that v; € Np(v;) and
Vit1 € Np(vkt1)-

If1<i<k-—1,then P" = P’[vl,vi]v,’ka’[vk,le] vi+1vk+1pl[vk+17vp]
is an o_j-path containing all the vertices of V(P) with deficit smaller than
def(P’), a contradiction. If k+1 < i < p—1, then P = P’[vy, vg]ogv; P [v;, vg11]
Uk+1Vi41 P [vit1,vp) is an o_j-path containing all the vertices of V(P) with
deficit smaller than def(P’), a contradiction. This completes the proof of
Lemma 1. O

In the following, we use E_1(G) to denote the set {uv : uv € E(G) or
d(u)+d(v) >n—1}.

The next lemma provides some structure on claw-o_;-heavy graphs that
contain a cut vertex.

Lemma 2. Let G be a connected claw-o_1-heavy graphs and let x be a cut
vertex of G. Then

(1) G — x contains exactly two components; and

(2) if z1_and z2 are two neighbors of x in a common component, then
r1T9 € Efl(G).

Proof. If there are at least three components of G — x, then let Hy, Hs and
Hj be three of these components. Let x1, o and x3 be neighbors of x in H,
Hy and Hs, respectively. Then the subgraph induced by {x,z1,x9, 23} is a
claw. Moreover, for 1 <i < j <3, d(z;) +d(z;) < |V(H;)|+ |V(H;)| <n-—2,
a contradiction. Thus, G — z has exactly two components.

Let z; and xo be two neighbors of x in a common component H. If
x1xe ¢ E(Q), then let 2/ be a neighbor of = in the other component H'.
Then the subgraph induced by {z,z1, 22,2} is a claw. Moreover, for i = 1, 2,
d(z;) +d(2') < |V(H)| =1+ |V(H")| < n—2. Since G is claw-o_1-heavy, we
get d(x1) + d(x2) > n — 1. This completes the proof of Lemma 2. O
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3.4 Proof of Theorem 3.3

Let G be a connected P3-o_1-heavy graph on n vertices, and let P = viva - - - v,
be a longest path of G. Assume that G is not traceable. Then V(G)\V (P) # 0.
Since G is connected, there exists a vertex z € V(G)\ V(P) adjacent to P. Let
v; be a neighbor of = in P. Clearly v; # v,; otherwise P’ = Puvyz is a longer
path than P. If zv;41 € E(G), then P’ = Plv, v;]vizvi41 Plvit1, vp] is a longer
path than P, a contradiction. Thus we assume that zv;11 ¢ E(G). Since G is
P3-0_1-heavy, d(z) + d(vi41) > n— 1. Thus P’ = Pluy, v;]vizvip1 Plvigt, vp) is
an o_j-path of G. By Lemma 2, there is a path of G containing all the vertices
of P’, a contradiction. This completes the proof of Theorem 3.3.

3.5 Proof of Theorem 3.5

Let G be a connected claw-o_1-heavy and Zi-free graph on n vertices. We
are going to prove that G is traceable. If n = 1 or n = 2, then the result is
trivially true. So we assume that n > 3. We distinguish two cases.

Case 1. G is separable.

If G itself is a path, then there is nothing to prove. Thus we assume that
G is not a path. Hence there must be a cut vertex of G with degree at least 3.
Let x be such a cut vertex. By Lemma 1, G — z has exactly two components.
Let C and D be the two components of G — x. Since d(z) > 3, without loss
of generality, we assume that = has at least two neighbors in D.

If x is contained in a triangle zz'z”, then z’ and z” are in a common
component of G — z. Without loss of generality, Let 2/, 2" € V(D). Let w be
a neighbor of x in C. Then the subgraph induced by {z, 2/, 2", w} is a Z;, a
contradiction. Hence we assume that = is not contained in a triangle and thus
that N(x) is an independent set.

Let y be a neighbor of x. If y is contained in a triangle yy'y”, then clearly
xy',xy” ¢ E(G); otherwise x will be contained in a triangle. Thus the sub-
graph induced by {y,v/,y”, x} is a Z1, a contradiction. Hence we assume that
y is not contained in a triangle and that N(y) is an independent set. Similarly,
let z be a vertex at distance 2 from z, and let y be a common neighbor of
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x and z. If z is contained in a triangle z2'z”, then clearly yz',y2" ¢ FE(G);
otherwise y will be contained in a triangle. Thus the subgraph induced by
{z,7/,2",y} is a Z;, a contradiction. Hence we assume that z is not contained
in a triangle and that N(z) is an independent set. We conclude that every
vertex adjacent to x or at distance 2 from z is contained in no triangles.

Let w be a neighbor of z in C, and let y be a neighbor of x in D. Let
y' be a neighbor of x in D other than y. Since yy' ¢ E(G), by Lemma 1,
we get that d(y) + d(y') > n — 1. Without loss of generality, we assume that
d(y) > (n — 1)/2. Noting that z and y have no common neighbors, we get
that d(z) < (n+1)/2. We distinguish three cases according to the degree of
x.

Case A. d(z)=(n+1)/2.

In this case, n is odd. Let Y = N(z) \ {w} and Z = V(G) \ Y \ {z,w}.
Then Y| = (n —1)/2 and |Z| = (n — 3)/2. Since d(y) > (n —1)/2 and y is
not adjacent to any vertices in Y U {w}, y is adjacent to every vertex in Z
and d(y) = (n —1)/2. This implies that Z C V(D). Thus every vertex in

Nc¢(z) will have degree 1. This implies that there is only one vertex w in C
and Y C V(D).

Note that d(y) = (n — 1)/2. Let y' be a vertex in Y other than y. By
Lemma 1, d(y)+d(y") > n—1. Thus d(y') > (n—1)/2. Since ¢’ is not adjacent
to any vertices in Y U {w}, ¢’ is adjacent to every vertex in Z. This implies
that every vertex of Y is adjacent to every vertex of Z.

Let Y = {y1,v2,. .. ,y(n,l)/Q} and Z = {z1, 22, .. .,Z(nfg)/Q}. Then P =
WIY121Y222 *** Z(n—3)/2Y(n—1)/2 18 @ Hamilton path of G, completing the proof
in this case.

Case B. d(z) = n/2.

In this case, n is even and d(y) > n/2. Let Y = N(z) \ {w} and Z =
V(G)\Y \{z,w}. Then |Y| = (n—2)/2 and |Z| = (n—2)/2. Since d(y) > n/2
and y is not adjacent to any vertices in Y U {w}, y is adjacent to every vertex
in Z and d(y) = n/2. This implies that Z C V(D). Thus every vertex in
Nco(z) will have degree 1, there is only one vertex w in C, and Y C V(D).
Note that d(z) > 3, n > 6 and |Z| > 2.

Let Y = {y1,%2,---,Ym—2)/2}, where y1 has the smallest degree of all
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vertices in Y, and Z = {z1, 22, --'7Z(n—2)/2}7 where z; has the largest degree
of all vertices in Z. For every vertex y; in Y other than y;, since d(y1)+d(y;) >
n—1, we have d(y;) > n/2. Since y; is not adjacent to any vertices in Y U{w},
y; is adjacent to every vertex of Z. This implies that every vertex of Y\ {y1}
is adjacent to every vertex of Z.

Let z; be a vertex of Z other than z;. Then the subgraph induced by
{y,x, 21,7} is a claw. Since d(x) =n/2, d(z1) > (n — 2)/2. Noting that z is
not adjacent to any vertices in Z U {x,w}, 21 is adjacent to every vertex in Y’
and y121 € E(Q).

Thus P = wxy1219222 -+ Y(n—2)/2%(n—2)/2 is @ Hamilton path of G, com-
pleting the proof in this case.

Case C. d(z) < (n—1)/2.

Note that d(z) > 3, n > 7 and d(y) > (n — 1)/2 > 3. Let z be a neighbor
of y other than z with the largest degree. Let 2z’ be a neighbor of y other
than  and z. Then the subgraph induced by {y,z,z,2'} is a claw. Since
diz) < (n—-1)/2,d(z) > (n—1)/2.

Let Y = N(z) and Z = V(G) \ Y \ {z,w}. Note that d(y) > (n—1)/2 and
y is not adjacent to any vertices in Y U{w}, and that d(z) > (n—1)/2 and z is
not adjacent to any vertices in Z U {x,w}. This implies that |Y| = (n—1)/2,
|Z] = (n —3)/2, and y is adjacent to every vertex in Z. Hence there is only
one vertex w in C, and Y, Z C V(D).

Note that x has at least two neighbors in Y. Let Y = {y1,y2, .., yn-1)/2}
where y; and ys are two neighbors of x, and let Z = {z1, 22, ...,z(n_3)/2},
where z; is has the smallest degree of all the vertices in Z. Since d(y1)+d(y2) >
n —1 and y; and yo are not adjacent to any vertices in Y U{w}, y1 and y, are
adjacent to all vertices in Z, and then y;z1,y221 € E(G).

Let z; be a vertex of Z other than z;. Then the subgraph induced by
{y,x, 21,2} is a claw. Since d(x) < (n—1)/2, d(2;) > (n — 1)/2. Noting that
z; is not adjacent to any vertices in Z U {z,w}, we get that z; is adjacent to
every vertex in Y. This implies that every vertex of Y is adjacent to every
vertex of Z \ {z1}.

Thus P = wxyi121y222 - 2(n—3)/2Y(n—-1)/2 15 a Hamilton path of G. This
completes the proof for Case 1.
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Case 2. (G is 2-connected.

Let P = v1vy - - - v, be a longest path of G. Assume that G is not traceable.
Then V(G)\V(P) # 0. Since G is 2-connected, there exists a path R with two
end vertices in P and of length at least 2 that is internally-disjoint with P.
Let R = zoz1272 - - - ®r41, Where g = v; and 2,41 = v;. Clearly ¢ # 1,p and
j # 1,p. Without loss of generality, we assume that 2 <i < j <p—1. We
prove four claims to complete the proof for Case 2.

Claim 1. Let € V(R) \ {v;,v;} and y € {vj—1,vi41,vj—1,vj41}. Then
xy ¢ E_1(Q).

Proof. Without loss of generality, we assume y = v;_1. If xv;_1 € E',l(G),
then P’ = Plvi,vi—1|vi—1zR[x, v;] v; P[v;, vp] is an o_;1-path containing all the
vertices of V(P)UV (R[z,v;]). By Lemma 2, there is a path containing all the
vertices of P’, a contradiction. ]

Claim 2. Vi—1Vi+1 € Efl(G) and Vj—1Vj41 € E‘fl(G)

Proof. Ifv,_1vi11 ¢ E(G), by Claim 1, the graph induced by {v;, 21, vi—1,vit1}
is a claw, where d(z1) + d(u;+1) < n — 1. Since G is a claw-o_j-heavy graph,
we get that d(v;—1) + d(vit1) > n.

The second assertion can be proved similarly. O

Claim 3. Vi—1V5-1 ¢ E_l(G) and Vi+1VUj541 ¢ E_l(G)

PTOOf. If ’Uz'_ll)j_l S E_l(G), then Pl = P[Ul,vi_l]vi_lvj_lP[vj_l,Ui]viRvj
Plvj,vp] is an o_1-path containing all the vertices of V(P)U V(R), a contra-
diction.

The second assertion can be proved similarly. O

Claim 4. Either v;_1v;41 € E(G) or vj_1vj41 € E(G).

Proof. Assume the opposite. By Claim 2, d(vi—1) + d(viy1) > n — 1 and
d(vj—1) + d(vj+1) > n — 1. By Claim 3, d(vi—1) + d(vj—1) < n — 1 and
d(vit1) + d(vj+1) < n — 1, a contradiction. O

Without loss of generality, we assume that v;_1v;+1 € E(G). Then the
subgraph induced by {v;, vi—1,vi+1,21} is a Z, a contradiction.

This completes the proof of Theorem 3.5.
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3.6 Proof of Theorem 3.6

Let G be a connected claw-o_1-heavy and P,-free graph on n vertices. We are
going to prove that G is traceable. If n = 1 or n = 2, the result is trivially
true, so we assume that n > 3. We distinguish two cases.

Case 1. G is separable.

Let x be a cut vertex of G. By Lemma 1, G—x has exactly two components.
Let C' and D be the two components of G — .

If there is a vertex in D which is not adjacent to x, then let z be a vertex
in D with distance 2 from z, and let ¥ be a common neighbor of x and z. Let
w be a neighbor of z in C. Then wxyz is an induced Py of G, a contradiction.
Thus z is adjacent to every vertex in D. By Lemma 1, for every two vertices
y and ¢/ in D, yy' € E_1(G). Similarly, z is adjacent to every vertex in C,
and for every two vertices w and w’ in C, ww' € E_l(G).

Let V(C) = {wy,we, ..., wx} and V(D) = {y1,y2, ...,y }, where k+1+1 =
n. Then P’ = wiws - - - wixy1y2 - - - y; is an o_1-path of G. By Lemma 2, there
is a path P containing all the vertices of P’, which is a Hamilton path. This
completes the proof for Case 1.

Case 2. (G is 2-connected.

Let P = vjva - - - vp be a longest path of G. Assume that G is not traceable.
Then V(G)\V(P) # 0. Since G is 2-connected, there exists a path R with two
end vertices in P and of length at least 2 which is internally-disjoint with P.
Let R = xox122 - - - Tp41, Where g = v; and x,41 = vj. Clearly, i # 1,p and
j # 1,p. Without loss of generality, we assume that 2 <i < j <p— 1.

Similarly as in Section 3.5, we can prove a number of claims, as follows.

Claim 1. Let z € V(R) \ {v;,v;} and y € {vj—1,vi41,vj—1,vj41}. Then
xy ¢ E_1(Q).

Claim 2. Vi—1Vi+1 € E_1<G) and Vj—1Vj4+1 € E_l(G)

Next we prove two more claims.

Claim 3. ViVj—1 ¢ E(G)
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P?“OOf. If Uin_l S E(G), then Pl = P[vl,vi_ﬂvi_lviHP[viH,vj_l]vj_lviRvj
Plvj,vp] is an o_;-path containing all the vertices of V/(P) UV (R), a contra-
diction. ]

Let v; be the first vertex in Plvj41,vj—1] that is not adjacent to v;. We
have that i1 + 2 < k <j — 1.

Claim 4. z1v5_1 ¢ E(G) and z1v, ¢ E(G).

Proof. If vg—1 = viy1, then by Claim 1, z1v;41 ¢ E(G). fi+2 <k—-1<
j — 2 and T1VE—1 € E(G), then P’ = P[vl,vi_ﬂvi_lleP[viH,vk_g}vk_gvi
2101 Plvg_1, vp] is an o_1-path containing all the vertices of V/(P)UV(R), a
contradiction. Thus zjv,_1 ¢ E(G).

If 210 € E(G), then P’ = Plvy, vi—1|vi—10i41Pvit1, vk—1|vg_10iz1 08 PlUg,
vp] is an o_1-path containing all the vertices of V(P) UV (R), a contradiction.
Thus z1v, ¢ E(G). O

Now x1v;vr_1v; is an induced Py, a contradiction.

This completes the proof of Theorem 3.6.

3.7 Remarks

In this short section, we will explain why we use the concept of o_1-heavy sub-
graphs in this chapter. Firstly, consider the non-traceable complete bipartite
graph K}, 2. Note that every subgraph of Kj 4o (other than Ky and K»)
is 0_o-heavy. Thus, if we consider o_s-heavy subgraph conditions, we cannot
get any reasonable subgraph conditions for guaranteeing traceability.

Next, we consider o,-heavy subgraph conditions for » > 0. We will show
that we cannot get better subgraph conditions for traceability other than those
that have been used in Theorems 3.4 and 3.7.

Theorem 3.8. Letr > 0 be an integer. Let R and S be connected graphs with
R,S # P3, and let G be a connected graph. Then G being {R, S}-0,-heavy
implies G is traceable if and only if (up to symmetry) R = K3 and S = Cs.

Theorem 3.9. Let » > 0 be an integer. Let S be connected graphs with
S #£ Ps, and let G be a connected claw-o,.-heavy graph. Then G being S-free
implies G is traceable if and only if S = Cs, Z1 or Pj.
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The ‘if’ parts of these two theorems can be deduced from Theorems 3.4
and 3.7 directly in a straightforward way. Here we indicate how to prove the
‘only-if’ parts of these results. In Figure 3.2, take k > 3 and n > 4k +r —2 in
G1, and take k > r 45 and n > 6k +r + 10 in Go. Then G is {K; 3, P1}-0,-
heavy and Gg is {K1 3, Z1}-0,-heavy. Since the two graph are non-traceable,
we can use them in an obvious way to prove the ‘only-if’ parts of Theorems
3.8 and 3.9.



Chapter 4

Forbidden pairs for
traceability of block-chains

4.1 Introduction

A graph is traceable if it contains a Hamilton path , i.e., a path containing
all its vertices. If a graph is connected and Ps-free, then it is a complete
graph and it is trivially traceable. In fact, it is not difficult to show that
P3 is the only single subgraph H such that every connected H-free graph
is traceable. Moving to the more interesting case of pairs of subgraphs, the
following theorem on forbidden pairs for traceability is well-known.

Theorem 4.1 (Duffus, Gould and Jacobson [21]). If G is a connected { K1 3, N }-
free graph, then G is traceable.

Obviously, if H is an induced subgraph of N, then the pair { K 3, H} is also
a forbidden pair that guarantees the traceability of every connected graph. In
fact, Faudree and Gould proved that these are the only forbidden pairs with
this property.
Theorem 4.2 (Faudree and Gould [24]). Let R and S be connected graphs
with R, S # Ps and let G be a connected graph. Then G being {R,S}-free

implies G is traceable if and only if (up to symmetry) R = K13 and S = Cs,
P4, Zl, B or N.

Adopting the terminology of [26], we say that a graph is a block-chain if it

47
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is nonseparable (2-connected or P; or P,) or it has at least one cut vertex and
exactly two end blocks. Note that every traceable graph is necessarily a block-
chain, but that the reverse does not hold in general. Also note that it is easy
to check by a polynomial algorithm whether a given graph is a block-chain or
not. In the ‘only-if’ part of the proof of Theorem 4.2 many graphs are used
that are not block-chains (and are therefore trivially non-traceable). A natural
extension is to consider forbidden subgraph conditions for a block-chain to be
traceable. In this chapter, we characterize all the pairs of subgraphs with this
property. First note that, similarly as in the above analysis, it is easy to check
that any Ps-free block-chain is traceable. We will show that Ps is the only
single forbidden subgraph with this property.

Theorem 4.3. The only connected graph S such that a block-chain being S-
free implies it is traceable is Ps.

Next we will prove the following characterization of all pairs of connected

graphs R and S other than Pj guaranteeing that every { R, S}-free block-chain
is traceable.
Theorem 4.4. Let R and S be connected graphs with R, S # Ps and let G be a
block-chain. Then G being {R, S}-free implies G is traceable if and only if (up
to symmetry) R = K13 and S is an induced subgraph of N113, or R = Kj 4
and S = Pjy.

It is interesting to note that one of the pairs does not include the claw, in
contrast to all existing characterizations of pairs of forbidden subgraphs for
hamiltonian properties we encountered.

In Section 4.2, we prove the ‘only if’ part of Theorems 4.3 and 4.4. For
the ‘if’ part of Theorem 4.4, it is sufficient to prove the following results.

Theorem 4.5. If G is a {K 4, Py}-free block-chain, then G is traceable.
Theorem 4.6. If G is a {K; 3, N1,13}-free block-chain, then G is traceable.

We prove Theorems 4.5 and 4.6 in Sections 4.4 and 4.5, respectively.

4.2 The ‘only-if’ part of Theorems 4.3 and 4.4

We first sketch some families of graphs that are block-chains but not traceable
(see Figure 4.1). When we say that a graph is of type G; we mean that it is
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L1 Lz X3 Tr_ily Tl To Ty Ty Ty
'{;;3 Ys—1Ys Y1 Y2 Y3 .yg—lys>~
Gs (r,s > 3)
G5 (’I“ Z 3)
< o 7N
/AR N l
Gg (r,s > 3) Gr (r,s > 3)

Figure 4.1: Some block-chains that are not traceable

one particular, but arbitrarily chosen member of the family indicated by G;
in Figure 4.1.

If S is a connected graph such that every S-free block-chain is traceable,
then S must be a common induced subgraph of all graphs of type G1, G2 and
(4. Note that the only largest common induced connected subgraph of graphs
of type G1, G2 and Gy is a Ps, so we have S = P3. This completes the proof
of the ‘only-if’ part of the statement of Theorem 4.3.

Let R and S be two connected graphs other than P5 such that every { R, S}-
free block-chain is traceable. Then R or S must be an induced subgraph of
all graphs of type G;. Without loss of generality, we assume that R is an
induced subgraph of all graphs of type G1. If R # K 3, then R must contain
an induced P;. Note that the graphs of type G4 and G5 are all Py-free, so
they must contain S as an induced subgraph. Since the only common induced
connected subgraph of the graphs of type G3 and G4 other than P3 is K 3 or
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K14, we have that S = K3 or K1 4. This implies that R or $ must be K3
or Kj 4. Without loss of generality, we assume that R = K3 or Kj4.

Suppose first that R = K 4. Noting that the graphs of type G, G2 and
G3 are all Ky 4-free, S must be a common induced subgraph of the graphs of
type G1, G2 and G3. Since the only common induced connected subgraph of
the graphs of type G1, G2 and G3 other than P5 is Py, we have S = Py.

Suppose now that R = K 3. Note that the graphs of type G2 are claw-free.
So S must be an induced subgraph of all graphs of type G3. The common
induced connected subgraphs of such graphs have the form P;, Z;, B; j or N; j 1.
Note that graphs of type Gg are claw-free and do not contain an induced P
or Z4, and that graphs of type G7 are claw-free and do not contain an induced
B3 . So R must be an induced connected subgraph of Ps, Z3, B1 3 or Ny 3.
Since Ps, Z3 and By 3 are induced subgraphs of Ny 1 3, R must be an induced
connected subgraph of Ny 1 3. This completes the proof of the ‘only-if” part of
the statement of Theorem 4.4.

4.3 Some preliminaries

Let G be a graph. For a subgraph B of G, when no confusion can occur, we
also use B to denote its vertex set; similarly, for a subset C' of V(G), we also
use C' to denote the subgraph induced by C.

For a graph G, we use k(@) to denote the connectivity of G and a(G) to
denote the independence number of G, i.e., the maximum number of vertices
no two of which are adjacent. The following theorem on hamiltonian and
traceable graphs is well-known and will be used in the sequel.

Theorem 4.7 (Chvatal and Erdos [19]). Let G be a graph on at least three
vertices. If a(G) < k(G), then G is hamiltonian. If ao(G) < k(G) + 1, then G
is traceable.

We will also repeatedly use the following structural lemmas on claw-free
graphs.

Lemma 1. If G is a connected claw-free graph, and x is a cut verter of G,
then
(1) G — x has exactly two components; and
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(2) if x1,x2 are two neighbors of x in a common component, then xixe €
E(G).

Proof. Note that for every component H of G — {x,y}, H must contain a
neighbor of x. If there are at least three components of G — x, then let Hy, Ho
and Hj3 be three components. Let z1, zo and z3 be neighbors of z in Hy, Ho
and Hs, respectively. Then the subgraph induced by {z,x1,z2, 23} is a claw,
a contradiction. Thus G — x has exactly two components.

Let x1, x2 be two neighbors of x in a common component. If 129 ¢ E(G),
then let 2’ be a neighbor of z in the other component. Then the subgraph
induced by {z,z1, 22,2’} is a claw, a contradiction. Thus z125 € E(G). O

Lemma 2. If G is a 2-connected claw-free graph, and {x,y} is a vertex cut
of G, then
(1) G —{z,y} has exactly two components; and

(2) if x1, 2 are two neighbors of x in a common component, then x1xs €
E(G).

This lemma can be proved by using Lemma 1 on G — y.

In the following, by the concept cut we always refer to a vertex cut with 2
vertices.

A graph G is said to be homogeneously traceable, if for every vertex = of
G, there is a Hamilton path starting from x. We will use the following recent
theorem on homogeneously traceable graphs (see Chapter 7).

Theorem 4.8. Let R and S be connected graphs with R,S # Ps and let G
be a 2-connected graph. Then G being { R, S}-free implies G is homogeneously
traceable, if and only if (up to symmetry) R = K3 and S is an induced
subgraph of B4, Ba3 or Ni13.

Let G be a graph, let B and C be two subgraphs of G (possibly non-
disjoint), and let H be a subgraph of G which is disjoint from BUC. If P is a
path with its two end-vertices x € V(B) and y € V(C') and its internal vertex
set V(P)\ {z,y} = V(H), then we call P a perfect path of H to B and C' (in
G) ; if B = C, then we also call P a perfect path of H to B (in G). If there is
a perfect path of H to B (and C), then we say H supports a perfect path to
B (and C).
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4.4 Proof of Theorem 4.5

Let G be a {K174,P4}—free block-chain. We are going to prove that G is
traceable.

If G contains only one or two vertices, then it is trivially traceable. So we
assume that G has at least three vertices. If GG is complete, then the result is
trivially true. So we assume that G is not complete. Let X be a minimum
vertex cut of G.

Clearly each vertex of X has a neighbor in each component of G — X. Now
we claim that each vertex of X is adjacent to every vertex in G — X. Let
x € X and y € H, where H is a component of G — X. If zy ¢ E(G), then let
Q be a shortest path from x to y with all internal vertices in H. Let H' be a
component of G — X other than H and let ¥’ be a neighbor of  in H'. Then
Qxy' is an induced path with at least four vertices. This contradicts that G
is Py-free. Thus as we claimed, each vertex of X is adjacent to every vertex
in G- X.

Let S be an independent set of G. Then S is either contained in X or in
G — X. Without loss of generality, we assume that S C G — X. Let = be
a vertex of X. If S has at least four vertices, then the subgraph induced by
{z} U S is a K, with ¢t > 4, contradicting that G is K 4-free. This implies
that the independence number o(G) < 3.

If G is 2-connected, then a(G) < k(G)+1. By Theorem 4.7, G is traceable.
So we assume that G has a cut vertex.

Let  be a cut vertex of G. Let H be an arbitrary component of G —xz. We
claim that there is a Hamilton path of H U {x} starting from z. If H contains
only one vertex, then the result is trivially true. So we assume that H has at
least two vertices. Note that H is connected and x is adjacent to every vertex
of H. Hence H U {x} is 2-connected. If H contains an independent set S with
three vertices, then let y be a neighbor of x in H’, where H’' is a component
of G — x other than H. Then the subgraph induced by {z,y} U S is a K; 4, a
contradiction. This implies that o(H U{z}) < 2. By Theorem 4.7, HU {z} is
hamiltonian. Thus it contains a Hamilton path starting from z.

It is not difficult to see that either H U {z} is an end block or H contains
an end block of G. If G —z has at least three components, then there will be at
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least three end blocks of G, contradicting that G is a block-chain. Thus G —x
has exactly two components. Let H; and Hs be the two components of G — x.
Let Q;, i = 1,2, be the Hamilton path of H; U {z} starting from xz. Then
@Q12Q)2 is a Hamilton path of G. This completes the proof of Theorem 4.5.

4.5 Proof of Theorem 4.6

Let G be a {Kj 3, N1,1,3}-free block-chain. We are going to prove that G is
traceable.

We use induction on |V(G)|. If G contains only one or two vertices, then
the result is trivially true. So we assume that G contains at least three vertices.

If G is 2-connected, then by Theorem 4.8, G is (homogeneously) traceable.
Thus we assume that GG has at least one cut vertex. We also assume that G
is non-traceable, and will reach a contradiction in all cases.

Claim 1. If z is a cut vertex of GG, then at least one of the components of
G — z consists of one isolated vertex.

Proof. By Lemma 1, there are exactly two components in G — z. Let H;
and Hs be the two components. Suppose that both H; and Hy have at least
2 vertices. For ¢ = 1,2, let y; be a neighbor of z in H;, and let G; be the
subgraph of G induced by H; U {z,ys—;}. It is not difficult to see that Gj is
a block-chain, and that ys_; has only one neighbor = in GG;. By the induction
hypothesis, there is a Hamilton path @; of G; (starting from y3_;). Then
Q) = Q; — xys3—; is a Hamilton path of H; U{x} starting from z. Thus Q}zQ%
will be a Hamilton path of G, a contradiction. O

Let x be a cut vertex of GG, and let y be an isolated vertex of G —z. Clearly
the subgraph induced by {z,y} is an end block of G. If G has at least three
cut vertices, then there will be at least three end blocks of G, a contradiction.
Thus we assume that there are at most two cut vertices in G.

Suppose first that there is only one cut vertex in GG, and denote it by .
Let y be an isolated vertex of G — z, and let H be the component of G — x
not containing y. We claim that there is a Hamilton path of H U {z} starting
from x. If H has only one vertex, the result is trivially true. So we assume
that H has at least two vertices. If H U {z} has a cut vertex (note that x is
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not a cut vertex of H U{z}), then it is also a cut vertex of G, a contradiction.
So we assume that H U {z} is 2-connected. By Theorem 4.8, H U {z} is
homogeneously traceable. Thus as we claimed, there is a Hamilton path @ of
H U{z} starting from x. So yz@ is a Hamilton path of G. This contradiction
shows that G has exactly two cut vertices.

Let r and s be the two cut vertices of GG, and let g and sy be the isolated
vertices of G — r and G — s, respectively. Let B = G — {rg,so}. If B has
only two vertices r and s, then clearly G is traceable. So we assume that B
has at least one vertex other than r and s. Note that if B has a cut vertex,
then it is also a cut vertex of G (Clearly r and s are not cut vertices of B),
a contradiction. So we assume that B is 2-connected, and it is sufficient to
prove that there is a Hamilton path in B from 7 to s.

Let Gy be the graph obtained from G by adding an edge rgsg. Since G is
claw-free and rgsg cannot be an edge of a claw, we see that Gy is claw-free.
Clearly, G is 2-connected. Now we prove the following claims.

Claim 2. If z is a vertex of B\{r, s}, then G — z is a block-chain if and only
if Gy — x is 2-connected.

Proof. Note that the subgraphs induced by {r,7¢} and {s,sp} are two end
blocks of G — x. If G — z has no other end blocks, then Gy — x is 2-connected.
If G — x has a third end block, then it is also an end block of Gy — x and Gy
cannot be 2-connected. O

Claim 3. Let x € B—{r,s} and y € {r,ro,s,s0}. Then {z,y} is not a cut of
Go.

Proof. By our assumption, B is 2-connected. Thus B — x is connected. This
implies that Go—{x, y} is connected for y = 1 or so. Now we suppose without
loss of generality G — {z,r} is not connected. Clearly rg, s and sy are in a
common component of Go — {x,r}. Let H be the component of Gy — {x,r}
not containing o, s, so. By Lemma 1, we can see that Np(r) is a clique and
is contained in H. Thus every path P of Gg from H to sg will either pass
through z or pass through r. But if P passes through r, then it will also pass
through ro. This implies that {z,r¢} is a cut of Gy, a contradiction. O

Set
N;,={veB—-s:dg_s(v,r) =i}, and j = max{i : N; # 0}.
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Note that Ny = {r} and N1 = Np(r) \ {s}. For a vertex = € N;, we call the
integer i the level of x.

Let d be the distance between r and s in B, and let () be a shortest path
in B from r to s. Our next claim shows that d < 3.

Claim 4. d < 3.

Proof. Suppose that d > 4. By Lemma 1, Ny is a clique. Now we first prove
a number of subclaims on the structure of N; for ¢ > 2.

Claim 4.1. N, and N3 are cliques.

Proof. Clearly, for every ¢ with 1 < i < d— 1, @) contains exactly one vertex
of N;. Let Q' = Qssg. Suppose that Q' = rvwzyz---. Thus v € N1, w € N,
x € N3, ye Ny (ifd>>5)ory=s(ifd=4)and 2 € N5 (ifd>6) or z =s
(ifd=05) or z = s¢ (if d = 4).

First we consider No. Let w’ be an arbitrary vertex in Ny other than
w. We claim that ww' € E(G). If ww' ¢ E(G), then w and w’ have no
common neighbors in N7; otherwise, letting v’ be a common neighbor of w
and w’ in Ny, the subgraph induced by {v',r,w,w'} is a claw. Besides, we
have wz ¢ E(G); otherwise the subgraph induced by {z,w,w’,y} is a claw.
Now let ' be a neighbor of w’ in Ny. Then v # v, vw',v'w ¢ E(G) and the
subgraph induced by {r,rg,v',w’,v,w,z,y} is an Ny 3, a contradiction. So,
as we claimed w is adjacent to all other vertices in Ns.

Let w’ and w” be two arbitrary vertices in Ny other than w. We claim that
w'w” € E(G). Suppose that w'w” ¢ E(G). If w'z € E(G), then similarly as in
the above analysis, we can prove that w’ is adjacent to all other vertices in Ny
and w'w” € E(G). So we assume that w'z ¢ E(G), and similarly, w"z ¢ E(Q).
Then the subgraph induced by {w,w’, w”, z} is a claw, a contradiction. Thus,
as we claimed, w'w” € E(G). This implies that N5 is a clique.

Similarly, we now consider N3. Let 2’ be an arbitrary vertex in N3 other
than x. We claim that 2’ € E(G). If x2’ ¢ E(G), then z and 2’ have no com-
mon neighbors in Ny and 2’y ¢ F(G). Let w’ be a neighbor of 2’ in No. Then
w' # w, wr',w'z ¢ E(G), and the subgraph induced by {v,r, w', 2/, w, x,y, 2}
is an Np13, a contradiction. So, as we claimed, z is adjacent to all other
vertices in V3.

Let 2’ and 2” be two arbitrary vertices in N3 other than x. We claim that
2’2" € E(G). Suppose that 2’2" ¢ E(G). If 2’y € E(G), then similarly as in
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the above analysis, we can prove that ' is adjacent to all other vertices in N3
and 2’2" € E(G). So we assume that 2’y ¢ E(G), and similarly, 2"y ¢ E(G).
Then the subgraph induced by {z,z’,2”,y} is a claw, a contradiction. Thus,
as we claimed, 2’2" € E(G). This implies that N3 is a clique. O

Claim 4.2. For all 7 with 1 <1¢ < 5, N; is a clique.

Proof. We use induction on i. By Lemma 1 and Claim 4.1, Ny, No and N3
are cliques. So we assume that 4 < ¢ < j and that N;_; is a clique.

Let z and 2’ be two arbitrary vertices in N;. We claim that za’ € E(G).
Suppose 22’ ¢ F(G). Then x and 2’ have no common neighbors in N;_;. Let
w be a neighbor of x in N;_1, let w’ be a neighbor of 2’ in N;_1, and let v
be a neighbor of w in N;_5. By the induction hypothesis, ww’ € E(G). We
have vw’ € E(G); otherwise the subgraph induced by {w,v,w’, z} is a claw.
Let Q" be a shortest path of B from v to r. Then the subgraph induced by
{w,z,w', 2"} UV (Q")U{ro} is an N; 1, with £ > 3, a contradiction. Thus, as
we claimed, zz’ € E(G). This implies N; is a clique. O

Claim 4.3. There is a neighbor of s in IV;.

Proof. Assume the contrary. Let i be the maximum level of the neighbors of
s, where 3 < i < j — 1. By Lemma 1, Npg(s) is a clique. This implies that
every neighbor of s is either in N; or in N;_;.

Let y be an arbitrary vertex in V;41. First we assume that y and s have a
common neighbor z in N;. Let w be a neighbor of x in N;_;. Then ws € E(G);
otherwise the subgraph induced by {z,w,y, s} is a claw. Let @’ be a shortest
path in B from w to r. Then the subgraph induced by {z, y, s, so }UV (Q")U{ro}
is an Ny 1 with £ > 3, a contradiction.

Thus we assume that y and s have no common neighbors in N;. Let x be a
neighbor of y in N;, let 2’ be a neighbor of s in N;, and let w be a neighbor of x
in N;_y. Then xs,2'y ¢ E(G). By Claim 4.2, z2’ € E(G). If ws € E(G), then
let v be a neighbor of w in N;_3. Then the subgraph induced by {w, v, z, s} is
a claw. Thus we assume that ws ¢ F(G). Now we have wz’ € E(G); otherwise
the subgraph induced by {z,w,2’,y} is a claw. Let Q' be a shortest path of
B from w to r. Then the subgraph induced by {z,y,2’,s} UV(Q") U {ro} is
an Ny 1, with £ > 3, a contradiction. ]

If for some ¢ with 1 < ¢ < j — 1, N; consists of only one vertex, say =,
then z will be a cut vertex of B, a contradiction to our assumption. Thus we
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assume that |N;| > 2 for all ¢ with 1 <¢<j— 1.

Now we construct a Hamilton path of B from r to s as follows. Let x;
be a neighbor of s in N;. If IV; consists of x;, then let (); = sz;; otherwise,
let y; be a vertex in N; other than z;, let R; be a Hamilton path of N; from
z; to y;, and let QQ; = sxjR;. Then for ¢ = j — 1,5 —2,...,1, let 2; be a
neighbor of y; 1 in N; (where we take y; = x; if [N;| = 1), let y; be a vertex
in N; other than x;, let R; be a Hamilton path of N; from z; to y;, and let
Qi = Qir1yir12; R;. Then Qqyyr is a Hamilton path of B from r to s. O

We next show that rs € E(G).

Claim 5. rs € E(G).

Proof. Assume, to the contrary, that rs ¢ E(G). Then, from the above we
get d = 2 or d = 3. We distinguish the following two cases according to the
value of d.

Case A. d = 2.

Let Q = syxso. If G—x is a block-chain, then by the induction hypothesis,
G — z contains a Hamilton path P’ (from ry to sg). Note that r and s are two
cut vertices of G — z. Thus the subpath R’ of P’ from r to s is a Hamilton
path of B — z. Let 2’ be the neighbor of  on R’. Then zz’ € E(G) and
R = R —r2z’Urza’ is a Hamilton path of B from r to s, a contradiction. Thus
we assume that G — x is not a block-chain, and by Claim 2, Gy — x has a cut
vertex y. Thus {z,y} is a cut of Gy.

By Claim 3, y € V(B)\{r, s}. Note that r and s are two neighbors of z and
rs ¢ E(Gp). By Lemma 2, r and s are in distinct components of Gy — {x, y}.
But r and s are connected in Gy — {x, y} by the path rrgsgs, a contradiction.

Case B. d = 3.

Let Q = rxys. Similarly as in Case A, we can prove that Gy — x has a cut
vertex. We claim that y is a cut vertex of Gy — x; otherwise let ¥’ be a cut
vertex of Gy — x such that y' € B\ {r,s,y}. Since r and y are two neighbors
of x and ry ¢ E(Gp), by Lemma 2, r and y are in distinct components of
Go — {z,y'}. But r and y are connected in Gy — {z, 3’} by the path rrosgsy,
a contradiction. Thus we have that y is a cut vertex of Gy — x, and {z,y} is
a cut of Gy.

Clearly r, rg, s and sg are in a common component of Gy — {x,y}. Let
H be the component of G — {z,y} not containing r. Using Lemma 2, we get
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that every neighbor of x is either in HU{y} or in {r}UNpg(r), and that every
neighbor of y is either in H U {z} or in {s} U Ng(s). Recall that we assume
that B is 2-connected. Let z’ be a neighbor of r other than z, and let 3/ be a
neighbor of s other than y.

If there is a vertex in B other than {r, s}UNp(r)UNp(s)UH, then without
loss of generality, we assume that z is such a vertex and zz’ € E(G). Then the
subgraph induced by {r,ro,2’, z,2,y,s,s0} is an Nj 1 3, a contradiction. Thus
we assume that there are no vertices in B other than {r, s}UNg(r)UNp(s)UH.

Since B is 2-connected, there is an edge between Np(r)\ {z} and Np(s)\
{y}; otherwise x is a cut vertex of B. Without loss of generality, we assume
that 2’y’ € E(G). Similarly as in the above analysis, we get that {2/,4'} is a
cut of Go. But since Np(r) and Np(s) are cliques and there are no vertices
in B other than {r,s} U Ng(r) U Ng(s) U H, we have that Gy — {2/, ¢} is
connected, a contradiction. ]

Using Lemma 1 and Claim 5, we get that Ng(s)\ {r} = Np(r)\ {s} = Ni1.
We can get a lot of structural information on Nj, by the following claim.

Claim 6. j < 3 and if j = 3, then N3 is Ps-free.

Proof. If j > 4, then let z be a vertex of Ny, let y be a neighbor of z in Nj,
let = be a neighbor of y in No, and let w be a neighbor of z in N;. Then the
subgraph induced by {r,r1,s, s1,w,z,y, 2z} is an Ny ; 3, a contradiction. Thus
we have j < 3.

If yy'y” is an induced P3 in N3, then let z be a neighbor of ¢/ in Ns, and
let w be a neighbor of x in N;. We have that either zy ¢ E(G) or zy” ¢
E(G); otherwise the subgraph induced by {x,w,y,y"} is a claw. Without loss
of generality, we assume that zy” ¢ E(G). Then the subgraph induced by
{r,ri,s,s1,w,2,y',y"} is an Ny 13, a contradiction. Thus we conclude that
N3 is Ps-free. O

Claim 7. For every vertex x € N, there is unique vertex ' € Ny\{z} such
that {z,2} is a cut of Gy.

Proof. First we prove the existence of the claim. Assume that there are not
such vertex. Similarly as in the proof of Claim 5, we have that there is a
vertex y in No U N3 such that {z,y} is a cut of Gy. Let H be the component
of Go — {x,y} not containing r, and let ' be a shortest path from z to y with
all internal vertices in H.
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Let R be a shortest path in B\H from y to Ny \ {z}, and let 2’ be the
end vertex of R other than y. Similarly as in the proof of Claim 5, we have
that 2/ is contained in a cut {z/,y'} of Go for some y' € V(B) \ {r,s}. Let
2’ be the neighbor of 2’ on R. By Lemma 2, r and 2’ are not contained in
a common component of Gy — {z/,3'}. Note that rzQ U R — 2’2’ is a path
from r to 2’ not passing through /. We have that 3’ must be a vertex in
V(Q)UV(R)\ {z'}. By our assumption ¢’ # z. If y/ € H U {y}, then let H’
be the component of Gy — {2/, y'} not containing r. Then every neighbor of y
will be either in H U {z} or in H' U {2'}. Hence every path from y to r will
pass through either z or 2/, and {x, 2’} is a cut of Gy, a contradiction. Thus
we have that v’ € V(R) \ {2/, y}.

Let T be the subpath of R’ from y to %', let H' be the component of
Go — {2',9'} not containing r, and let 2z’ be a neighbor of 3 in H’. Then the
subgraph induced by {r,ro, s, so} UV(R)UV(T)U{z'} is an Ny 1 with £ > 3,
a contradiction. Thus we have that there is a vertex 2’ € Ny such that {z, 2}
is a cut of Gy.

Let H be the component of Gy — {x, 2’} not containing r. We have that
all the neighbors of z in Ny are in H; otherwise, let y be a neighbor of x in
H, and let ¢’ be a neighbor of x in Ny \ H. Then the subgraph induced by
{z,r,y,y'} is a claw. This implies that for any vertex z” in Ny \ {x,2'}, the
pair {z, 2"} is not a cut of Gy. O

By Claim 7, we can partition Nj into pairs such that each pair is a cut of
Gyo. The next claim shows how we can pick up the vertices of components in
paths between the pairs.

Claim 8. Let {t,t'} be a cut of Gy such that ¢, € Ny, and let H be the
component of Gy — {t,t'} not containing r. Then there is a perfect path of H
to {t,t'}.

Proof. If H N Ny consists of only one vertex x, then by the 2-connectedness of
G, HN N3 = () and xt,zt’ € E(G). Then R = txt’ is a perfect path of H to
{t,t'}. Next we assume that H N Ny contains at least two vertices. Note that
both ¢ and ' are adjacent to some vertices in H N No. We can divide H N Ny
into two nonempty subsets C' and C” such that every vertex in C' is adjacent
to t, and every vertex in C’ is adjacent to t'.

Recall that 7 < 3 and, if j = 3, then N3 is Ps-free, so every component of
H N Nj is a clique.



60 Chapter 4

Claim 8.1. Let D be a component of H N N3. If D is joined to C' but not to
C’, then D supports a perfect path to C; if D is joined to C’ but not to C,
then D supports a perfect path to C’; and if D is joined to both C' and C’,
then D supports a perfect path to C and C’.

Proof. We distinguish three cases.
Case A. D is joined to C but not to C".

If D contains only one vertex x, then by the 2-connectedness of B, x has
at least two neighbors in C. Let w,w’ be two neighbors of z in C. Then
R = wzxw' is a perfect path of D to C.

Now we assume that D contains at least two vertices. By the 2-connectedness
of B, D is joined to C' by two independent edges. Let zw and z'w’ be two
such edges, where z,2’ € D and w,w’ € C. Let R’ be a Hamilton path of D
from z to 2/. Then R = wzR'z'w’ is a perfect path of D to C.

Case B. D is joined to C’ but not to C.
This case can be treated in a similar way as Case A.
Case C. D is joined to both C and C".

If D consists of the vertex z, then x has at least one neighbor in C' and in
C’. Let w be a neighbor of z in C, and let w’ be a neighbor of z in C’. Then
R = wzw' is a perfect path of D to C and C’.

Now we assume that D contains at least two vertices. Clearly D is joined
to C' and C’ by two independent edges. Let zw and z’w’ be two such edges,
where z,2/ € D, w € C and w’ € C'. Let R’ be a Hamilton path of D from x
to #’. Then R = wzR'2'w’ is a perfect path of D to C' and C’. O

Let D = {D1,Ds,..., Dy} be the set of components in H N N3 that are
joined to C but not to C’, let R; (1 <i < k) be a perfect path of D; to C, and
let x;, y; be the two end vertices of R;; let D' = {D7, D5, ..., D;,} be the set of
components in H N N3 that are joined to C’ but not to C, let R, (1 <i <k/)
be a perfect path of D) to C’, and let z,y; be the two end vertices of R; let
D" ={D{,Dj,...,Dj,} be the set of components in H N N3 that are joined
to both C' and C’, let R! (1 <1i < k") be a perfect path of D! to C and C’,
and let =7,y be the two end vertices of R/, where 2/ € C and y € C".

% A
We first assume that &” is odd. If D # (), then let w = x1; otherwise
let w = 2. Let T be a path from ¢ to w passing through all the vertices

in C\ U {ziui} \ Uf;l{a:f/} If D' # 0, then let w’ = y,,; otherwise let



Forbidden pairs for traceability of block-chains 61

w = y}c’,, Let T’ be a path from t' to w’ passing through all the Vertices in

CAUZ o, \UIZ ('} Then R = Ty Ruys -+ o Ryyp{ R{y{ y Ry
ol Ryl Ry, -+ 2 Ry T is a perfect path of H to {t,t'}.

Next we assume that k" is even. If there is an edge joining C' to C’ such
that its two vertices are not the two end vertices of a common perfect path
of some component in D” (we call such an edge a good edge ), then let 2z’
be a good edge, where z € C and 2z’ € C’. Note that z is possibly an end
vertex of a perfect path of some component in D or D", or that it is not such
an end vertex, and that 2’ is possibly an end vertex of a perfect path of some
component in D’ or D", or that it is not such an end vertex. So there are nine
different cases to consider. Here we only discuss two of the cases; for the other
cases, a perfect path of H to {t,t'} can be found in a similar way.

If z is not an end vertex of a perfect path of some component in D
or D”, and 2’ is an end vertex of a perfect path of some component in
D', then without loss of generality, we assume that 2/ = z}. If D # 0,
then let w = z1; otherwise, if D” # 0, then let w = z¥; otherwise let
w = z. Let T be a path from ¢ to w passing through all the vertices in
C\ Uz dzi it \ Uk" {«¥} \ {z}. Let T” be a path from ¢’ to y;, pass-
ing through all the vertices in C” \ UZ REZRTA UZ 1{yz} Then R =
Tz Ry - - xpRiyra] Ry ys Ryxy - -yl Ryl za i Ry - 2 Ry, y T is a
perfect path of H to {¢,t'}.

If both z and 2’ are end vertices of perfect paths of some components in
D", then note that zz’ is a good edge, so these vertices are not the end vertices
of a common perfect path. Without loss of generality, we assume that z =z
and 2’ = y. If D # (), then let w = x1; otherwise let w = 2. Let T be a path
from t to w passmg through all the vertices in C \ Ul REZNTAA Uk” {«}. It

D' # (), then let w’ = y,,; otherwise let v’ = yk,, Let T" be a path from ¢

to w’ passing through all the vertices in C’ \ UZ REZRTARN Uz 1{yz’} Then
"0 Dl

R =Tz Ry - op Rpypa| RYY 25 Ryyy -+ T Ry @) Ry - - - o Ry, T s
a perfect path of H to {t,t'}.

Next we assume that each edge joining C' to C’ is not a good edge.

If C is not joined to C’, then D” # (); otherwise ¢ will be a cut vertex of
G. If C is joined to C’, then we also have D" # (), since every edge joining C
to C’ is not good. Recall that we assume that k” is even, so we have k" > 2.

Let R be a shortest path from 27 to y{ with all internal vertices in DY.
Note that 2{y) & E(G); otherwise it is a good edge. Moreover, ty) ¢ E(G);
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otherwise the subgraph induced by {t,r, z},y4} is a claw. Thus the subgraph
induced by {r, 7o, s, s0, t} UV (R)U{ys } is an N; ; o with £ > 3, a contradiction.
O

Let Ny = {x;,2} : 1 <14 < k} such that for every ¢ with 1 <1i <k, {z;,2}}
is a cut of Gy. Let H; be the component of Go — {x;, ;} not containing r, and
let R; be a perfect path of H; to {z;,2}. Then R = ra1 Rz} - xpRpa)s is a
Hamilton path of B from r to s, our final contradiction.



Chapter 5

Heavy pairs for traceability of
block-chains

5.1 Introduction

A graph is called traceable if it contains a Hamilton path , i.e., a path containing
all its vertices. For forbidden subgraph conditions for traceability of connected
graphs, the following theorems are well-known.

Theorem 5.1 (Faudree and Gould [24]). The only connected graph S such
that every connected S-free graph is traceable is Ps.

Theorem 5.2 (Faudree and Gould [24]). Let R and S be connected graphs
with R, S # Ps and let G be a connected graph. Then G being {R,S}-free
implies G is traceable if and only if (up to symmetry) R = K3 and S is an
induced subgraph of N.

Forbidding pairs of graphs as induced subgraphs might impose such a
strong condition on the graphs under consideration that hamiltonian proper-
ties are almost trivially obtained. As an example, one easily shows that, apart
from paths and cycles, connected {K 3, Z; }-free graphs are only a matching
away from complete graphs, i.e., their complements consist of isolated vertices
and isolated edges. This is one of the motivations to relax forbidden sub-
graph conditions to conditions in which the subgraphs are allowed, but where
additional conditions are imposed on these subgraphs if they appear. Early

63
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examples of this approach in the context of hamiltonicity and pancyclicity
date back to the early 1990s [4,12]. The idea to put a minimum degree bound
on one or two of the end-vertices of an induced claw has been explored in [11].
Here we follow the ideas and terminology of [17] by putting an Ore-type degree
sum condition on at least one pair of nonadjacent vertices in certain induced
subgraphs. These degree sum conditions refer to one of the earliest papers in
this area, in which Ore proved that a graph G on n > 3 vertices is hamiltonian
if the degree sum of any two nonadjacent vertices of GG is at least n. Ore’s
result implies that a graph on n vertices is traceable if the degree sum of any
two nonadjacent vertices is at least n — 1. A natural way to find common
extensions of such degree sum conditions and forbidden subgraph conditions
for traceability is to impose that certain pairs of vertices of induced subgraphs
have degree sum at least n — 1. This motivates the following concepts and
terminology.

For connected H-o_1-heavy graphs, unfortunately only a small graph and a
pair of small graphs can guarantee their traceability, as was shown in Chapter
3.

Theorem 5.3. The only connected graph S such that every connected S-o0_1-
heavy graph is traceable is Ps.

Theorem 5.4. Let R and S be connected graphs with R, S # P53 and let G be
a connected graph. Then G being {R,S}-o_1-heavy implies G is traceable if
and only if (up to symmetry) R = Ky 3 and S = Cs.

In this paper, we are going to improve the above results by excluding graphs
that are more or less trivially non-traceable. Therefore, we focus on graphs
that satisfy a simple and easy to verify necessary condition for traceability.
Adopting the terminology of [26], we say that a graph is a block-chain if it is
nonseparable (2-connected or P; or Py) or it has at least one cut vertex and
has exactly two end blocks. Note that every traceable graph is necessarily a
block-chain, but that the reverse does not hold. Also note that it is easy to
check by a polynomial algorithm whether a given graph is a block-chain or
not.

In the ‘only-if’ part of the proof of Theorem 5.4 many graphs are used that
are not block-chains (and are therefore trivially non-traceable). A natural ex-
tension is to consider forbidden subgraph and o_i-heavy subgraph conditions
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for a block-chain to be traceable. In Chapter 4, we characterized all the pairs
of forbidden subgraphs with this property.

Theorem 5.5. The only connected graph S such that every S-free block-chain
is traceable is Ps.

Theorem 5.6. Let R and S be connected graphs with R, S # P3 and let G be a
block-chain. Then G being { R, S}-free implies G is traceable if and only if (up
to symmetry) R = K13 and S is an induced subgraph of N113, or R = Kj 4
and S = Py.

In this chapter, we characterize the pairs of connected graphs R and S other
than Ps guaranteeing that every {R,S}-o_j-heavy block-chain is traceable.
First note that we can easily obtain that the statement ‘every H-o_i-heavy
block-chain is traceable’ only holds if H = Ps. This can be deduced from
Theorems 5.3 and 5.4. For o_j-heavy pairs of subgraphs, we will prove the
following common extension of Theorems 5.4 and 5.6.

Theorem 5.7. Let R and S be connected graphs with R, S # P3 and let G be
a block-chain. Then G being {R,S}-0_1-heavy implies G is traceable, if and
only if (up to symmetry) R = K13 and S is an induced subgraph of W or N.

In Section 5.2, we prove the ‘only if” part of Theorem 5.7. For the ‘if” part
of Theorem 5.7, it suffices to prove the following two statements.
Theorem 5.8. If G is a {K 3, W}-0_1-heavy block-chain, then G is traceable.
Theorem 5.9. If G is a { K13, N }-0_1-heavy block-chain, then G is traceable.

We prove Theorems 5.8 and 5.9 in Sections 5.4 and 5.5, respectively.

5.2 The ‘only if’ part of Theorem 5.7

Let R and S be two graphs other than P3 such that every {R, S}-o_i-heavy
block-chain is traceable. By Theorem 5.6, we have that (up to symmetry)
R = K 3 and S is an induced subgraph of Ny 13, or R = K4 and S = P.

In Figure 5.1, we sketched some families of block-chains that are not trace-
able. All members of these families have exactly two cut vertices, two end
blocks consisting of Ks’s, and one 2-connected non-end block, so all these
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graphs are obviously block-chains. Since all the graphs of these families have
exactly two vertices with degree 1, it is easy to verify that they do not admit
a Hamilton path (between these two vertices, because all the other vertices
ought to be internal vertices of any Hamilton path). We leave the details for
the reader.

L
Gy (k>8,1r>k+5)

Gs (r>9)

O\
Y@Y

G4 (r,s>1)

Figure 5.1: Some families of block-chains that are not traceable

Noting that a graph G4 of type 4 is {Kj4, P1}-0_1-heavy, we get that
{R,S} # {Ki4, P1}. Thus R = K; 3 and S is an induced subgraph of Ny 3.
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Note that all graphs G1, G2 and G3 of the first three types are claw-o_1-
heavy. So S must be a common induced subgraph of all graphs G1, G2 and G3
that is not o_j-heavy. Note that all graphs G of type 1 are Ps-o_1-heavy, all
graphs G2 of type 2 are Z3-o_i-heavy, and all graphs G3 of type 3 are Ny 1 2-
o_1-heavy. The only remaining possibility is that S is an induced subgraph
of W or N. This completes the proof of the ‘only if’ part of the statement of
Theorem 5.7.

5.3 Some preliminaries

In the next two sections we will prove Theorems 5.8 and 5.9, respectively.
Before we do so, in this section we introduce some additional terminology and
notation, and we will prove some useful lemmas.

Let G be a graph and let X be a nonempty subset of V(G). The subgraph
of G induced by the set X is denoted by G[X]; we use G — X to denote the
subgraph induced by V(G) \ X.

Throughout this chapter, £ and ¢ will always denote positive integers. If
kE < £, we use [zk,z¢] to denote the set {xg,xpi1,..., 20} If [xg, 2] is a
nonempty subset of the vertex set of a graph G, we use G[zy, z¢] instead of
G|z, z¢]], to denote the subgraph induced by [z, x¢] in G.

Let P be a path and z,y € V(P). We use P[z,y| to denote the subpath
of P from z to y (inclusive).

Let G be a graph and {z1, z2} and {y1, y2} be two pairs of vertices in V(G)
with 21 # z9 and y; # yo. We define an ({z1, z2}, {y1, y2})-disjoint path pair,
or briefly an (z1x2,y1y2)-pair, as a union of two vertex-disjoint paths P and
Q) such that

(1) the origins of P and @ are in {z1, 22}, and
(2) the termini of P and @ are in {y1,y2}.

If G is a graph on n > 2 vertices, z € V(G), and a graph G’ is obtained
from G by adding a new vertex y and a pair of edges yx, yz, where z # z is
an arbitrary vertex of G, then we say that G’ is a I-extension of G at x to
y. Similarly, if 21,29 € V(G), x1 # x2, then the graph G’ obtained from G
by adding two new vertices y1,y2 and the edges y1x1, yoxo and yyyo is called
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the 2-extension of G at (x1,x2) to (y1,y2). We also call G’ a l-extension (at
x to y) or 2-extension (at (z1,x2) to (y1,y2)) of G if it contains a spanning
subgraph that is a 1-extension (at z to y) or 2-extension (at (z1,x2) to (y1,¥2))
of G.

Let G be a graph and let u,v,w € V(G) be distinct vertices of G. We say
that G is (u, v, w)-composed (or briefly composed) if G has a spanning subgraph
D (called the carrier of G) such that there is an ordering v_g,...,vg,...,vp
(k,£>1) of V(D) (=V(G)) and a sequence of graphs Dy, ..., D, (r > 1) such
that
(1) u=v_g, v =19, w= vy,

(2) Dy is a triangle with V(D) = {v_1,vo,v1},

(3) V(D;) = [v_g,,ve,] for some ki, €;, 1 < ki < k, 1 < ¥4; < {, and D;yy,
i=1,...,r — 1, satisfies one of the following:
(a) Djy1 is a l-extension of D; at v_, to v_g,_1 or at vy, to vg,4+1, or
(b) Djt1 is a 2-extension of D; at (v_g,,vs,) to (V_g,—1,V¢,41),

(4) D, = D.

The ordering v_g,...,vg,...,vp will be called a canonical ordering and
the sequence Dq,...,D, a canonical sequence of D (and also of G). Note
that a composed graph G can have several carriers, canonical orderings and
canonical sequences. Clearly, a composed graph G and any of its carriers D
are 2-connected; moreover, for any canonical ordering, P =v_j---vg---vgis a
Hamilton path in D (called a canonical path), and if Dy, ..., D, is a canonical
sequence, then any D; is (v_g,,vo, vy, )-composed, i = 1,...,r. Note that a
(u, v, w)-composed graph is also (w, v, u)-composed.

The following lemma on composed graphs will be needed in our proofs. A
proof of the lemma can be found in Chapter 6.

Lemma 1. Let G be a composed graph and let D and v_g, ..., vo,...,vp be a
carrier and a canonical ordering of G. Then

(1) D has a Hamilton (v, v_g)-path, and

(2) for every vs € V(G)\ {v_k}, D has a spanning (vove, vsv_g)-pair.

Let G be a graph on n vertices. A sequence of vertices vivs - - - v such that
for all i € [1,k — 1], either vjv;y1 € E(G) or d(v;) + d(viy1) > n — 1, is called
an o_1-path of G.
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The following useful lemma on o_1-paths is proved in Chapter 3, and the
reader can find an analogous cycle version of the lemma in Chapter 6. Its
elementary proof is based on similar arguments as the arguments that can be
used to prove the aforementioned result of Ore, and that form the basis for
the well-known Bondy-Chvatal closure for hamiltonicity.

Lemma 2. Let G be a graph and let P' be an o_1-path in G. Then there is a
path P in G such that V(P') C V(P).

Let G be a graph on n vertices. In the following, we denote E_l(G) =
{uv : wv € E(G) or d(u) + d(v) > n —1}. Let D be an (z122,y1y2)-pair of
G. If 2129 € E_1(G) or y1y2 € E_1(G), then using Lemma 2, it is easy to see
that G contains a path P with V(D) C V(P).

Let G be a graph on n vertices, P be a path of G, x1,z,20 € V(P) be
three distinct vertices appearing in the given order along P, and set X =
V(P[z1,x2]). We say that the pair (x1,z2) is x-good on P, if for some j €
{1,2}, there is a vertex 2’ € X \ {z;} such that
(1) there is an (z, z3—;)-path Q with V(Q) = X \ {z,},

(2) there is an (zx3_j, 2'z;)-pair D with V(D) = X, and
(3) d(zj) +d(z') >n—1.

In this case, we say that () and D are a path and disjoint path pair as-
sociated with x, respectively. We present and prove one final useful lemma in
this section.

Lemma 3. Let G be a graph, and P be a path of G. Let z,y € V(P) and
let R be an (z,y)-path in G which is internally-disjoint with P. If there are
vertices x1,x2,y1,y2 € V(P) \ {x,y} such that

(1) z1,z,22,91,Y, Y2 appear in this order along P (possibly xo = y1),

(2) (z1,z2) is z-good on P, and

(3) (y1,y2) is y-good on P,
then there is a path P’ in G such that V(P)UV(R) C V(P').

Proof. Assume the contrary. Let Q; and D; be a path and disjoint path
pair associated with z, and let ()2 and Dy be a path and disjoint path pair
associated with y. Let R’ = Plxo,y1], R1 = P[z1,21] and Ry = Plys, 22],
where 27 is the origin and 2z is the terminus of P.

Using the definition of z-good, we distinguish two main cases and a number
of subcases.
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Case 1. @ is an (z,z1)-path, Dy is an (xxq,2'z9)-pair, and d(x9) + d(2') >
n— 1.

Case 1.1. Q2 is an (y,y2)-path, Da is an (yy2, y'y1)-pair, and d(y1) +d(y') >
n — 1.

In this subcase the path T'= R{UR;URUR'UQ1UDs is an (21 22, z2y’)-pair
which contains all the vertices of V(P)UV (R), and 7" = R{UR2:URUR' UQ2U
Dy is an (2122, 2'y; )-pair which contains all the vertices of V/(P)UV (R). Thus
by Lemma 2, d(z2) + d(y') <n—1 and d(2') + d(y1) < n — 1, a contradiction
to d(x2) + d(2’) >n—1and d(y1) + d(y') >n — 1.

Case 1.2. Q2 is an (y,y1)-path, Ds is an (yy1, y'y2)-pair, and d(y2) +d(y') >
n — 1.

Case 1.2.1. The (zx1,2'zo)-pair D; is formed by an (x,z3)-path and an
(21, 2')-path.

In this subcase, the path T'= R UR, URUR' UQ1U Q> is an (2122, T2y2)-
pair which contains all the vertices of V(P) UV (R), and the path 7" = R; U
Ry URUR'UD; UDs is an (21292, 2'y')-pair which contains all the vertices of
V(P)UV(R). By Lemma 2, d(z2) + d(y2) <n—1and d(z') + d(y') <n —1,

a contradiction.

Case 1.2.2. The (zx1,2'x9)-pair Dy is formed by an (z,2')-path and an
(1, x2)-path.

Case 1.2.2.1. The (yyi1,y'y2)-pair Dy is formed by an (y,yz)-path and an
(y1,y)-path.

This subcase can be proved similarly as Case 1.2.1.

Case 1.2.2.2. The (yy1,y'y2)-pair Dy is formed by an (y,3’)-path and an
(y1, y2)-path.

In this subcase, the path T = Ry URy;URUR ' UQq U D3 is an (2122, x2y')-
pair which contains all the vertices of V(P) U V(R), and the path 7" = R; U
Ry URUR' UD;UQq is an (2122, 2'y2)-pair which contains all the vertices of
V(P)UV(R). By Lemma 2, d(z2) + d(y') <n—1 and d(2’) + d(y2) <n —1,
a contradiction.

Case 2. Q1 is an (x,z2)-path, Dy is an (zx, 2'21)-pair, and d(z1) + d(2') >
n — 1.
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Case 2.1. Q2 is an (y, y2)-path, Dy is an (yy2, y'y1)-pair, and d(y1) +d(y’) >
n— 1.

This case can be proved similarly as Case 1.2.

Case 2.2. Q is an (y, y1)-path, Dy is an (yy1, y'y2)-pair, and d(y2) + d(y') >
n— 1.

In this subcase the path T = Ry URy; URUR' ' UD; UQ3 is an (2122, x1Y')-
pair which contains all the vertices of V(P)UV(R), and 7" = RiURsURUR'U
Q1 U Dy is an (2122, 'y2)-pair which contains all the vertices of V/(P) UV (R).
By Lemma 2, d(x1) +d(y') <n—1and d(z') +d(y2) < n—1, a contradiction.

This completes the proof of Lemma 3. O

Let G be a graph with at least one cut vertex and exactly two end blocks,
and let P be a path of G. If the two end-vertices of P are inner vertices (not a
cut vertex of G) of two distinct end blocks of G, then we call P a penetrating
path of G. If G is a nonseparable graph, then every path of GG is considered
to be a penetrating path. Note that a penetrating path of a block-chain G
contains all the cut vertices of GG, and that a path of a block-chain G is a
penetrating path if and only if for every end block of G the path contains at
least one inner vertex of the end block.

5.4 Proof of Theorem 5.8

Suppose G is a {K 3, W}-o_1-heavy block-chain on n vertices. It suffices to
prove that G is traceable. We proceed by contradiction.

Clearly, G contains a penetrating path. Let P be a longest penetrating
path of G. We use p to denote the number of vertices of P. Assume that G is
not traceable. Then V(G)\ V(P) # 0. Let H be a component of G —V(P). If
Np(H) consists of only one vertex z, then G[H U{x}] contains an end block of
G, contradicting that P is a penetrating path of G. Thus we assume that H
has at least two neighbors on P. Let R be a path with two end-vertices on P,
all internal vertices in H, and of length at least 2; subject to this, we choose R
as short as possible. Suppose without loss of generality, that P = vivy--- v,
and R = zpz122 - - 2r41, Where 20 = vs and 2,41 = v, 5 < t.
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It is easy to see that N(vi;) C V(P) and N(v,) C V(P). Thus we have
2 <s<t<p-—1. We are going to prove ten claims in order to reach a
contradiction in all cases.

Claim 1. Let x € V(H) and y € {vs_1, V541, V-1, v¢41}. Then zy ¢ E_l(G).

Proof. Without loss of generality, assume y = vs,_1 and zy € E_l(G). Let
Q' be an (z,z)-path in H. Then Q = Plv1,vs_1|vs—12Q 2105 P[vs, vp] is an
o_1-path containing all the vertices of V/(P) UV (Q’). By Lemma 2, there is a
path containing all the vertices of V(P)UV (Q'), which is a longer penetrating
path than P, a contradiction. ]

Claim 2. Vs—1Vs+1 € E_l(G); Vt—1Ut+1 € E_l(G)

Proof. If vs_1vs+1 ¢ E(G), then using Claim 1, the graph induced by {vs, 21,
Vs—1,Us+1} 1s a claw, where d(z1)+d(vs+1) < n—1. Since G is a claw-o_1-heavy
graph, we have that d(vs_1) + d(vsy1) > n — 1.

The second assertion can be proved similarly. O

Claim 3. v,_10;_1 ¢ E_1(G), vsp10141 & E_1(G), vsvia1 ¢ E_1(G), ver1v; ¢
E_1(G).

Proof. If vs_1v4_1 € E,l(G), then @@ = Plv1,vs—1]|vs—10i—1Pvi—1,vs|vs Ry
Plv,vp] is an o_j-path containing all the vertices of V(P) U V(R). Using
Lemma 2, we reach a contradiction.

If vsv,-1 € E_1(G), then Q@ = Plv1,vs—1Jvs—10s11P[vss1, vie1]vi—10s Rvy
Plv,vp] is an o_1-path containing all the vertices of V(P) U V(R), again a
contradiction.

If vsvir1 € E_1(G), then Q = Plur,vs—1]vs—10s41Pvst1, vt v Rusvys1
Plvgy1,vp) is an o_j-path containing all the vertices of V(P) UV (R), again a
contradiction.

The other assertions can be proved similarly. O

Claim 4. Either vs_jvs11 € E(G) or vi—1vi41 € E(G).

Proof. Assume the contrary. By Claim 2, we have d(vs—1) + d(vs11) > n —1
and d(vi—1) +d(veg1) > n—1. By Claim 3, we have d(vs—1) +d(v4—1) <n—1
and d(vst1) + d(vi41) < n — 1, a contradiction. O
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Now, we distinguish two cases. We treat the case that r = 1 and vsvy €
E(G) later, but first deal with the case that r > 2, or » = 1 and vsvy ¢ E(G).

Case 1. r > 2, or r =1 and vsv; ¢ E(G).

By Claim 4, without loss of generality, we assume that vs_1vs+1 € E(G).
Thus G[vs—1,Vs41] 18 (vVs—1, Vs, Vs+1)-composed.

Claim 5. v,z ¢ E_1(G).

Proof. By the choice of the path R, we have vsz2 ¢ E(G). Now we are going
to prove that d(vs) + d(22) < n — 1. In order to show this, we first prove a
number of subclaims.

Claim 5.1. Every neighbor of v, is in V(P) U V(H); every neighbor of 23 is
in V(P)UV(H).

Proof. Assume the contrary. Let 2/ € V(H’) be a neighbor of vs, where H’
is a component of G — V(P) other than H. Then we have 2'z; ¢ E(G) and
NG,p(Z,) N NG,p(Zl) = 0.

By Claim 1, we have vs_121 ¢ E’_l(G), and similarly, vs_12’ ¢ E’_l(G).
Thus the graph induced by {vs,vs—1, 21,2’} is a claw with d(vs_1) + d(z1) <
n—1 and d(vs—1) + d(z’) < n — 1. Thus we get that d(z;) +d(z") > n — 1.

Since Ng_p(21) N Ng-p(2') =0, and z, 2’ are both not adjacent to vy and
vp, there exists some ¢ with 2 <14 < p — 2 such that zjv;, 2'viy1 € E(G). Thus
Q = Plv1, vi]viz12'0i41 Plviq1, vp] is an o_q-path containing all the vertices of
V(P)U{z1,2'}. By Lemma 2, there exists a penetrating path containing all
the vertices of V(P) U {z1,2'}, a contradiction.

If z9 = v, the second assertion can be proved similarly; and if z5 # v, the
assertion is obvious. ]

Let h = |V(H)|, and k = [Ny (vs
Since z1 € Np(vs), we have k >
Y1 = 21

Claim 5.2. yiy; € E_1(G) forall 1 <i < j < k.

|. Then we have dp(vs)+dp(z2) < h+k.

)
1. Let NH(US) = {y17y2a"'7yk}7 where

Proof. If y;y; ¢ E(G), then by Claim 1, the graph induced by {vs, vs—1,¥i,y;}
is a claw, where d(y;) + d(vs—1) < n —1 and d(y;) + d(vs—1) <n—1. Thus we
have d(y;) + d(y;) > n — 1. O
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Now, let @' be the o_1-path Q" = 221192 - - - yrvs. It is clear that R[za, 1]
and Q' are internally-disjoint, and @ contains at least k vertices of H. In the
following, we use P’ to denote the path P[v, vs—1]vs—1Vs41P[Vst1,vp) if 22 #
vy, and to denote the o_j-path Plvy, vs—1]vs—10s+1P[vst1, Vi—1]vt—10441 PlUi41,
vp| if 29 = .

Claim 5.3. If vsv; € E(G) for some ¢ with 2 <i < p—1, then 2z9v;_1, 200,11 ¢
E(G).

Proof. If vsv; € E(G) for some i with 2 <i < p—1 and z9v;_1 € E(G), then
Q = P'lv1,vi—1]vi—122Q vsv; P'[v;, vp] is an o_1-path containing all vertices of
V(P)UV(Q'), another contradiction (using Lemma 2).

Similarly, we can prove the assertion for zov;41. O

By Claim 3, we have vsu;—1 ¢ E(G). Let vy be the last vertex in Plvsi1,
v¢—1] such that vsvy € E(G).

Claim 5.4. t — ¢ > k + 1, and for every vertex v; € [vpy1, Verk], 220; ¢ E(G).

Proof. If t — ¢ < k, then Q = P[v1,vs5-1]0s—1Vs41P[vs+1, ve]vpvsQ’ 22 R[22, vi] vy
Pluvt, vp] is an o_j-path containing all the vertices of V/(P) U V(Q") UV (R) \
[Ve41,v¢—1], which yields a longer penetrating path than P, using Lemma 2, a
contradiction.

If z9v; ¢ E(G) for some v; € [vpy1,ve1k], then Q = P'vy, ve]vpwsQ z0v;
P'[vj,vp] is an o_;-path containing all the vertices of V/(P)UV (Q")\ [ve41, vi—1],
which again yields a longer penetrating path than P, a contradiction. O

Claim 5.5. d[Us+17Ut—1](,US) + d[vs+1,vt_1](22) <t—-s—k-—1, d[m,vs_l}(US) +
d[vl,vs,ﬂ(ZZ) <s—2 d[vt+1,’up] (US) + d[vt+1,vp](z2) <p—t—1

Proof. Note that vsv—1 ¢ E(G) and z9vs11 ¢ E(G). If vs has d neighbors in
[Vs+1, Vi—2], then by Claims 5.3 and 5.4, zo has at most t —s —2—d —k + 1
neighbors in [vs42, vi—1].

Note that zovs—1 ¢ E(G) and vsv; ¢ E(G). If vs has d neighbors in
[v2,Vs—1], then by Claim 5.3, 2o has at most s — 2 — d neighbors in [v1, vs_2].

Similarly, note that vsvi11 ¢ E(G) and zov, ¢ E(G). If 29 has d neighbors
in [vg41,vp—1], then by Claim 5.3, vg has at most p —t — 1 — d neighbors in
[Ut+27vp]~ O



Heavy pairs for traceability of block-chains 75

Now we can complete the proof of Claim 5. Note that v, and z9 are
possibly adjacent to vy, but they cannot be adjacent to vs. By Claim 5.3, we
have dp(vs) + dp(z2) < p — k — 2. Recall that dg(vs) + dg(z2) < h+ k. By
Claim 5.1, we have that d(vs) + d(22) <p+h—2<n—1. O

Recall that Gvs—1,vs41] 18 (vs—1, Vs, Vs4+1)-composed. Now we prove the
following claims.

Claim 6. If Gvs_k,vsi¢] 18 (Vs—k, Vs, Vsi¢)-composed with canonical path
Plvs_j,vs1¢], then s — k> 2 and s +¢ <t — 3.

Proof. Let Dy, Dy, ..., D, be a canonical sequence of G[vs_, vs4¢] correspond-
ing to the canonical path Plvs_g,vsi¢]. If s—k = 1, then by Lemma 1, there is
a Hamilton (vs, vs1¢)-path Q' of Gvs_, vst¢]. Thus Q = z105Q Vs 1¢Pvste, Vp)
is a path containing all the vertices of V(P) U {z;}, a contradiction.

If s+¢ >t — 2, then consider the graph D;, where ¢ is the smallest
integer such that v;_o € V(D;). Let V(D;) = [vs—k,vt—2]. By Lemma
1, there exists a Hamilton (vs_g,vs)-path Q" of Glvs_jr,v4—9]. Thus Q =
Pluy, vs_jrvs— iy Q vs Rugvy— 10441 Plvgy1,vp) is an o_p-path containing all the
vertices of V(P) UV (R), yielding another contradiction. O

Claim 7. If Glvs_g,vsie| is (vs—g, Vs, Vs¢)-composed with canonical path
Plvs_g,vs1e], where s — k > 2 and s +¢ < t — 3, and any two nonadja-
cent vertices in [vs_g_1,Vs1¢+1] have degree sum less than n — 1, then one of
the following is true:

(1) Glvs—k—1,vs4¢] is a 1-extension of Glvg_g, vsie] at vs_k 0 Vs__1;

(2) Gvs—k,Vste+1] is a 1-extension of Glug_g, Vste] at vVsyp 10 Vgypq1; OF

(3) Glvs—k—1,Vs+e+1] is a 2-extension of Gvs_k,vsig| at (Vs_g,Vsig) to

(Us—k—la 'Us-i—ﬁ—i-l)-

Thus in all cases we obtain a composed graph larger than Glvs_g, vsi].

Proof. Assume the contrary. This implies that vs_j_1 has only one neighbor
Vs—k, and vgypr1 has only one neighbor vy in [vs_g_1,vspe+1]. We prove a
number of subclaims in order to reach contradictions in all cases.

Claim 7.1. Let i € [s—k—1,s+(+1]\{s} and j = 1,2. Then v;z; ¢ E_1(G).

Proof. Without loss of generality, we assume that ¢ < s. If ¢ = s — 1, the
assertion is true by Claims 1 and 3. So we assume that i € [s —k — 1,5 — 2]
and i+1 € [s—k, s—1]. By the definition of composed subgraphs, there exists
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an i’ € [s 4+ 1,s + £] such that G[v;,v;] is (v;, vs, vy )-composed. By Lemma 1,
there exists a Hamilton (vs, vy)-path Q" of Glv;, vyr].

If z; # vy, then Q = Pluy, vi|viz; R[zj, vs|vsQ vy Plvy, vp] is an o_j-path
containing all the vertices of V(P) U {z;}, yielding another contradiction.

If zj = vy, then Q@ = Py, vi]vivRusQ vy Ply, v—1]vi—10e41 Plvgs1, vy
is an o_j-path containing all the vertices of V(P) U V(R), yielding another
contradiction. O

Let G' = G[[vs—k—1, Vsye]U{21, 22} and G" = G[[vs_p—1, Vsyr1]U{21, 22}].

Claim 7.2. G” and G’ are {K 3, W }-free.

Proof. By Claims 5 and 7.1, and the condition that any two nonadjacent
vertices in [vs_g_1, Vste+1] have degree sum less than n — 1, we have that any
two nonadjacent vertices in G’ have degree sum less than n — 1. Since G (and
hence G”) is {K 3, W}-0_1-heavy, we have that G” is {K; 3, W}-free. The
second assertion follows easily. O

Claim 7.3. Ng/(vs) \ {21} is a clique.

Proof. If there are two vertices x,2’ € Ngr(vs) \ {21} such that z2’ ¢ E(G’),
then the graph induced by {vs, 21, z, 2’} is a claw, a contradiction. O

Now, we define N; = {x € V(G') : dg/(2,v5—,-1) = i}. Then Ny =
{vs—k-1}, N1 = {vs—x} and Ny = Ngr(vs—g) \ {vs—k-1}.

By the definition of composed subgraphs, we have |No| > 2. If there are
two vertices z,2’ € Ny such that xz’ ¢ E(G’), then the graph induced by
{Vs—k,Vs_k—_1,2, 2"} is a claw, a contradiction. Thus Ny is a clique.

We assume vs € Nj, where j > 2. Then 21 € Njy1 and 22 € Njyo.

If |[N;| = 1 for some i € [2,j—1], let N; = {z}. Then x is a cut vertex of the
graph Gvs_g, vsy¢]. By the definition of composed subgraphs, G[vs_g, vs1¢] is
2-connected. This implies |V;| > 2 for every i € [2,7 — 1].

Claim 7.4. For i € [1,j], N; is a clique.
Proof. We prove this claim by induction on i. For i = 1,2, the claim is true

by the above analysis. So we assume that 3 < ¢ < j, and we have that
Ni_3,N;_2,N;_1, N;11 and Nj;o are nonempty, and that |N;_1| > 2.
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Let = be a vertex in N; that has a neighbor y in N;y;. We claim that for
every @' € N;, zx’ € E(G). Suppose that z2’ ¢ E(G). If  and 2’ have a
common neighbor in N;_j, denote it by w; then let v be a neighbor of w in
N;_2, and the graph induced by {w,v,z,z'} is a claw, a contradiction. Thus
z and x’ have no common neighbors in N;_;. Now, let w be a neighbor of
x in N;_1, and let w’ be a neighbor of 2’ in N;_;. Then zw',2'w ¢ E(G).
Let v be a neighbor of w in N;_o, and let w be a neighbor of v in N;_3. If
w'v ¢ E(G), then the graph induced by {w,v,w’, z} is a claw, a contradiction.
Thus w'v € E(G), and then the graph induced by {w’, v, u,w,z,y} is a W, a
contradiction. Thus as we claimed, = is adjacent to every other vertex in IN;.

Now, we claim that for every two distinct vertices 2’ and 2” in IN; other than
z, 2’2" € E(G). Supposed that 2’2" ¢ E(G). If 2’y € E(G), then similarly
as before, we can prove that 2’ is adjacent to any other vertices in N;; then
2’2" € E(G). Thus we assume that 2’y ¢ E(G), and similarly, 2"y ¢ E(G).
Then the graph induced by {z, 2/, 2", y} is a claw, a contradiction. This implies
that N; is a clique. O

If there exists some vertex & € N; other than vy, then vya € E(G) by Claim
7.4. Let w be a neighbor of vs in N;_1, and let v be a neighbor of w in N;_s.
Then wx € E(G) by Claim 7.3. Thus the graph induced by {x,w, v, vs, 21, 22}
is a W, a contradiction. So we assume N; consists of only one vertex vs.

If there exists some vertex x € N;11 other than z1, then v, is a cut vertex
of the graph G[vs_,vs1¢], a contradiction. So we assume that all vertices in
[u_g, ug] are in | JI_; N;.

Let vs1¢ € Ny, where i € [2,j — 1]. If vsyy has a neighbor in N;y1, then
let y be a neighbor of vs1y in N;41, and let w be a neighbor of veip in N;_;.
Then the graph induced by {vsis, w,y, vs1¢+1} is a claw, a contradiction. So
Vgr¢ has no neighbors in N 1.

Let z be a vertex in N;y9, let y be a neighbor of z in N;y1, let z be a
neighbor of y in N;, and let w be a neighbor of x in N;_j. Thus x # veye. If
wvsye ¢ E(G), then the graph induced by {z,w,vsi¢,y} is a claw, a contra-
diction. So wvsi¢ € E(G) and the graph induced by {w, vsi¢, Vsio41,%,Yy, 2}
is a W, a contradiction. This final contradiction completes the proof of
Claim 7. ]

Using Claim 7, we can consider a largest composed subgraph, in the fol-
lowing sense. We choose k, ¢ such that:
(1) Glvs—k,Vste] is (Vs—p, Vs, Vs1¢)-composed with canonical path Plvs_g, vs1¢];
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(2) any two nonadjacent vertices in [vs_g,vsi¢] have degree sum less than
n —1; and

(3) k+( is as large as possible.

Claim 8. (vs—j—1,Vs4¢) O (Vs g, Vste41) OF (Vs—g—1,Vsyer1) 18 vs-good on P.

Proof. By Claim 7, there exists a vertex v; € [Vs—g+1, Us+¢) such that d(vs_g—1)+
d(v;) > n—1, or there exists a vertex v; € [Vs_, Usy¢—1] such that d(vsiei1) +
d(vi) > n—1, or d(vs——1) + d(Vsyer1) = n — 1.

Suppose first there exists a vertex v; € [Vs—g41,Vste] With d(vs_p—1) +
d(v;) > n — 1. Since Gvs_k,vsig] 1S (Vs_p, Vs, Vs1¢)-composed, by Lemma
1, there exists a (vs, vsi¢)-path @ such that V(Q) = [vs_g, vsi¢|, and there
exists a (Vsvsig, ViVs_g)-pair D' such that V(D') = [vs_g,vsie], and D =
D' U{vs_gvs__1}is a (vsvs1p, ViUs_g_1)-pair such that V(D) = [vg_g_1,vspe].
Thus (vs_g—1,Vs+e) is vs-good on P.

If there exists a vertex v; € [vs_k, Vsto—1] With d(vsiey1) +d(v;) > n —1,
we can prove the result similarly.

Now suppose that d(vs_g—1) + d(vsyer1) > n — 1. Since Glvs_g, Vste] 1S
(Us—k, Vs, Vs¢)-composed, by Lemma 1, there exists a (vs, vsi¢)-path Q' such
that V(Q') = [vs—g,vsie], and there exists a (vs,vs_g)-path Q" such that
V(Q") = [vs—k,vste)- Then Q = Q'vsipvsipr1 is a (vs,vsipy1)-path such
that V(Q) = [vs—k, Vste+1], and D = Q"vs_pvs_—1 U vgypr1 1S & (Vs0s_g_1,
Vs e4+1Vs—k—1)-pair such that V(D) = [vsypi1,vs—k—1]. Thus (vsie41,vs-k-1)
is vg-good on P. O

Claim 9. There exist some &’ and ¢ such that (v;_j,vi1e) is vi-good on P,
where s +0+1<t—k and t + ¢ < p.

Proof. By Claim 6, we have s+ ¢ <t — 3.

If vi_1vi41 ¢ E(G), then by Claim 2, d(vi—1) + d(vi+1) > n — 1. Then
Q = VU1 is a (vt,vt_l)—path and D = VtUt41 U ve—1 is a (Utvt—hvt—lvt—i-l)‘
pair. Thus we have that (v;—1,vi41) is vi-good on P.

Now we assume that v;,_jvi11 € E(G), and then Glvg—1,v441] is (ve—1, vy,
Vg41)-composed.

Claim 9.1. If G[vi_ps, vere] is (v4_pr, Vg, Vi1 )-composed with canonical path
Plo;_pr,vprp], thent — k' > s+ +2and t + ¢ <p— 1.
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Proof. Let Dy, Dy, ..., D, be a canonical sequence of G[v_, vp] correspond-
ing to the canonical path P[v;_j/, vsyp]. Similarly as in the proof of Claim 6,
we have that t + ¢ < p — 1. Suppose now that t — k' < s + ¢ + 1. Consider
the graph D;, where i is the smallest integer such that vsiey1 € V(D;). Let
V(D;) = [Vs40+1,Ve+er]. By Lemma 1, there exists a Hamilton (vs, vs—g)-path
Q' of Glvs_k,vs1e] and there exists a Hamilton path Q" of Glvsigi1, virer].
Thus Q = Plvy, Us_k]Vs—Q vs R0t Q" vy g Plvyyer, vp) is a path containing all
the vertices of V(P) U V(R), a contradiction. O

Similar to Claim 7, we have another claim that provides a tool for consid-
ering a largest composed subgraph.

Claim 9.2. If G[vi_ps, vere] is (vg—ps, Vg, Vi1 )-composed with canonical path
Plvt_gr, vsrp], where t—k" > s+0+2 and t+/¢ < p—1, and any two nonadjacent
vertices in [v;_p/_1,v¢1 1 1] have degree sum less than n — 1, then one of the
following is true:
(1) Gop—pr—1,v44p] is a 1-extension of Gvi_gs, verpr] at vi_jr 10 Vy_pr_1;
(2) Glvg—ps, vere11] is a 1-extension of Gvy_ps, veppr] at vy tO Veypryq; OF
(3) Glop—pr—1,ve4p41] is a 2-extension of Glvi_ps, veyp] at (vVi_gr, Verpr) to
(Ve—k/—1, Vegers1)-

Hence in all cases we obtain a composed graph larger than Glvy_js, vege].

Now we choose &/, ¢’ such that:

(1) Glvg—ps, verer] is (ve_gr, Vg, Ve )-composed with canonical path Plvs_g,
Veyerl;

(2) any two nonadjacent vertices in [v;_js, v¢1 ] have degree sum less than
n —1; and

(3) k' + ¢ is as large as possible.

Similar to Claim 8, we have that (vs_g_1,vpyp) OF (Vg_gr, Vpypr41) OF (Vp_pr—1,

Vgrpr11) 18 vp-good on P. O

Using Claims 8 and 9, by Lemma 3, we get that there exists a path con-
taining all the vertices of V(P) U V(R), a contradiction. This completes the
proof for Case 1.

Case 2. r =1 and vsv; € E(G).

Recall that vsvs11 € E(G) and vsvi—1 ¢ E(G). Let vsy be the first vertex
in [vs41,v—1] such that vsvgyp ¢ E(G). Then s+2 < s+ k <t—1.
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Claim 10. Let v; € [vs11,vs4k] and x € {z1, v, v441}. Then vz ¢ E_l(G).

Proof. By Claims 1 and 3, we have that vsy121,Us110t, Vs+10t41 % E_l(G).
Thus we assume that v; € [vsy2, vs1k]. Thenvsv; € E(G). Ifviz; € E(G), then
Q = Plvi,v5-1)Vs—1 Vs41P[Vst1,0i—1]0i—10s210; P[v;, vp] is an o_1-path con-
taining all the vertices of V/(P)UV (R), yielding a contradiction using Lemma 2.
If vivy € E(G), then Q = Plv1,vs-1]vs—10s+1 Plust1, vi—1]vim1vsz1010; Plui,
V1]t~ 10441 P[V41,vp) is an o_1-path containing all the vertices of V(P) U
V(R), yielding another contradiction. If v;v;41 € E(G), then Q = Plvy,vs_1]
Vs—1Vs4+1 P [Vs41, Vi—1]vi—1vs 210 Plvg, v;]vjv 11 Plvg41, vp) is an o_q-path contain
ing all the vertices of V/(P) UV (R), yielding another contradiction. O

Using Claims 1, 3 and 10, the subgraph induced by {z1, vy, vet1, Vs, Vsir—1,
vstk} is a W that is not o_j-heavy, our final contradiction, completing the
proof of Theorem 5.9.

5.5 Proof of Theorem 5.9

The proof is modelled along the same lines as the proof of Theorem 5.9. Sup-
pose G is a {K1 3, N}-o_1-heavy block-chain on n vertices. It suffices to prove
that G is traceable. We proceed by contradiction.

Clearly, G contains a penetrating path. As in the previous section, we
choose a longest penetrating path P = vjvg - - - vp, a component H of G-V (P),
and a path R = 202122 - 241, Where 20 = vs and z,41 = v, § < t with two
end-vertices on P and all internal vertices in H, and of length at least 2, but
as short as possible subject to this.

Similarly as in Section 5.4, we get the following claims. We omit the details.
Claim 1. Let = € V(H) and y € {vs_1,0s41,0t—1,v¢41}. Then zy ¢ E_1(Q).
Claim 2. vs_1vs11 € E_l(G); Vi—1Vpp1 € E_l(G).

Claim 3. vs_1v;-1 ¢ E_1(G), vs41ves1 € E_1(G), vsviz1 ¢ E_1(G), vsz1vy &
E_1(G).
Claim 4. Either vs_jvs11 € E(G) or vi_1vi41 € E(G).

By Claim 4, without loss of generality, we assume that vs_1vs41 € E(G).
Thus Glvs—1,Vst1] 18 (vVs—1, Vs, Vs+1)-composed.
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Claim 5. If Gvs_k,vsi¢| is (vs—k, Vs, Vsy¢)-composed with canonical path
Plvs_j,vs1¢], then s —k > 2 and s +¢ <t — 3.

The proof of Claim 5 is similar to that of Claim 6 in Section 5.4.

Now we prove the following claim.

Claim 6. If Glvs_k,vsi¢| is (Vs—k, Vs, Vsy¢)-composed with canonical path
Plvs_g,vs1¢], where s — k > 2 and s + ¢ < t — 3, and any two nonadja-
cent vertices in [vs_g_1,Vs4¢+1) have degree sum less than n — 1, then one of
the following is true:

(1) Gvs—k—1,vsse] is a l-extension of Gvs_k, vsie] at vs_g t0 Vs_g_1;

(2) Glvs—k,Vstet1] is a 1-extension of Glvs_g, Vste] at vsyp t0 Vgypq1; OF

(3) Glvs—k—1,Vs+e+1] is a 2-extension of Gvs_k,vsis| at (Vs_g,Vsig) to
(Vs—k—1,Vsyes1)-

Thus in all cases we obtain a composed graph larger than Glvs_g, vsiy].

Proof. Assume the contrary. This implies that vs_j_1 has only one neighbor
Vs—k, and vsypr1 has only one neighbor vsig, in [vs_k—1,Vs1e+1]- We need a
number of subclaims.

Claim 6.1. Fori € [s —k — 1,54+ 0+ 1]\ {s}, viz1 ¢ E_1(G).

This claim can be proved in a similar way as Claim 7.1 in Section 5.4. We
omit the details.

Let G’ = G[[vs—g—1,vs1e) U{21}] and G = G[[vs_k—1,Vs+e+1] U{z1}].
Similar to Claims 7.2 and 7.3 in Section 5.4, we obtain the following state-
ments.

Claim 6.2. G” and G’ are {K 3, N }-free.

Claim 6.3. N/ (vs) \ {21} is a clique.

Now, we define N; = {& € V(G) : dg/(x,v5-k—1) = i}. Then Ny =
{vs—k—1}, N1 = {vs—i} and No = Ner(vs—) \ {vs—p—1}-

By the definition of composed graphs, we have |No| > 2. If there are
two vertices x,z’ € Na such that xz’ ¢ E(G’), then the graph induced by
{vs_k,Vs_k—1,%,2'} is a claw, a contradiction. Thus N is a clique.

We assume vs € Nj, where j > 2. Then 21 € Njy;.
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If |N;| =1 for some ¢ € [2,j — 1], then let N; = {z}; then x is a cut vertex
of the graph G[vs_, vsy¢]. By the definition of composed graphs, Gvs_g, Vs1/]
is 2-connected. This implies |N;| > 2 for every i € [2,j — 1].

Claim 6.4. For i € [1,j], NN; is a clique.

Proof. We prove this claim by induction on ¢. For ¢ = 1,2, the claim is true
by the above analysis. So we assume that 3 < ¢ < j, and we have that
N;_3,N;_2,N;_1 and N;;; are nonempty, and that |N;_1| > 2.

Let z and 2’ be two distinct vertices in NV;. We claim that za’ € E(G).
Suppose that zz’ ¢ E(G). If z and 2’ have a common neighbor in N;_i,
denote it by w; then let v be a neighbor of w in N;_s, and the graph induced
by {w,v,z,2'} is a claw, a contradiction. Thus 2 and z’ have no common
neighbors in N;_;. Now, let w be a neighbor of xz in N;_1, and let w’ be a
neighbor of 2’ in N;_1. Then zw',2'w ¢ E(G). Let v be a neighbor of w in
Ni_2, and let u be a neighbor of v in N;_3. If w'v ¢ E(G), then the graph
induced by {w, v, w’, z} is a claw, a contradiction. Thus w'v € E(G), and then
the graph induced by {v,u,w,z,w’, 2’} is an N, a contradiction. This implies
that N; is a clique. O

If there exists some vertex y € Nj;q other than z;, then we have yvg ¢
E(G) by Claim 6.3. Let x be a neighbor of y in Nj, let w be a neighbor of v
in N;_1, and let v be a neighbor of w in Nj_s. Then zv, € E(G) by Claim 6.4,
and zw € E(G) by Claim 6.3. Thus the graph induced by {w,v,z,y,vs, 21}
is an IV, a contradiction. So we assume that all vertices in [vs_, Vs4¢] are in

N,

If vs1p € Nj, then let w be a neighbor of vs in Nj_1, and let v be a neighbor
of w in Nj_5. Then the graph induced by {w, v, vsi¢, Vsto11, s, 21} is an N,
a contradiction. Thus vsy, ¢ N; and thus j > 3.

Let vsy¢ € N;, where i € [2,7 —1]. If vgy, has a neighbor in N;11, then let
y be a neighbor of vsyp in N;11, and let w be a neighbor of vsyy in N;_;. Then
the graph induced by {vsyp, w,y, vs1pi1} is a claw, a contradiction. Thus vgy
has no neighbors in N;4.

Let y be a vertex in IV;11, and let « be a neighbor of 4 in N;. Then = # vs4.
Let w be a neighbor of x in N;_1, and let v be a neighbor of w in N;_o. If
wvse ¢ E(G), then the graph induced by {x,w,vs1¢,y} is a claw, a contra-
diction. So wvsi¢ € E(G) and the graph induced by {w, v, vy, Vsirv1, 7, Yy}
is an N, a contradiction.
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This completes the proof of Claim 6. O

Using Claim 6, we consider a largest composed subgraph, in the following
sense. We choose k, £ such that:
(1) Glvs—k,vsie] s (Vs—p, Vs, Vs1¢)-composed with canonical path Plvs_, vsi¢];
(2) any two nonadjacent vertices in [vs_g,vs+¢| have degree sum less than
n —1; and
(3) k+ ¢ is as large as possible.

Similar to Claims 8 and 9 in Section 5.4, we obtain the following claims.
We omit the details.

Claim 7. (vs_k—1,Vs4¢) O (Vs—, Vstp41) OF (Vs—k—1,Ustet1) 1S vs-good on P.

Claim 8. There exist some k" and ¢ such that (v;_g/,ve1e) is vi-good on P,
where s +0+1<t—k and t + ¢ < p.

Using Claims 7 and 8, Lemma 3 implies that there exists a path containing
all the vertices of V(P) U V(R), our final contradiction.






Chapter 6

Heavy pairs for hamiltonicity

6.1 Introduction

In this chapter, we consider the hamiltonicity of 2-connected graphs. The
following characterization of pairs of forbidden subgraphs for the existence
of Hamilton cycles in graphs is well-known. We refer to Figure 6.1 for an
illustration of the graphs appearing in the next result.

Theorem 6.1 (Bedrossian [3]). Let R and S be connected graphs with R, S #
Ps and let G be a 2-connected graph. Then G being {R, S}-free implies G is
hamiltonian if and only if (up to symmetry) R = K13 and S = Py, Ps, P,
C3, Zl, ZQ, B, N or W.

Our aim in this chapter is to consider the corresponding heavy subgraph
conditions for a graph to be hamiltonian. First, we notice that every 2-
connected Ps-heavy graph contains a Hamilton cycle. This can be easily
deduced from the following result due to Fan.

Theorem 6.2 (Fan [22]). Let G be a 2-connected graph. If max{d(u),d(v)} >
n/2 for every pair of vertices at distance 2 in G, then G is hamiltonian.

It is not difficult to see that P3 is the only connected graph S such that
every 2-connected S-heavy graph is hamiltonian. So we have the following
natural open problem.

Problem 6.1. Which two connected graphs R and S other than P; imply
that every 2-connected {R, S}-heavy graph is hamiltonian?

85
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C3

Z; B (Bull) N (Net) W (Wounded)

Figure 6.1: Graphs P;, Cs3, Z;, B, N and W

By Theorem 6.1, we get that (up to symmetry) R = K; 3 and S must be
one of the graphs Py, Ps, Ps, Cs, Z1, Zo, B, N or W.

As will be shown in the sequel, we get the following results.

Theorem 6.3. If G is a 2-connected {K1 3, W }-heavy graph, then G is hamil-
tonian.

Theorem 6.4. If G is a 2-connected { K 3, N }-heavy graph, then G is hamil-
tonian.

The graph family illustrated in Figure 6.2 consists of members that are
2-connected, {K 3, Ps}-heavy and not hamiltonian. This is easy to check.

We can also construct 2-connected claw-free and FPg-heavy graphs that are
not hamiltonian. This can be shown as follows: Let G be a graph from Figure
6.2, where r > 15 is an integer divisible by 3. Let Vi, V5, V3 be a balanced
partition of K., and let G’ be the graph obtained from G by deleting all the
edges in | J?_, {ziv : v € V;}. Then G is a 2-connected claw-free and Pgs-heavy
graph that is not hamiltonian.
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z3

L2

Figure 6.2: A 2-connected {K 3, Ps}-heavy non-Hamiltonian graph (r > 5)

Note that W contains induced copies of Py, P5, C3, Z1, Z3 and B. So we
have obtain the following result.

Theorem 6.5. Let R and S be connected graphs with R, S # P3, and let G
be a 2-connected graph. Then G being { R, S}-heavy implies G is hamiltonian
if and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1, Z3, B, N
or W.

Thus, Theorem 6.5 gives a complete answer to Problem 6.1.

For claw-heavy graphs, Chen et al. obtained the following result. Here we
refer to Figure 6.3 for an illustration of the graphs D and H.

Theorem 6.6 (Chen, Zhang and Qiao [18]). Let G be a 2-connected graph. If
G is claw-heavy and, moreover { Pz, D}-free or { Pz, H }-free, then G is hamil-
tonian.

It is clear that every Ps-free graph is also {P;, D}-free. Thus every 2-
connected claw-heavy and Pgs-free graph is hamiltonian. Together with Theo-
rems 6.3 and 6.4, we obtain the following characterization.

Theorem 6.7. Let S be a connected graph with S # Ps and let G be a 2-
connected claw-heavy graph. Then G being S-free implies G is hamiltonian if
and only if S = Py, Ps, Ps, C3, Z1, Zs, B, N or W.

The ‘only-if’ part of the above theorem follows immediately from Theorem
6.1.
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D (Deer) H (Hourglass)

Figure 6.3: Graphs D and H

It is known that the only 2-connected { K 3, Z3}-free nonhamiltonian graphs
have 9 vertices (see [25]), hence for n > 10, every 2-connected {K 3, Z3}-free
graph on n vertices is also hamiltonian. But this is not true for {K 3, Z3}-
heavy graphs. A counterexample is illustrated in Figure 6.4. We omit the
details.

Figure 6.4: A 2-connected {K3,Z3}-heavy nonhamiltonian graph (k > 7,
r>k+4)

Instead of Theorems 6.3 and 6.4, we prove the following two stronger re-
sults. We refer to Figure 6.5 for an illustration of the relevant graphs Ny 12
and Hp 1 in the next two results.

Theorem 6.8. If G is a 2-connected { K1 3, N1,1,2, D}-heavy graph, then G is
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hamiltonian.

Theorem 6.9. If G is a 2-connected {K 3, N1,1,2, H11}-heavy graph, then G
1s hamiltonian.

N1 Hy

Figure 6.5: Graphs Ny 12 and Hiy g

Since a W-heavy graph is also {Nj 1 2, D}-heavy, Theorem 6.3 can be de-
duced from Theorem 6.8. Similarly, since an N-heavy graph is also { N1 12, H11}-
heavy, Theorem 6.4 can be deduced from Theorem 6.9.

Note that Brousek [14] gave a complete characterization of triples of con-
nected graphs K7 3, X,Y such that a graph G being 2-connected and { K7 3, X,
Y }-free implies G is hamiltonian. Clearly, if K 3,.5,T is a triple such that ev-
ery 2-connected { K 3,5, T }-heavy graph is hamiltonian, then, for some triple
Ki3,X,Y of [14], S and T are induced subgraphs of X and Y, respectively
(of course, the triples of Theorems 6.8 and 6.9 have this property). We refer
the interested reader to [14] for more details.

6.2 Some preliminaries

We first give some additional terminology and notation.

Let G be a graph and let X be a subset of V(G). The subgraph of G
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induced by X is denoted by G[X]. We use G — X to denote the subgraph
induced by V(G) \ X.

Throughout this paper, k and ¢ will always denote positive integers, and
we use s and t to denote integers which may be nonpositive. For s < ¢, we
use [z, 2] to denote the set {xs,Tsi1,..., 2}, If [x5, 2] is a subset of the
vertex set of a graph G, we use G[zs, x¢], instead of G[[xs,x¢]], to denote the
subgraph induced by [zs, 2] in G.

For a path P and z,y € V(P), Pz, y] denotes the subpath of P froLn T to
y. Similarly, for a cycle C' with a given orientation and z,y € V(C), C|[x,y]
or E[y,x] denotes the (z,y)-path on C traversed in the same or opposite
direction with respect to the given orientation of C.

Let G be a graph and z1, z2,y1,y2 € V(G) with x1 # z2 and y; # y2. We
define an ({x1,z2}, {y1, y2})-disjoint path pair, or briefly an (x1x2, y1y2)-pair,
as a union of two vertex-disjoint paths P and @) such that
(1) the origins of P and @ are in {z1,z2}, and
(2) the termini of P and @ are in {y1,y2}.

If G is a graph on n > 2 vertices, z € V(G), and a graph G’ is obtained
from G by adding a (new) vertex y and a pair of edges yx, yz, where z is an
arbitrary vertex of G, z # z, we say that G’ is a I-extension of G at x to y.
Similarly, if z1,29 € V(G), x1 # x2, then the graph G’ obtained from G by
adding two (new) vertices y1,y2 and the edges y1x1, yoxo and y1y2 is called
the 2-extension of G at (x1,x2) to (y1,y2).

Let G be a graph and let u,v,w € V(G) be distinct vertices of G. We say
that G is (u, v, w)-composed (or briefly composed) if G has a spanning subgraph
D (called the carrier of G) such that there is an ordering v_g,...,vq,..., v
(k,£>1) of V(D) (=V(G)) and a sequence of graphs Dy, ..., D, (r > 1) such
that
(1) u=v_g, v =19, W= vy,

(2) D; is a triangle with V(D;) = {v_1,v0,v1},
(3) V(D;) = [v_,;,ve,] for some ki, €;, 1 < k; < k, 1 < ¢; < ¢, and D;yq,

1 <4 <r—1, satisfies one of the following:

(a) Diy1 is a l-extension of D; at v_j, to v_g,_1 or at vy, to vy, 41,

(b) Dj41 is a 2-extension of D; at (v_y,, vs,) to (V_p,—1, Ve, +1),
(4) D, = D.
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The ordering v_g,...,vg,...,vp will be called a canonical ordering and
the sequence Dy,...,D, a canonical sequence of D (and also of G). Note
that a composed graph G can have several carriers, canonical orderings and
canonical sequences. Clearly, a composed graph G and any of its carriers D
are 2-connected; moreover, for any canonical ordering, P =v_j---vg---vgis a
Hamilton path in D (called a canonical path), and if Dy, ..., D, is a canonical
sequence, then any D; is (v_,, vo, vy, )-composed, i = 1,...,r. Note that a
(u, v, w)-composed graph is also (w, v, u)-composed.

The following lemma on composed graphs will be needed in our proofs.

Lemma 1. Let G be a composed graph and let D and v_g, ..., vp,...,v¢ be a
carrier and a canonical ordering of G. Then

(1) D has a Hamilton (v, v_g)-path, and

(2) for every vs € V(G) \ {v_k}, D has a spanning (vove, vsv_g)-pair.

Proof. Let Dq,...,D, be a canonical sequence and () the canonical path of
D corresponding to the given ordering and, for every s € [—k, ] \ {0}, let 8,
1 < § <r, be the smallest integer for which vs € V(Dj;). Clearly, dp, (vs) = 2.

We prove (1) by induction on |V(D)|. If |V(D)| = 3, the assertion is
trivially true. Suppose now that |V (D)| > 4 and that the assertion is true for
every graph with at most |V(D)| — 1 vertices. By the definition of a carrier,
we have the following two cases.

Case 1. V(D,_1) = [v_g41,v¢] and D is a l-extension of D,_; at v_g4q to
V_.

By the induction hypothesis, D,_; has a Hamilton (vg,v_g1)-path P’.
Then P = vgP'v_j1v_k is a Hamilton (vg, v_g)-path in D.

Case 2. V(D,_1) = [v_k,v¢—1] and D is a l-extension of D,_; at vy_1 to vy,
or V(D,_1) = [v_g+1,vr—1] and D is a 2-extension of D,_1 at (v_gy1,v¢—1) to
(v_k;vp).

In this case, vy has a neighbor v other than v,_q, where s € [k, ¢ — 2].
We distinguish three subcases.
Case 2.1. s € [k, —2].

In this case s +1 € [k + 1,—1]. Consider the graph D’ = D5 Let
V(D') = [vst1,v¢], where t > 0. By the induction hypothesis, there exists a
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Hamilton (vg, v¢)-path P’ of D’. Then the path P = P'Qvt, vg]vvsQlvs, v_]
is a Hamilton (vg, v_g)-path of D.

Case 2.2. s = —1.

In this case, the path P = Quvg, veJvgv_1Q[v_1,v_k] is a Hamilton (vg, v_)-
path of D.

Case 2.3. s € [0,/ —2].

In this case s+1 € [1,£—1]. Consider the graph D’ = D—=. Let V(D) =
[vt, Vs41], where ¢t < 0 and dp/(vsy1) = 2. By the induction hypothesis, there
exists a Hamilton (vg, v;)-path P’ of D', and the edge vsvs41 is in E(P’) by the
fact dp/(vs41) = 2. Thus the path P = P’ — 040541 UQ[vst1, vi]vjvs UQ[ve, v_]
is a Hamilton (vg,v_g)-path of G.

So the proof of (1) is complete.

Next we prove (2). We distinguish the following three cases.
Case 1. s € [k + 1,0].

In this case, s — 1 € [~k,—1]. Consider the graph D' = D—~. Let
V(D') = [vs—1,v], where t > 0 and dp/(vs—1) = 2. By (1), there exists a
Hamilton (vg,v;)-path P’ of D’ and vs_jvs € E(P'). Thus R' = P/ — vs_jv;
is a spanning (vovt, vsvs—1)-pair of D', and R = R' U Q[vg, vj] U Qvs—1,v_g] is
a spanning (vovy, vsv_g)-pair of D.

Case 2. s =1.

In this case, R = Qvp, v—_g] U Q[v1,v¢] is a spanning (vove, v1v_g)-pair of
D.

Case 3. s € [2,/].

In this case, s — 1 € [1,£ — 1]. Consider the graph D’ = D—. Let
V(D) = [v,vs-1], where t < 0. By (1), there exists a Hamilton (vg,v;)-
path P’ of G'. Thus P, = P'Q[v,v_k] and Py = Q|vs, v¢| form a spanning
(vovy, VsV_ )-pair of D.

This completes the proof of Lemma 1. O

Let G be a graph on n vertices and k£ > 3 an integer. A sequence of
vertices C' = vyvg - - - vgv1 such that for all ¢ € [1, k] either v;v;11 € FE(G) or
d(v;) + d(viy1) > n (indices are taken modulo k) is called an Ore-cycle or
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briefly, o-cycle of G. The deficit of an o-cycle C is the integer def(C) = |[{i €
[1,k] : viviy1 ¢ E(G)}|. Thus, a cycle is an o-cycle of deficit 0. We define an
o-path of G similarly.

Now, we prove the following lemma on o-cycles.

Lemma 2. Let G be a graph and let C' be an o-cycle in G. Then there is a
cycle C in G such that V(C") C V(C).

Proof. Let C1 be an o-cycle in G such that V(C’) C V(C;) and def(C}) is
smallest possible, and suppose, to the contrary, that def(Cy) > 1. Without
loss of generality suppose that C; = vjvy...vgv1, where viv, ¢ E(G) and
d(v1) + d(vg) > n. We use P to denote the o-path P = vjvg - - - vg.

If v; and vg, have a common neighbor x € V(G)\V(P), then Cy = v1 Pvgzv
is an o-cycle in G with V(C") C V(C5) and def(Cs) < def(C1), a contradiction.
Hence Ng_p(v1) N Ng—p(vr) = 0. Then dp(v1) + dp(vg) > |V(P)], since
d(v1) + d(vg) > n. Thus, there exists i € [2,k — 1] such that v; € Np(v1) and
vi—1 € Np(vg). Now Cy = v1 Plv1, vi—1|vi— 10 Pluk, viJv;vy is an o-cycle with
V(C") € V(Cy) and def(Cs) < def(Cy), a contradiction. O

Note that Lemma 2 immediately implies that if P is an (z,y)-path or an
o-path in G with |V(P)| larger than the length of a longest cycle in G, then
xy ¢ E(G) and d(z) + d(y) < n.

In the following, we denote E(G) = {uv : wv € E(G) or d(u) 4 d(v) > n}.

Let C be a cycle in G, x,z1,29 € V(C) three distinct vertices, and set
X =V(Q), where @ is the (1, z2)-path on C' containing . We say that the
pair of vertices (z1,x2) is z-good on C, if for some j € {1,2} there is a vertex
' € X \ {z;} such that
(1) there is an (z,z3—j)-path P such that V(P) = X \ {z;},
(2) there is an (zx3—;,2'z;)-pair D such that V(D) = X,
(3) d(z;) +d(z') > n.

Lemma 3. Let G be a graph, and let C be a cycle of G with a given orientation.
Let z,y € V(C) and let R be an (x,y)-path in G which is internally-disjoint
from C. If there are vertices x1,x2,y1,y2 € V(C)\ {z,y} such that

(1) zo,x,21,91,Y,y2 appear in this order along 6 (possibly x1 = y1 or

T2 = Ya),

(2) (x1,m2) is x-good on C,
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(3) (y1,y2) is y-good on C,
then there is a cycle C' in G such that V(C)UV(R) C V(C').

Proof. Assume the opposite. Let P; and D1 be the path and disjoint p_a)th pair
associated with x, and P» and Dy associated with y; and let Q1 = C'[x1,y1]
and Qg = (5[$2,y2]-

By the definition of an x-good pair, without loss of generality, we can
assume that P is an (z, z1)-path, Dy is an (zz1, 2’ x9)-pair, and d(x2)+d(z') >
n. We distinguish a number of cases and subcases.

Case 1. P, is a (y,y1)-path, Dy is a (yy1,y'ye)-pair, and d(y2) + d(y') > n.

In this case the path P = Q2 U Do U RU P U Q1 is an (z2,y')-path
containing all the vertices of V(C)UV(R), and P’ = QaUD; URUP,UQ; is
an (2/,y2)-path containing all the vertices of V(C) UV (R). Thus, by Lemma
2, d(z2)+d(y') < nand d(z') +d(y2) < n, a contradiction to d(z2)+d(z') > n
and d(y2) + d(y') > n.

Case 2. P, is a (y,y2)-path, Dy is a (yy2,y'y1)-pair, and d(y1) + d(y') > n.

Case 2.1. The (zz1,2'z2)-pair D is formed by an (z, x2)-path and an (21, 2')-
path.

In this case, the path P = Q2UP,URUP,UQ) is an (x2, y1)-path containing
all the vertices of V(C) U V(R), and the path P = D; U Q1 UQ2U R U Do
is an (2/,y')-path containing all the vertices of V(C') UV (R). By Lemma 2,
d(z2) +d(y1) < n and d(z') + d(y') < n, a contradiction.

Case 2.2. The (zz1,2'z2)-pair Dy is formed by an (z, 2’)-path and an (21, z2)-
path.

Case 2.2.1. The (yy2,y'y1)-pair Dy is formed by a (y, y1)-path and a (y2,/)-
path.

This case can be proved similarly as in Case 2.1.

Case 2.2.2. The (yy2,y'y1)-pair Dy is formed by a (y,y’)-path and a (y1,y2)-
path.

In this case, the path P = Q2UDyURUP;UQ) is an (22, y')-path containing
all the vertices of V(C) U V(R), and the path P’ = Q2 UD; URU P, U Q1
is an (2/,y1)-path containing all the vertices of V(C) U V(R). By Lemma 2,
d(z2) + d(y') < n and d(2') 4+ d(y1) < n, a contradiction.
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This completes the proof of Lemma 3. O

6.3 Proof of Theorem 6.8

Let C be a longest cycle of G. Set n = |V(G)| and ¢ = |[V(C)|, and assume
that G is not hamiltonian, i.e., ¢ < n. Then V(G)\V(C) # 0. Since G
is 2-connected, there exists a (ug,vg)-path with length at least 2 which is
internally-disjoint from C, where ug,vg € V(C). Let R = zpz122- -+ 2p41,
where zp = ug and z.41 = vg, be such a path, and choose R as short as
possible. Let r; and ro denote the number of interior vertices in the two
subpaths of C' from ug to vy (note that clearly r1 + 72 + 2 = ¢). We specify
an orientation of C, and label the vertices of C' using two distinct notations
u; and v;, —ro < i < rq, such that 6) = UQUIUL " * * Up, VOU—po U—pgt1 * * - U—1UQ
and g = VQUIV2 * * * Up UQV—pyU—py 41 - - U—1Vp, Where up = vy 414 and u_j =
VU_py—1+k (see Figure 6.6). Let H be the component of G — C containing the
vertices in [z, z;].

u3
Upq —1 u2
Upq (75}
V0 % o
Uy U—-1
U—ra+1 U—2
U_3

Figure 6.6: C'U R, the subgraph of G

Claim 1. Let z € V(H) and y € {u1,u_1,v1,v_1}. Then zy ¢ E(G).
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Proof. Without loss of generality, we assume y = uy. Let P’ be an (z, z1)-path
—

in H. Then P = P'z1uoC [ug,u1] is an (7, y)-path containing all the vertices

of V(C)UV(P'). By Lemma 2, we get zy ¢ E(G). O

Claim 2. uju_; € E(G) and viv_; € E(G).

Proof. f uju_1 ¢ E(G), by Claim 1, the graph induced by {ug, 21, u1,u—_1} is
a claw, where d(21) + d(u+1) < n. Since G is a claw-heavy graph, we get that
d(uy) + d(u—1) > n.

The second assertion can be proved similarly. O

Claim 3. ujv_; ¢ E(G), u_1v1 ¢ E(G), upvs; ¢ E(G), ux1v0 ¢ E(G).

Proof. Since Z’)[ul,vo}Rg[uo,v,l] is a (u1,v_1)-path containing all the ver-
tices of V(C') UV (R), we obtain ujv_; ¢ E(G) by Lemma 2.

If ugvy € E(G), then E)[ul,vl]vluoRa[vo,u_l]u_lul is an o-cycle con-
taining all the vertices of V(C) U V(R). By Lemma 2, there exists a cycle
containing all the vertices of V(C) U V(R), a contradiction.

The other assertions can be proved similarly. O

Claim 4. Either uju_; € E(G) or viv_; € E(G).

Proof. Assume the opposite. By Claim 2, d(uq) + d(u—1) > n and d(vy)
d(v—1) > n. By Claim 3, d(u;) + d(v_1) < n and d(u_1) + d(v1) < n,
contradiction.

0o +

Now, we distinguish two cases, namely the case that » > 2, or r = 1 and
ugvg ¢ E(G), and the case that » = 1 and ugvy € E(G).

Case 1. r > 2, or 7 = 1 and upvg ¢ E(G).

By Claim 4, without loss of generality, we assume that vju_; € E(G).
Thus Gu—1,u1] is (u—_1,uo, u1 )-composed.
Claim 5. zug ¢ E(G).

Proof. By the choice of the path R, zoug ¢ E(G). Now we prove that d(z2) +
d(up) < n.
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Claim 5.1. Every neighbor of ug is in V(C') U V(H); every neighbor of z is
in V(C)UV(H).

Proof. Assume the opposite. Let 2/ € V(H') be a neighbor of uy where H’
is a component of G — C other than H. Then 2’21 ¢ F(G) and Ng_c(2') N
NG,C(Z1) = .

By Claim 1, u1z; ¢ E(G), and similarly u;z’ ¢ E(G). Thus the graph
induced by {ug, u1, 21,2’} is a claw, where d(u1)+d(21) < n and d(u1)+d(2’) <
n. Hence, d(z1) + d(2') > n.

Since Ng_c(z1) N Ng—c(z') = 0, there exist two vertices x1,z9 € V(C)
such that ziz9 € E(Z’)) and 2121, 2’29 € E(G). Then zlxlg[xl,xg]mz’ is a
(21, 2')-path containing all the vertices of V(C)U{z1,2'}. By Lemma 2, there
exists a cycle containing all the vertices of V(C) U {z1, 2'}, a contradiction.

If zo = vy, the second assertion can be proved similarly; and if zo # v, the
assertion is obvious. ]

Let h = |V(H)| and k = |Ng(ug)|. Then dg(z2) + dg(ug) < h+ k. Since
21 € Nu(uo), k =2 1. Let Ny (uo) = {y1,92, ..., yx}, where y1 = 2.

Claim 5.2. y;y; € E(G) forall 1 <i < j < k.

Proof. If y;y; ¢ E(G), then by Claim 1, the graph induced by {ug,u1,vi,y;}
is a claw, where d(y;) +d(u1) < n and d(y;) +d(u1) < n. Thus d(y;) +d(y;) >
n. O

Now, let @ be the o-path @ = z2y1y2 - - - ygug. It is clear that R[za,vg] and
@ are internally-disjoint, and @) contains at least k vertices of V(H). In the
following, we use C’ to denote the cycle 6’)[u1,u_1]u_1u1 if 29 # v, and to
denote the o-cycle E')[ul, vl]vlv_la[v_l,u_l]u_lul if 29 = .

By Claims 1 and 3, zov,, ¢ E(G), where v,;, = u;. Let vy be the last
vertex in (5[1)1, uy] such that z9vy € E(G). If there are no neighbors of z; in
6[vl,u1], then let vy = vp.

Claim 5.3. For every vertex vy € Ny, 4, 1(22) U{vo}, uovey1 ¢ E(G).

Proof. By Claim 3, upv; ¢ E(G).

-
If zovp € E(G) and UGV 41 € E(G), then C,[’Ug/,1)g/+1]vg/+1uOQ22’l)g/ is an
o-cycle containing all the vertices of V(C) U V(Q), a contradiction. O
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Claim 5.4. r1—{ > k+1, and for every vertex vy € [vpy1, Verk], uove ¢ E(G).

Proof. Assume the opposite. Let vy be the first vertex in [vg41, vy, ] such that
wove € E(G), and £ — £ < k + 1.

If v, = vy, then C” = E)[vg,u_l]u_lulg[ul,vg/]vg/quR[zg,vo] is an o-
cycle containing all the vertices of V(C)\[v1,vy—1] UV(Q), and |V (C")| > ¢,

a contradiction.

—

Thus, we assume that vy # vg, and 290y € E(G). Then C” = C'[vg, vpr|vpug
Qz2vy is an o-cycle containing all the vertices of V(C)\[vpy1, ver—1]UV(Q), and
[V(C")] > ¢, a contradiction.

Thus ¢/ — ¢ > k + 1. Noting that ugv,, € E(G), we get 11 —€ > k+1. O

Let di = |Npy, v, ) (22)U{vo}], d2 = [Npy_,, v 4)(22)U{v0}], d) = [Npy v, 1(uo0)|
and dy = |Nj,_, o ,j(uo)]. Then do(z2) < di+dz2—1 and de(ug) < dj +dy+1.

By Claims 5.3 and 5.4, we have d} < r —d; — k + 1, and similarly,
dy <rg—dy—k+1. Thus deo(z2) + do(ug) < r1+re — 2k +2 = ¢ — 2k. Note
that dp(z2) +dp(uo) < h+k. By Claim 5.1, d(22) +d(up) < c+h—k <n. O

Recall that Gu_1,u;] is (u—1, ug, u1)-composed. Now we prove the follow-
ing claims.

Claim 6. If Glu_g, ug] is (u_g, ug, ug)-composed with canonical ordering u_y,

U_ft1,---,Up, then kK <rg—2and £ < ry — 2.
Proof. Let Dy, D, ..., D, be a canonical sequence of G|u_, uy] corresponding
to the canonical ordering w_g, ¥_g+1,...,ue. Suppose that k > ro — 2. Con-

sider the graph D' = D T where —72-:1 is the smallest integer such that
U—ryy1 € V(D —737)- Let V(D) = [u—ypy+1,up]. By Lemma 1, there exists a

(ug, up )-path P such that V(P) = [u_yy41, upr]. Then v_lvoRPa[ug/, v1)v1v-1
is an o-cycle containing all the vertices of V(C) U V(R), a contradiction.

Similarly, we can prove that ¢ <r; — 2. O

Claim 7. If Glu_g, ug] is (u_g, ug, ug)-composed with canonical ordering u_,
U_ki1,---,Up, Where & < r9 — 2 and | < r; — 2, and any two nonadjacent
vertices in [u_g_1, ups1] have degree sum less than n, then one of the following
is true:
(1) Glu—g—1,up]is (u_g_1,ug, ug)-composed with canonical ordering u_j_1,
U_Fyo-y Uy,
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2) Glu_p,ups1] is (u_g, ug, ugr1)-composed with canonical ordering u_p,
+ +

U—k+1y-+ -5 Ur41, O
(3) Glu—g—1,ups+1] i (u—g—1,u0,urs+1)-composed with canonical ordering
U—f—1, Uy -5 Ult1-

Proof. Assume the opposite, which implies that for every vertex us € [u_gy1,
wel, u_g—1us ¢ E(G), and for every vertex us € [u_g,up—1], usri1us ¢ E(QG)
and u_r_1upt1 ¢ E(G).

Claim 7.1. Let z € {21, 2} and us € [u_p_1,ues1]\{uo}. Then zus ¢ E(G).

Proof. Without loss of generality, we assume that s > 0. If s = 1, the assertion
is true by Claims 1 and 3. So we assume that s € [2,/+ 1] and s — 1 € [1,/].
By the definition of a composed graph, there exists t € [—k, —1] such that
Glug, us—1] is (ug, ug, us—1)-composed. By Lemma 1, there exists a (ug, u)-
path P’ such that V(P') = [us, us—1].

If z # vg, then R[z,uo]P’(a[ut,us] is a (z,us)-path containing all the ver-
tices of V(C') U{z}. By Lemma 2, zus ¢ E(G).

If 2 = vg and vous € E(G), then RP’E[ut,v_l]v_lvlg[vl,us]usvo is an
o-cycle containing all the vertices of V/(C) U V(R), a contradiction. O

Let G' = Glu—g—1,u) U {21, 22}] and G = G[[u_g—1,up+1] U {z1, 22}].
Claim 7.2. G”, and hence G', are {Kj 3, N1 1 2}-free.

Proof. By Claims 5 and 7.1, and the condition that any two nonadjacent ver-
tices in [u_g—1, up41] have degree sum less than n, any two nonadjacent vertices
in G” have degree sum less than n. Since G (and hence G”) is {Ki 3, N1,1,2}-
heavy, G” is {Kl’g, N17172}-free. O]

Claim 7.3. Ng/(ug)\{z1} is a clique.

Proof. If there are two vertices x, 2’ € Ngr(ug)\{z1} such that zz’ ¢ E(G'),
then the graph induced by {ug, z1,x,2'} is a claw, a contradiction. ]

Now, we define N; = {z € V(G') : dg/(x,u_g—1) = i}. Then Ny =
{U,kfl}, N1 = {'LL,]C} and N2 = NG/(u,k)\{u,k,l}.

By the definition of a composed graph, |Na| > 2. If there are two vertices
x,2’ € Ny such that xa’ ¢ E(G’), then the graph induced by {u_x,u_j_1,z, 2’}
is a claw, a contradiction. Thus, N5 is a clique.
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We assume ug € INj, where j > 2. Then 21 € Njy1 and 22 € Njyo.

If |[N;| =1 for some ¢ € [2,j — 1], say, N; = {z}, then z is a cut vertex
of the graph G[u_,w;]. By the definition of a composed graph, Glu_g, ;] is
2-connected. This implies |N;| > 2 for every i € [2,j — 1].

Claim 7.4. For i € [1,j], N; is a clique.

Proof. We prove this claim by induction on ¢. For ¢ = 1, 2, the claim is true by
the above analysis. So we assume that 3 < ¢ < j, and N;_3, N;_2, N;—1, N; 11
and N;i9 are nonempty, and |N;_1| > 2.

First we choose a vertex = € N; which has a neighbor y € N;;; such that
it has a neighbor z € N;12. We prove that for every 2’ € N;, za’ € E(G). To
the contrary, we assume that zz’ ¢ E(G).

If 'y € E(Q), then the graph induced by {y,z,2’, 2} is a claw, a contra-
diction. Thus, 2’y ¢ E(G). If  and 2’ have a common neighbor in N;_,
denote it by w; then let v be a neighbor of w in N;_s, and the graph induced
by {w,v,z,2'} is a claw, a contradiction. Thus z and 2’ have no common
neighbors in N;_1.

Let w be a neighbor of x in N;_1, and let w’ be a neighbor of 2’ in N;_1.
Then zw', 2'w ¢ E(G). Let v be a neighbor of w in N;_2 and u be a neighbor
of v in N;_3. If w'v ¢ E(G), then the graph induced by {w,v,w’,z} is a
claw, a contradiction. Thus w'v € F(G), and then the graph induced by
{v,u,w', o', w,z,y} is an Nj ; 2, a contradiction.

Thus x2' € E(G) for every ' € N;, as we claimed.

Now, let ' and z” be two vertices in N; other than x such that a'z” ¢
E(G). We have za’, 22" € E(G).

If 2y € E(G), then similarly to the case of x, we have 2’2" € E(G), a
contradiction. Thus z'y ¢ E(G). Similarly, 2"y ¢ E(G). Then the graph
induced by {z,z’, 2", y} is a claw, a contradiction.

We conclude that N; is a clique. O

If there exists some vertex y € N,y other than 21, then yug ¢ E(G) by
Claim 7.3. Let = be a neighbor of y in Nj, let w be a neighbor of ug in N;_1,
and let v be a neighbor of w in Nj_s. Then 2uy € E(G) by Claim 7.4 and
zw € E(G) by Claim 7.3. Thus the graph induced by {w, v, z,y, ug, 21, 22} is
an Nj 2, a contradiction. So we assume that all vertices in [u_g, u¢] are in

J .
i=1 Ni-
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If uy, € Nj, then let w be a neighbor of ug in N;_1, and let v be a neighbor
of win Nj_y. Then the graph induced by {w, v, ug, 21, up, usy1} is an Ny g 2,
a contradiction. Thus uy ¢ N; and j > 3.

Let uy € N;, where i € [2,7 — 1]. If u; has a neighbor in N;;1, then let
y be a neighbor of uy in N;y1, and let w be a neighbor of uy in N;—_;. Then
the graph induced by {ug, w,y,ups1} is a claw, a contradiction. So uy has no
neighbors in N;41.

Let x € N; be a vertex other than wy that has a neighbor y in N;;; such
that it has a neighbor z in N;;9. Let w be a neighbor of x in N;_;, and
let v be a neighbor of w in N;_9. If uyw ¢ E(G), then the graph induced
by {z,w,us,y} is a claw, a contradiction. So wyw € E(G). Then the graph
induced by {w, v, us, ups1,,y, 2} is an Ny 12, a contradiction.

This completes the proof of Claim 7. O

Now we choose k, £ such that
(1) Glu_g,ug] is (u_g, ug, ug)-composed with canonical ordering u_x, u_gy1,
Uy
(2) any two nonadjacent vertices in [u_, ug] have degree sum less than n; and
(3) k + ¢ is as large as possible.

By Claim 7, there exists a vertex us € [u_g11,us] such that d(u_g_1) +
d(us) > n, or there exists a vertex ugs € [u_g, ug—1] such that d(us)+d(uet1) >
n, or d(u_g_1) + d(ugs+1) > n.

Claim 8. (u_g_1,up) or (u_g,ups1) Or (U_g—1,Ups1) is up-good on C.

Proof. 1f there exists a vertex us € [u_g41, ug] such that d(u_g_1)+d(us) > n,
then, by Lemma 1, there exists a (ug, ug)-path P such that V(P) = [u_g, ug],
and there exists a (ugug, usu_r)-pair D' such that V(D') = [u_g,us]. Then
D =D +u_ju_g_1is a (upug, usu_g_1)-pair such that V(D) = [u_g_1, ue].
Thus (u_g—_1,u¢) is ug-good on C.

If there exists a vertex us € [u_g, ug—1] such that d(us) + d(usy1) > n, we
can prove the result similarly.

If d(u_g—1) + d(ugy1) > n, then by Lemma 1, there exists a (uq, ug)-path
P’ such that V(P') = [u_g,ue] and there exists a (ug,u_g)-path P” such
that V(P") = [u_g,us]. Then P = P'ujupiq is a (ug, ugq)-path such that
V(P) = [u_g,upy1], and D = P"u_pu_j_1Uupyq is a (uptgs1, wesr1t_g_1)-pair
such that V(D) = [u_k_1,ups1]. Thus (u_g_1,ups1) is up-good on C. O
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Claim 9. There exist v_y € V(a[v_l,u,k,l]) and vy € V(@[vl,uﬂﬂ) such
that (v_g,vp) is vo-good on C.

Proof. By Claim 6, k <ro—2and [ <r; — 2.

If vjv_1 ¢ E(G), then by Claim 2, d(vi) + d(v—1) > n. Then P = vpv; is
a (vg,v1)-path and D = vgv_1 Uy is a (vgv1,v—_1v1)-pair. Then (v_1,v1) is
vp-good on C.

Now we assume that viv_1 € F(G), and then Glv_1,v1] is (v_1,v0, v1)-
composed.

Let ry =rg —k and 7} =11 — L.

Claim 9.1. If Glv_p,vp] is (v_ps, v, vpr)-composed with canonical ordering
Vo U fi g1y - -y Upr, then K <7h — 1 and ¢/ <7} — 1.

Proof. Let Dy, Do, ..., D, be a canonical sequence of G[v_s,vy] correspond-
ing to the canonical ordering v_g/,v_gi41,...,vp. Suppose that k' > r} — 1.

Consider the graph D’ = Dj;, where —r} is the smallest integer such that
2
vy € V(D—;). Let V(D) = [v_yy,ver]. By Lemma 1, there exists a (vo, ver)-
2

path P such that V(P) = [v_,;, ugr]. Then Pa[w, ver] P'R is a cycle contain-
ing all the vertices of V/(C) U V(R), a contradiction. O

Similar to Claim 7, we obtain the following claim that we present without
proof.

Claim 9.2. If Glv_,vp] is (v_g, v, vy )-composed with canonical ordering
V_ !y U_k/ 41, - -, Upr, where &/ <) —1 and £ < r]—1, and any two nonadjacent
vertices in [v_j/_1, vpr11] have degree sum less than n, then one of the following
is true:
(1) Glo_gr—1,vp]is (v_p—1, Vo, vy )-composed with canonical ordering v_j_1,
V_kly e e, Uty
(2) Glo_gr,vp41]is (v_g, Vg, Vg1 1)-composed with canonical ordering v_,
V_k/'+1y++.,Up 41, OF
(3) Glo_gr—1,vp41] is (v_g—1, Vo, Very1)-composed with canonical ordering
V' —1,V=F!y oy Vpr41.

Now we choose &/, ¢’ such that
(1) Glo_pr,vp]is (v_gs, vg, vy )-composed with canonical ordering v_g/, v_js4 1,
c ey Upry



Heavy pairs for hamiltonicity 103

(2) any two nonadjacent vertices in [v_js, vy] have degree sum less than n;
and

(3) k' + ¢ is as large as possible.

Similar as in Claim 8, we obtain that (v_g_1, vy) or (v_g,vysq) or
(v_k/—1,vp41) is vo-good on C. This completes the proof of Claim 9. O

From Claims 8 and 9, we get that there exists a cycle containing all the
vertices of V(C) U V(R) by Lemma 3, a contradiction. This completes Case
1.

Case 2. r =1 and upvy € E(G).

We have upu_; € E(G) and wou—_,, ¢ E(G), where u_,, =v_1. Let u_j_
—
be the first vertex in C'[u_1,v_1] such that upu_r_1 ¢ E(G). Then k < ro—1.

Similarly, let vsy1 be the first vertex in E[vl, uy] such that vover1 ¢ E(G).
Then ¢ < ry — 1.

Claim 10. Let z € [u_g_1,u_1] and y € [v1,vp41]. Then
(1) zz1,2v0 ¢ E(G),
(2) ye1,9u0 ¢ B(Q),
(3) zy ¢ E(G).

Proof. (1) If 2 = u_q, then by Claims 1 and 3, u_121,u_1vo ¢ E(G). So we
assume that © = u_j where —k’ € [—k — 1, —2] and upu_ 1 € E(G).
If U_k 2] € E(G), then uou_k/HE')[u_k/H,u_l]u_lula[ul,u_k/]u_k/ Z1UQ

is an o-cycle containing all the vertices of V(C) U V(R), a contradiction.

~ — — —
Ifu_pvg € E(G), then ugu_pr41 C[u_pry1, u—1]u—quy Cug, v1]vav_y Clo_q,
u_gJu_prvoR is an o-cycle containing all the vertices of V(C') U V(R), a con-
tradiction.

The assertion (2) can be proved similarly.

(3) If # = u_; and y = vy, then by Claim 1, zy ¢ E(G).

Ifu_pv € E(G), where k' € [2, k+1], then UORE)[U(), u_k/]u_k/vl 6[7)1, ul]
H

u1tu—1 C [u—1,u_j+1]u_g11up is an o-cycle containing all the vertices of V/(C)U
V(R), a contradiction.

If u_jvp € E(G), where £ € [2,(+1], then we can prove the result similarly.



104 Chapter 6

If u_pvy € E(G), where k' € [2,k+ 1] and ¢ € [2,4 + 1], then ugu_j 41

— —
Clu_pr g1, u—1]u—1ur Clur, vplopu_p Clu_p, v_1]v_1v1 Clvr,vp _1Joy 1 voR is
an o-cycle containing all the vertices of V(C) UV (R), a contradiction. O

Claim 11. Either u_j_ju ¢ E(G) or vei1v9 & E(QG).

Proof. Assume the opposite. Since u_j_1ug, vpr1v9 ¢ E(G), d(u_g_1) + d(up)
> n and d(vgg1) + d(vg) > n. By Claim 10, d(ug) + d(ve1) < n and d(vg) +
d(u_g—1) < n, a contradiction. O

Without loss of generality, we assume that u_j_jug ¢ E (G). If vppqvg ¢
E(G), then the subgraph induced by {z1,v0,ve, Voi1, o, U_, u_g—1} is a D
which is not heavy, a contradiction. Since vovp41 ¢ E(G), d(vo) +d(vey1) > n.

Claim 12. Either (v_1,v1) or (v_1,vp41) is vp-good on C.

Proof. If viv_1 ¢ E(G), then, by Claim 2, d(v1) + d(v—1) > n. Then vgv; is a
(vg, v1)-path and vov—_1 Uwvy is a (vovy, v_1v1)-pair. Thus, (v_1,v1) is vp-good
on C.
If vivy € E(G), then vovgﬁ[w,vl]vw_l is a (vo,v_1)-path and vy U
—
v_qv1 C'[v1, ve41] is & (vov_1, Vovi41)-pair. Since d(vg)+d(vesr1) = n, (V_1,vp11)

is vg-good on C. O
Claim 13. If Glu_g/,up] is (u_gs, ug, ug)-composed with canonical ordering
U g/ U_friqy -, Upr, then k' <rg —2and ¢/ <r; — ¢ — 1.

Proof. The claim can be proved similarly as Claims 6 and 9.1. O

Next we prove the following claim.

Claim 14. If Glu_g/,up] is (u_ps, up, ue)-composed with canonical ordering
U_g/yU_fri1,- .-, Upr, Where k' < rg —2 and ¢ < ry — ¢ — 1, and any two
nonadjacent vertices in [u_j 1, up 1] have degree sum less than n, then one
of the following is true:

(1) Glu—pr—1,ue]is (u—g—1, uo, up )-composed with canonical ordering u_j/_1,

u_k/7 A ugl )
(2) Glu_ps,upy1]is (u_gs, ug, up11)-composed with canonical ordering u_ s,
U—f/ 415+ Upr41, OF

(3) Glu_gr—1,upry1]is (u_p_1,ug, upry1)-composed with canonical ordering
U/ —1, Uy e ooy Up/ 4]
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Proof. Assume the opposite, which implies that for every vertex us € [u_g/y1,
up], u_—1us ¢ E(G), and for every vertex us € [u—_g/, up—_1), upr1us ¢ E(G),
and U—f —1Upr 1 ¢ E(G)

Claim 14.1. Let v € {vo,v1} and us € [u_p—1,upq1]\{uo}. Then vus ¢
E(G).

Proof. Similar to Claim 7.1, we get that vous ¢ E(G).

Now we assume that viug € E(G)

Note that if vova & E(G), then d(vo) + d(v2) > n. We have vovs € E(G).

If s € [-k'—1,—2], then s+1 € [—k’, —1]. By the definition of a composed
graph, there exists t € [1,¢'] such that Gust1,us] is (ust1, ug, ur)-composed.
By Lemma 1, there exists a (ug, u;)-path P such that V/(P) = [us4+1,u]. Then

— —

P C'lug,v1]vius Clus, vo] R is an o-cycle containing all the vertices of V(C') U
V(R), a contradiction.

If s = —1, then by Claim 3, vju_; ¢ E(G).

If s =1, then Z[uo, v_l]v_lvlulg[ul, va]uaug R is an o-cycle containing all
the vertices of V(C) U V(R), a contradiction.

If s € [2,¢/+1], then s—1 € [1,#']. By the definition of a composed graph,
there exists ¢ € [—k’, —1] such that Glus, us—1] is (ug, ug, us—1)-composed. By
Lemma 1, there exists a (ug, us)-path P such that V(P) = [us, us—1]. Then
Pg[ut,v_l]v_lvlusa[us,vg}vgvoR is an o-cycle containing all the vertices of
V(C)U V(R), a contradiction. O

Let G' = Gllu——1,up] U {vo, v1}] and G" = Gllu_—1, up41] U {vo, v1}].
Then, similar to Claim 7.2, we obtain the following claim that we present
without proof.

Claim 14.2. G”, and hence G’, are {K 3, N 1 2}-free.

Similarly as for Claim 7, we can now complete the proof of Claim 14. [

Now we choose &/, ¢’ such that
(1) Glo_pr,vp] is (v_gs, Vo, ver )-composed with canonical ordering v_p/, v_gr41,
c, Vgt
(2) any two nonadjacent vertices in [v_j/,vpr] have degree sum less than n;
and
(3) K + ¢ is as large as possible.
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Similar to Claim 8, we obtain the following.

Claim 15. (u_g/—1,up) or (u_g/,upiq) or (U_g/—1,upy1) is ug-good on C.

By Claim 13, k' <rg —2and ¢/ <ry —{ — 2.

From Claims 12 and 15, we conclude that there exists a cycle containing
all vertices of V(C) U V(R) by Lemma 3, a contradiction.

This completes the proof of Theorem 6.8.

6.4 Proof of Theorem 6.9

Let C be a longest cycle of G. Set n = |V(G)| and ¢ = |V(C)|, and assume

that G is not hamiltonian, ie., ¢ < n. Then V(G)\V(C) # 0. Since G

is 2-connected, there exists a (ug,vp)-path with length at least 2 which is

internally-disjoint from C, where ug,v9 € V(C). Let R = zpz122- -+ 2r41,

where z9p = ug and z,41 = vg, be such a path, and choose R as short as

possible. Let r; and ro denote the number of interior vertices in the two

subpaths of C' from wug to vy (note that clearly r1 + ro +2 = ¢). We specify

an orientation of C, and label the vertices of C' using two distinct notations

—

u; and vy, —ry < ¢ < 7y, such that C' = wpuiug - - - Up VoU_pyU—pyt1 - - U_1Up
—

and C' = vgU1v2 - -+ Up UQV—ryU—pyt1 - - - U—1V0, Where Uy = vy, +1—¢ and u_j =

V_py—14k- Let H be the component of G — C containing the vertices of [z1, z,].
As in Section 6.3, we can prove the following claims.

Claim 1. Let z € V(H) and y € {v1,v_1,u1,u—1}. Then zy ¢ E(G)

Claim 2. wju_; € E(G) and viv_; € E(G).

Claim 3. ujv_; ¢ E(G), u_1v1 ¢ E(G), upvs; ¢ E(G), ux1v0 ¢ E(G).

Claim 4. Either uju_; or viv_; is in E(G).

By Claim 4, without loss of generality, we assume that uvju_; € E(G).
Then Glu—_1,u;] is (u—1,ug, u1)-composed.

Claim 5. If Glu_g, ug] is (u—_g, ug, ug)-composed, then k < ro—2 and £ < r;—2.

The proof of Claim 5 is similar to that of Claim 6 in Section 6.3.

Now we prove the following claim.
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Claim 6. If Glu_g,ug] is (u_g, ug, ug)-composed with canonical ordering u_,
U—ft1,---,Ug, Where kK < 79 — 2 and [ < r; — 2, and any two nonadjacent
vertices in [u_g_1, up41] have degree sum less than n, then one of the following
is true:
(1) Glu—g—1,up]is (u_g_1,ug, ug)-composed with canonical ordering u_j_1,
U_Fy-o-y Uy,
(2) Glu_g,upsq] is (u_g, ug, ugs1)-composed with canonical ordering u_,

U—k+15 .-+ W41, OF
(3) Glu—g—1,ups1] is (u—g—1,u0,urs+1)-composed with canonical ordering
U—f—1, Uy -5 Ult1-

Proof. Assume the opposite, which implies that for every vertex us € [u_g1,
wel, u_g_1us ¢ E(G), and for every vertex us € [u_g,up_1], ugrius ¢ E(Q)
and u_g_1up+1 ¢ E(G).

Claim 6.1. For every vertex z € {21, 22} and us € [u_p_1,uer1]\{uo}, zus ¢
E(G); and if zoug ¢ E(G), then also zoug ¢ E(G).

This claim can be proved similarly as Claims 5 and 7.1 in Section 6.3.

Let G' = Glu_—1,ug] U{z1,20}] and G” = G[lu_k—_1, ues1] U {21, 22}

Similar to Claims 7.2 and 7.3 in Section 6.3, we can prove the following
claims.

Claim 6.2. G”, and hence G’, are {K 3, Ni.1,2, Hi1}-free.

Claim 6.3. Ng/(ug)\{z1, 22} is a clique.

Now, we define N; = {z € V(@) : dg/(x,u_g—1) = i}. Then Ny =
{u_k_l}, N1 = {u_k} and N2 = NG/(u_k)\{u_k_l}.

By the definition of a composed graph, |Na| > 2. If there are two vertices
x,2’ € Ny such that 22’ ¢ E(G’), then the graph induced by {u_g, u_g_1,x, 2’}
is a claw. Thus N, is a clique.

We assume ug € Nj, where j > 2. Then 2z € Njy1; and 29 € Njqq if
zoug € E(G) and 2z € Njio if 2oug ¢ E(G).

If |[N;| = 1 for some ¢ € [2,j — 1], say, N; = {z}, then z is a cut vertex
of the graph G[u_,uy]. By the definition of a composed graph, Gu_g, u| is
2-connected. This implies |V;| > 2 for every i € [2,j — 1].

Claim 6.4. For i € [1,j], N; is a clique.
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Proof. 1f i < j, or i = j and z9up ¢ E(G), then we can prove the assertion in
a similar way as for Claim 7.4 in Section 6.3. Thus we assume that ¢ = j and
zoug € K (G)

If j = 2, the assertion is true by the above analysis. So we assume that
j Z 3, and Nj_g,Nj_Q,Nj_l,Nj+1 are nonempty, and ’Nj_1| Z 2.

First we prove that for every x € N;j\{uo}, upzr € E(G). We assume that
uox ¢ E(QG).

By Claim 6.1, zz; ¢ E(G). If up and x have a common neighbor in N;_j,
denoted w, then let v be a neighbor of w in N;_s; then the graph induced
by {w,v,up,z} is a claw, a contradiction. Thus uy and z have no common
neighbors in N;_;.

Let w be a neighbor of ug in N;_i, and let w’ be a neighbor of z in
Nj_1. Then uow',zw ¢ E(G). Let v be a neighbor of w in N;_g, and let
u be a neighbor of v in N;_3. If w'v ¢ E(G), then the graph induced by
{w,v,w',up} is a claw, a contradiction. Thus w'v € E(G), and then the graph
induced by {v,u,w’, z,w,up, z1} is an Ny 12, a contradiction.

Thus upz € E(G) for every € N;. Then by Claim 6.3, N; is a clique. [

If there exists some vertex y € Nj;1 other than 2z and 2y, then yuy ¢ E(G)
by Claim 6.3. Let = be a neighbor of y in N;, let w be a neighbor of ug in N;_1,
and let v be a neighbor of w in Nj_5. Then zuy € E(G) by Claim 6.4 and
zw € E(G) by Claim 6.3. Then the graph induced by {w, v, z,y, uo, 21, 22} is
an Ny 12 if 2oug ¢ E(G), and is an Hy if 20up € E(G), a contradiction. So
we assume that all vertices in [u_g, uy] are in ngl N;.

If uy, € Nj, then let w be a neighbor of ug in N;_1, and let v be a neighbor
of w in Nj_5. Then the graph induced by {w, v, ug, 21, ur, ug4+1} is an Ny 19 if
zoug ¢ E(G), and is an Hy ; if zoup € E(G), a contradiction. Thus we have
that ug ¢ N; and then j > 3.

Let ug € N;, where i € [2,7 — 1]. If u; has a neighbor in Nj;1, then let y
be a neighbor of uy in N;11, and let w be a neighbor of uy in N;_1. Then the
graph induced by {ug, w,y,usy1} is a claw, a contradiction. Thus u, has no
neighbors in N, 1.

Let x € N; be a vertex other than wy that has a neighbor y in N;y; such
that it has a neighbor z in N;;2. Let w be a neighbor of z in N;_;, and let

v be a neighbor of w in N;_s. If wpw ¢ E(G), then the graph induced by
{z,w,us,y} is a claw, a contradiction. Thus wyw € E(G). Then the graph
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induced by {w, v, ug, ugy1,x,y, 2} is an Ny j 2, a contradiction.

This completes the proof of Claim 6. O

Now we choose k, £ such that
(1) Glu_g,ug] is (u_g, ug, ug)-composed with canonical ordering u_x, u_gy1,

U
(2) any two nonadjacent vertices in [u_, ug] have degree sum less than n; and
(3) k+ (¢ is as large as possible.

Similar to Claims 8 and 9 in Section 6.3, we obtain the following claims.
Claim 7. (u_g_1,ug) or (u—_g, upy1) or (U—_k—1,urs1) is up-good on C.
Claim 8. There exist v_j € V(E’)[v,l,u_k_l]) and vy € V((a[vl,uuﬂ) such

that (v_g, vp) is vp-good on C.

From Claims 7 and 8, we conclude that there exists a cycle containing all
the vertices of V(C) U V(R) by Lemma 3, a contradiction.

This completes the proof of Theorem 6.9.






Chapter 7

Forbidden pairs for
homogeneously traceable
graphs

7.1 Introduction

We call a graph G hamiltonian if it contains a Hamilton cycle, i.e., a cycle
containing all its vertices, traceable if it contains a Hamilton path, i.e., a path
containing all its vertices, and Hamilton-connected if for every pair of vertices
z,y of G, G contains a Hamilton path starting from = and terminating in y.
We say that G is homogeneously traceable if for every vertex x of G, G contains
a Hamilton path starting from z. Homogeneously traceable graphs have been
introduced by Skupien (see, e.g., [34]), but we do not know whether he is the
original source of the concept.

Note that a Hamilton-connected graph (on at least three vertices) is hamil-
tonian, that a hamiltonian graph is homogeneously traceable, and that a ho-
mogeneously traceable graph is traceable, but that the reverse statements do
not hold in general.

If a graph is connected and Ps-free, then it is a complete graph, i.e., its
vertex set is a clique, i.e., all its vertices are mutually adjacent, and hence it
is (homogeneously) traceable, and hamiltonian if it has order at least 3. In
fact, it is not hard to show that the statement ‘every connected H-free graph

111
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is traceable’ only holds if H = P3. The case with pairs of forbidden subgraphs
(different from Ps) is much more interesting. For a connected graph to be

traceable or hamiltonian, the following theorem is one of the earliest of this
kind.

Theorem 7.1 (Duffus, Gould and Jacobson [21]). Let G be a {K; 3, N}-free
graph.

(1) If G is connected, then G is traceable.

(2) If G is 2-connected, then G is hamiltonian.

Obviously, if H is an induced subgraph of N, then {K 3, H }-free instead
of { K1 3, N }-free yields the same conclusions in the above theorem. A natural
problem that, as far as we know, was considered for the first time in the PhD
Thesis of Bedrossian [3], is to characterize all pairs of forbidden subgraphs
for hamiltonicity (and other graph properties). Faudree and Gould [24] later
refined this approach by adding a lower bound on the number of vertices of the
graph G in order to avoid small, more or less pathological, cases. Restricting
our attention to traceability, they proved that (apart from trivial cases) the
claw and any of the induced subgraphs of the net are the only forbidden pairs
for the property of being traceable.

Theorem 7.2 (Faudree and Gould [24]). Let R and S be connected graphs
with R, S # Ps and let G be a connected graph. Then G being {R,S}-free
implies G is traceable if and only if (up to symmetry) R = K13 and S is Py,
Cs, Z1, B or N.

In the same paper, they discuss analogous results for other hamiltonian
properties. For many of these properties counterparts of Theorem 7.2 have
been established, but for Hamilton-connectedness only partial results are known
to date. We refer to [24] for more details. The property of being homoge-
neously traceable was not addressed in [24] and, as far as we are aware, has
not been considered before. Recently, similar questions related to the existence
of perfect matchings and 2-factors have been studied. We refer the interested
reader to [27,31] and [2,23, 28], respectively, for more details.

In this chapter we solve the analogous problem for homogeneously trace-
able graphs, so we are going to characterize the pairs of connected forbidden
induced subgraphs that imply that a given graph is homogeneously traceable.
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Note that if a graph contains a cut vertex v, it cannot be homogeneously
traceable since there exists no Hamilton path starting at v. So, apart from K
and K>, all homogeneously traceable graphs are 2-connected. Thus we only
consider 2-connected graphs. As noted before, if a connected graph G is Ps-
free, then it is a complete graph, and hence trivially homogeneously traceable,
and in fact it is easy to prove the following statement. We postpone the proof
of the ‘only-if’ part of the next statement to Section 7.2.

Theorem 7.3. The only connected graph S such that every 2-connected S-free
graph is homogeneously traceable is Ps.

A natural and more interesting problem is to consider pairs of forbidden
subgraphs for this property. In this chapter, we characterize all such pairs by
proving the following result. We refer to Figure 7.1 for an illustration of the
relevant graphs.

Theorem 7.4. Let R and S be connected graphs with R,S # Ps and let G
be a 2-connected graph. Then G being { R, S}-free implies G is homogeneously
traceable if and only if (up to symmetry) R = Ky 3 and S is an induced sub-
graph of Bi 4, Ba3 or Ni13.

In Section 7.2, we prove the ‘only-if’ part of the statements of Theorems 7.3
and 7.4, while the ‘if’ part of the statement of Theorem 7.4 is deduced from
the following three theorems that will be proved in Sections 7.5, 7.6 and 7.7,
respectively.

Let G be a 2-connected graph.
Theorem 7.5. If G is {K1 3, B14}-free, then G is homogeneously traceable.
Theorem 7.6. If G is {K1 3, Ba3}-free, then G is homogeneously traceable.

Theorem 7.7. If G is {K1 3, N113}-free, then G is homogeneously traceable.

Section 7.4 contains the common set-up for the proofs of the above three
theorems and some common preliminary observations. We present some gen-
eral observations on claw-free graphs in Section 7.3.
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® ®
® g °
® ¢ °
® ®
Bi4 Bs 3 Nii3

Figure 7.1: The graphs By 4, B2 3 and N1 13

7.2 The ‘only-if’ part of the proofs of Theorems 7.3
and 7.4

We first sketch some families of graphs that are not homogeneously traceable
(see Figure 7.2). In each of the graphs in Fig. 7.2, we indicated one of the
vertices by a double circle; it is easy to check that this vertex cannot be the
starting vertex of a Hamilton path. When we say that a graph is of type G;
we mean that it is one particular, but arbitrarily chosen member of the family
indicated by G; in Figure 7.2.

If S is a connected graph such that every 2-connected S-free graph is
homogeneously traceable, then S must be a common induced subgraph of
all graphs of type G1, G2 and G3. Note that the largest common induced
connected subgraph of graphs of type G1, G2 and G3 is a Ps, so we have that
S = P;. This completes the proof of the ‘only-if’ part of the statement of
Theorem 7.3.

Let R and S be two connected graphs other than P; such that every 2-
connected {R, S}-free graph is homogeneously traceable. Then R or S must
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Wy ys vgwy

Z1 22 2’3”.2’;—12’@

Gs (r,s,t > 5)
G G,
K, K,
G5 G6

Figure 7.2: Some graphs that are not homogeneously traceable (I)
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be an induced subgraph of all graphs of type G1. Without loss of generality,
we assume that R is an induced subgraph of a graph of type G1. If R # K 3,
then R must contain an induced Py. Note that the graphs of type Gs and G4
are all P-free, so they must contain S as an induced subgraph. Since the only
common induced connected subgraph of the graphs of type G3 and G4 other
than Pz is a K3, we have that § = K 3. This implies that R or S must be
a K173.

Let R = K1 3. Note that the graphs of type G2 are claw-free, so S must be
an induced connected subgraph of all graphs of type G3. The common induced
connected subgraphs of such graphs have the form P;, Z;, B; ; or N; ;. Note
that graphs of type G5 are claw-free and do not contain an induced Py, Z5 or
N1 1,4, and that graphs of type G are claw-free and do not contain an induced
Nip22. So R must be an induced connected subgraph of Pr, Zy, By 4, Ba3 or
Ni1,3. Since Pr and Z4 are induced subgraphs of By 4, R must be an induced
connected subgraph of B4, Ba3 or Ni13. This completes the proof of the
‘only-if’ part of the statement of Theorem 7.4.

7.3 Some preliminaries

Let G be a graph. For a subgraph H of GG, when no confusion can arise we also
use H to denote the vertex set of H; and similarly, for a subset S of V(G), we
also use S to denote the subgraph of G induced by S. For two vertices u and
v of G, we use dy(u,v) to denote the distance between u and v in H, i.e., the
length of a shortest path between u and v with all edges in H.

We first prove some easy but useful observations on claw-free graphs.

Lemma 1. Let G be a 2-connected claw-free graph and let {x,y} be a vertex
cut of G. Then the following statements hold:
(1) G —A{z,y} has exactly two components; and
(2) if x1 and x2 are two neighbors of x in the same component of G—{x,y},
then z1x2 € E(G).

Proof. Note that each component H of G — {z,y} contains a neighbor of z;
otherwise y is a cut vertex of G, a contradiction.

If there are at least three components of G — {z,y}, then let Hy, Hs and
Hj be three such components. Let x1, x5 and x3 be neighbors of x in Hy, Ho
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and Hs, respectively. Then the subgraph induced by {x, z1, x2, 3} is a claw, a
contradiction. Thus we conclude that G — {z,y} has exactly two components.

Let 1 and z2 be two neighbors of z in the same component of G — {z, y}.
If 2129 ¢ E(G), then let 2’ be a neighbor of z in the other component of G —

{z,y}. Then the subgraph induced by {z,x1,z2, 2} is a claw, a contradiction.
Thus we have z129 € E(G). O

Throughout the remainder of this chapter, by the word cut we will always
refer to a vertex cut with exactly two vertices.

We say that two disjoint subsets or subgraphs S and T" of G are joined if
at least one vertex of S is adjacent to a vertex of 1" in G.

Let B and C' be two subgraphs of G (possibly not disjoint), and let H be a
subgraph of G that is disjoint from B and C. If P is a path with one end vertex
x in B, one end vertex y in C, and its internal vertex set V/(P)\{z,y} = V(H),
then we call P a perfect path of H to B and C (in G); if B = C, then we call
P a perfect path of H to B (in G ). If there is a perfect path of H to B (and
('), then we say that H supports a perfect path to B (and C).

We will frequently use the following argumentation in the next sections.
Let H be a 2-connected claw-free subgraph of G, and let r,s be a pair of
distinct vertices of H. Then H — s is a connected graph. We consider the
neighborhood structure of r in H — s by defining, for integers ¢ = 0,1, ...,

Ni(r)y={veV(H —s):dy_s(v,r) =i} and j = max{i : N;(r) # 0}.

For a vertex v € N;(r), the index i is referred to as the level of v. If these
neighborhoods are complete or ‘nearly’ complete, we can deduce the existence
of a Hamilton path of H between r and s, as follows.

Lemma 2. Let H be a 2-connected claw-free graph, let r and s be a pair of
distinct vertices of H, and let Ni(r) and j be as defined above. Suppose there
is an integer 5 with 1 < 7' < j, such that
(1) for every i with 1 <i < j', N;i(r) is a clique;
(2) N(s)\{r} is a clique; and ‘
(3) 7' = j, or for every component C' of Ug:j,_H N;(r): if s is not adjacent
to a vertex of C, then C supports a perfect path to Nj/(r); if s is adjacent
to a vertex of C, then C' supports a perfect path to Ny (r) and s.
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Then there is a Hamilton path of H between r and s.

Proof. For convenience we let N; denote N;(r) throughout this proof.

If j' < j—1, then let H = {Hy, Hy..., H} be the set of components of
Ug:j,ﬂ N;. For every i with 1 < i <k, if s is not adjacent to a vertex of H;,
then let R; be a perfect path of H; to N/, and let y;, y; be the two end vertices
of R;; if s is adjacent to a vertex of H;, then let R; be a perfect path of H; to
Nj and s, and let y; be the end vertex of R; other than s.

If two components H; and Hj; have a common neighbor y in Nj/, then let
z be a neighbor of y in H;, let 2’ be a neighbor of y in H;, and let x be a
neighbor of y in Nj;_;. Then the subgraph induced by {y,z,z,2'} is a claw,
a contradiction. This implies that any two perfect paths R; and R; have no
common end vertices in Nji; since N(s) \ {r} is a clique, R; and Ry cannot
have s as a common end vertex either.

Note that Ng = {r}. Let s’ € N;» \ {r} be a neighbor of s such that its
level 7 is as large as possible, where 1 < j” < j (such a vertex exists since H
is 2-connected).

We prove the following five claims in order to show that there is a Hamilton
path of H between r and s.

Claim 1. If j” < j' — 1, then ngj/ N; contains a perfect path to Nj_;.

Proof. We first assume that j/ = j. If N; has only one vertex z, then by the
2-connectedness of H, z has at least two neighbors in N;_;. Let w,w’ be two
neighbors of z in Nj_;. Then R = wzw’ is a perfect path of Nj to Nj_i.

If N; has at least two vertices, then by the 2-connectedness of H, Nj is
joined to N;j_; by (at least) two independent edges. Let zw and z’w’ be two
such edges, where z,z’ € N; and w,w’ € N;j_1. Let R’ be a Hamilton path of
(the clique) N; from x to 2’. Then R = wzR'z'w’ is a perfect path of N; to
Njfl.

Thus we assume that j* < j—1. By the 2-connectedness of H, N is joined
to Nj/_; by two independent edges. Let zw and 2’w’ be two such edges, where
z,2’ € Ny and w,w’ € Nji_;.

We first assume that one vertex of z and 2’ is not an end vertex of some
perfect path. Without loss of generality, we assume that z is not an end
vertex of some perfect path. If 2’ is also not an end vertex of some perfect
path, then let T" be a path of Nj» from x to y; passing through all the vertices
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in Ny \ Ule{yi, yi} \ {2'}. Then R = waTyi1R1y] - - - yrRiy,x’w’ is a perfect
path of Ug:j, N; to Njr_y.

If 2/ is an end vertex of some perfect path, then without loss of generality,
we assume that 2’ = y;. Let T be a path of Nj from z to y; passing through
all the vertices in N \Ule{yi, y;}. Then R = waTy Ry, - - - yp Rpypw’ is a
perfect path of (Ji_, Ni to Nj_.

Suppose now that both z and 2’ are end vertices of some perfect paths. If
there is a vertex z” in Nj other than Ule{yl-, y.}, then let w” be a neighbor
of " in Ny _,. Without loss of generality, we assume that w” # w. Then zw
and z""w” are two independent edges joining N to N _; such that z” is not
an end vertex of some perfect path. By the previous arguments, we can find
a perfect path of Ug:j, N; to Nj_1. So we assume that there are no vertices

in Nj» other than U {vi, v}

If z and 2’ are end vertices of two distinct perfect paths, then with-
out loss of generality, we assume that z = y; and 2/ = y,. Then R =
wyi Ry, - -y Rpyw’ is a perfect path of Ug:j, N; to Njr_y.

Suppose now that x and 2’ are the two end vertices of a common perfect
path. If there is a second perfect path, then let 2" be an end vertex of a second
perfect path and w” be a neighbor of 2" in Ny _;. Without loss of generality,
we assume that w” # w. Then zw and z”w” are two independent edges joining
N to Nj_q such that x and 2" are end vertices of two distinct perfect paths.
By the previous arguments, we can find a perfect path of Ug:j, N; to Nj_q.

So finally we assume that there is only one perfect path R;. Without loss
of generality, we assume that z = y; and 2’ = 3. Then R = wy Riyjw' is a
perfect path of U‘g:j, N; to Nji_y. O
Claim 2. If j” < j' — 1, then for every i with j” +1 < i < j/, J,_, Na
supports a perfect path to V;_1.

Proof. We prove the claim by induction on j’ — .

If i = j/, then by Claim 1, Ug/:j, Ny supports a perfect path to Ny _j.
Thus we assume that 77 +1 <¢ < j — 1.

By the induction hypothesis, there is a perfect path R of [ J],_, 41

N;. Let y and ' be the two end vertices of R’.

Ni’ to

By the 2-connectedness of H, N; is joined to IN;_1 by two independent
edges. Let zw and x’w’ be two such edges, where z, 2’ € N; and w,w’ € N;_1.
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We first assume that x,2’ and y,y’ are two distinct pairs. Without loss
of generality, we assume that x # y,y’. If 2’ # y,9/, then let T be a path
of N; from = to y passing through all the vertices in N; \ {2/,4'}. Then
R = wxTyR'y'z'w' is a perfect path of Ug,:i Nj to N;_q1; if 2’ = y or ¢/, then
without loss of generality, we assume that ' = 3. Let T be a path of N; from
x to y passing through all the vertices in N; \ {#'}. Then R = waTyR'z'w’ is
a perfect path of (J},_, Ny to N;_1.

Suppose now that x, 2’ and y, 3y’ are the same pair.

If there is a third vertex z” in NV; other that x and 2/, then let w” be a
neighbor of 2’ in N;_;. Without loss of generality, we assume that w” # w.
Then zw and z”w” are two independent edges joining N; to N;_ 1 such that
x,2" and y,y’ are two distinct pairs. By the previous arguments, we can find
a perfect path of (J},_, Nis to N;_1.

Finally we assume that there are only the two vertices x and ' in N;.
Then R = waxR'z'w' is a perfect path of (J],_, Ny to Ni_;. O

Claim 3. If 7/ < 5/ — 1, then Ug:j,, N; contains a perfect path to Nj»_; and
s.

Proof. By Claim 2, there is a perfect path R’ of Ug:j,q_l N; to Nj». Let y and
y’ be the two end vertices of R’.

We first assume that there is a vertex = in N;» other than y, ¢’ and s’. Let
w be a neighbor of z in Nju_;. If ' # y, 4/, then let T be a path of N;» from
to y passing through all the vertices in N;» \ {¢/,s'}. Then R = waTyR'y's's
is a perfect path of Ug:j,, N; to Nju_q and s; if s = y or /, then without
loss of generality, we assume that s’ = y'. Let T be a path of N;» from z to
y passing through all the vertices in N;» \ {y/}. Then R = waTyR'y's is a

perfect path of ngj,, N; to Nj»_y and s.

Suppose now that there are no vertices in Nj» other than y, v and s'. If
s' # y,y', then let w be a neighbor of y in Nj»_;. Then R = wyR'y's's is a
perfect path of ngj,, N; to Nju_y and s; if s’ = y or /, then without loss of
generality, we assume that s’ = 3’. Let w be a neighbor of y in Nj»_;. Then
R = wyR'y's is a perfect path of Ug:j,, Nj to Nj»_1 and s. O

Claim 4. If j” > 5/, then Ug:j, N; supports a perfect path to Nj;_; and s.

Proof. We first assume that j° = j, and thus j” = j. If N; consists of the
vertex ', then let w be a neighbor of s’ in N;j_;. Then R = ws's is a perfect
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path of N; to Nj_1 and s; if N; contains at least two vertices, then let = be a
vertex in N; other than s, let w be a neighbor of  in N;_1, and let R’ be a
Hamilton path of N; from z to . Then R = waR's’s is a perfect path of N;
to N;j_1 and s.

Next we assume that 7/ < j — 1.

First we assume that s is not adjacent to any vertex in H. Then s’ is a
neighbor of s in Nj.

We first treat the case that s’ is not an end vertex of some perfect path.
If there is a vertex x in Nj» other than Ule{yl,y;} U {s'}, then let w be a
neighbor of  in Ny _y, and let T' be a path of N from x to y; passing through
all the vertices in Ny \ U, {y:, 4/} \{s'}. Then R = waTy1 Ry} - - - yr Riys's
is a perfect path of Ug:j, N; to Nj_; and s; if there are no vertices in N
other than " {yi, 4/} U {s'}, then let w be a neighbor of y; in Nj_i. Then
R =wyi Ry} - - -y Rry,s's is a perfect path of Ug:j, N; to Nj/_q and s.

Next we treat the case that s’ is an end vertex of some perfect path.
Without loss of generality, we assume that s’ = y;. If there is a vertex z in
Nj: other than Ule{yi, y;}, then let w be a neighbor of  in Nj_1, and let T' be
a path of Nj from x to y; passing through all the vertices in IV} \Ule{yi, yit.
Then R = waTy1 Ry - - - yx Ry, s is a perfect path of Uz:j, N; to Nj_; and s;
if there are no vertices in N;» other than Ule{yi, y.}, then let w be a neighbor
of y; in Nji_1. Then R = wy1 R1y] - - - yr Riy).s is a perfect path of Ug:j, N; to
Nj_1 and s.

Suppose now that s is adjacent to a vertex of some component of H. Note
that N(s) \ {r} is a clique and that s is adjacent to at most one component
of H. Without loss of generality, we assume that s is adjacent to a vertex of
Hy, and thus s is the end vertex of Ry other than yi. If there is a vertex x
in N other than Uf;ll{yi, yi} U{yk}, then let w be a neighbor of = in Nj_q,
and let T' be a path of Ny from x to y; passing through all the vertices in
Njr\ Ui:ll{yi, yi} \ {yr}. Then R = waTy1 R1y - - yr Ry is a perfect path of
Ug:j, N; to Nj_q and s; if there are no vertices in N; other than U;:ll {yi, y;}U
{yr}, then let w be a neighbor of y; in Njy_;. Then R = wyi Riy] - - - yr Ry is
a perfect path of Ug:j, N; to Nj_; and s. O

Claim 5. For every ¢ with 1 < i < min{j’, "}, UZ,:i N, supports a perfect
path to N;_; and s.
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Proof. We prove the claim by induction on min{j’, j”} — i.

If 4 = min{j’, 5"}, then by Claims 3 and 4, | J,_. Ny supports a perfect

V=i
path to N;_; and s. Thus we assume that 1 < i < min{j’,j"} — 1.

By the induction hypothesis, there is a perfect path R’ of Uf/:m
N; and s. Let y be the end vertex of R’ other than s.

Ni’ to

If there is a second vertex x in IV; other than y, then let w be a neighbor of
xin N;_1, and let T be a Hamilton path of N; from z to y. Then R = wxTyR'
is a perfect path of Ug,:i N, to N;_1 and s.

Thus we assume that IN; consists of the vertex y. Let w be a neighbor of
y in N;_1. Then R = wyR' is a perfect path of | J,_, Ny to N;_y and s. O

Taking ¢ = 1 in Claim 5, we conclude that there exists a Hamilton path of
H from r to s. This completes the proof of Lemma 2. ]

7.4 A common set-up for the proofs

The three proofs of Theorems 7.5-7.7 are modeled along the same lines and
use the same case distinctions. To avoid too much repetition of the arguments
we give the generic set-up for all three proofs and treat some of the subcases
simultaneously in this section.

Let G be a 2-connected {Kj 3, F'}-free graph, where F' = By 4, B3 or
Ny 1,3. We are going to prove that G is homogeneously traceable by induction
on |[V(G)|. If [V(G)| = 3, the result is trivially true. So we assume that
|[V(G)| > 4 and that the statement holds for any 2-connected {K 3, F'}-free
graph with order n < |V(G)].

Let v be an arbitrary vertex of G. It is sufficient to prove that G contains
a Hamilton path starting from r.

If G — r is 2-connected, then we consider a neighbor 7' of r in G. By
the induction hypothesis, G — r contains a Hamilton path P starting from r’.
Then 77’ P is a Hamilton path of G starting from r, and the statement holds.

So we assume that G — r is separable, i.e., has a cut vertex. We consider
the blocks of G — r, i.e., the maximal subgraphs of G — r that do not have a
cut vertex, so these blocks are either isomorphic to K5 or 2-connected. We
say that a block is trivial if it is isomorphic to Ko. An end block is a block
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containing exactly one cut vertex of G — r; the other blocks are called inner
blocks. Except for the cut vertex, all other vertices of an end block are called
mner vertices.

Note that every end block of G — r contains an inner vertex adjacent to r,
and that G — r has at least two end blocks. Since G is claw-free, we deduce
that there are exactly two end blocks of G —r. This implies that the p+1 > 2
blocks of G — r can be denoted as By, Bi, B, ..., B, with cut vertices s;,
1 <1 <p,of G—r common to B;_1 and B;, and sy and s,41 two neighbors
of r contained in By — s1 and B, — s;, respectively.

We distinguish two main cases: there is a nontrivial inner block or all inner
blocks are trivial. In the former case we need basically separate approaches
except if we assume another nontrivial block. We complete this section by
first treating the common subcase that there is a nontrivial inner block and
another nontrivial block. We also give some generic observations for the other
subcases and treat the subcase that all inner blocks are trivial simultaneously.
The other subcases are treated in detail separately in Sections 7.5-7.7.

The case with a nontrivial inner block and another nontrivial
block

Suppose B, is a nontrivial inner block, where 1 < ¢ < p — 1. Here we deal
with the subcase that there is another nontrivial block B, (either inner or
end block). In this case, we only need the induction hypothesis. Let @, be a
shortest path in By from s, to sq4+1, and @, a shortest path in B, from s, to
Sr41. Since By (B,) is nontrivial and 2-connected, @, (Q,) must miss some
vertices in By (B;). Let Gy be the subgraph induced by V(G — B,) UV (Qy),
and let G, be the subgraph induced by V(G — B,) UV (Q,). By the induction
hypothesis, G, contains a Hamilton path H, starting from r. Clearly s, and
5¢+1 are two cut vertices of G, — r, so the subpath Q; of H, from s4 to sq41
is a Hamilton path of B,. Similarly, G, contains a Hamilton path H, starting
from r, and @, is the subpath of H, from s, to s411. Let P be the path
obtained from H, by replacing @, by Qf]. Then P is a Hamilton path of G
starting from r, and the statement holds.

This completes the proof for Theorems 7.5-7.7 in case G — r contains a
nontrivial inner block and another nontrivial (inner or end) block.
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The case with one nontrivial inner block and all other blocks
trivial

Next we assume that all the blocks of G’ — r other than B, are trivial. Then
the structure of the blocks implies that it is sufficient to show that there exists
a Hamilton path in B, between s, and s411. The subcases can be treated by
first analyzing the structure of the neighborhoods of s, in B, — s441 and then

using Lemma 2.

Set
Ni={u € By — 5441 :dB,—s,.,(u,54) =i}, and j = max{i: N; # 0}.

Note that Ng = {s,} and N1 = Np_(s4) \ {5441}

Recall that B, is nontrivial, hence it is 2-connected. First we prove the
following easy common observation.

Observation 1. Np_(s) is a clique and Np,(sq41) is a clique.

Proof. If there are two neighbors z and 2’ of s; in By such that z2’ ¢ E(G),
then the subgraph induced by {sq, Sq—1, 2,2’} is a claw, a contradiction. Sim-
ilarly we can prove that Np, (sq+1) is a clique. O

Note that Lemma 3 implies that N; is a clique. To analyze the structure
of the other NV; we use slightly different arguments depending on the forbidden
subgraph F'. Although there is a lot of commonality, in Sections 7.5-7.7 we use
the above set-up and notation, and treat the subcase that the inner block B,
is nontrivial and all other blocks are trivial separately for Theorems 7.5-7.7.

In the three different proofs for this subcase, we will implicitly prove the
following technical lemma. We state it here already because we want to apply
it in the next subcase as well. It will be clear from Sections 7.5-7.7 that
the proof of this lemma is different for the different choices of the forbidden
subgraph F', and that it would have been a bad idea to include the proof at
this point.

Lemma 3. Let G be a 2-connected { K 3, F'}-free graph, where F' = B 4, By 3
or Ni13. Let H be an induced 2-connected subgraph of G, and let r,s be a

pair of distinct vertices of H. Suppose:
(1) Ng(r) is a clique;
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(2) Ng(s)\ {r} is a clique;

(8) there is an induced path P in G of length at least 3 with origin r,
with V(P)NV(H) = {r}, and such that in G there are no edges joining
V(H)\ {s} and V(P) except the first edge of P;

(4) if the distance between r and s in H is at least 4, there is a neighbor
of r outside H that is nonadjacent to V(H) \ {r}.

Then H has a Hamilton path between r and s.

The case that all inner blocks are trivial

In the final case we assume that all inner blocks of G — r are trivial. If p > 2,
we let @ be the (unique) path from s; to s, with all internal vertices outside
By U By; if p =1, we let () consist of s;. We recall that By is either trivial
or 2-connected. Using the induction hypothesis in the latter case, this implies
that there is a Hamilton path in By starting from s;. Similarly, there is a
Hamilton path in B, starting from s,. If there exists a Hamilton path in
By U {r} from r to s1, then combining it with @ (if p > 2) and the Hamilton
path in B, starting from s,, we obtain a Hamilton path in G starting from r.
By symmetry, it is sufficient to prove the claim that there is a Hamilton path
in By U {r} from r to s; or a Hamilton path in B, U {r} from r to s,,.

If By or B), is trivial, then the claim clearly holds. So we assume that
neither By nor B, is trivial.

If 7 has only one neighbor sy in By, then let B = By and 19 = so; otherwise
let B{, be the subgraph induced by By U {r} and let ry = r. Analogously, if
r has only one neighbor s,;1 in B, then let le) = By, and 7rpy1 = Spy1;
otherwise let B, be the subgraph induced by B, U {r} and let r,41 = 7. Now
it is sufficient to prove that B{, contains a Hamilton path from ry to sq, or BI’,
contains a Hamilton path from 7,1 to sp.

By our choice of By and By,, we have that Bj and B, are both 2-connected.
Moreover, we can prove the following two observations by only using the claw-
freeness of G.

Observation 2. Np: (ro)\{s1}, Np; (s1)\{ro}, Np; (sp)\{rp+1} and Np; (rp+1)
\{sp} are all cliques.

Proof. Suppose that Np, (ro) \ {s1} is not a clique. Let x,2’ be two neighbors
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of ro in B, — s1 that are nonadjacent. If 7y = v, then the subgraph induced
by {v,spt1,2,2'} is a claw, a contradiction. If g = so, then the subgraph
induced by {sg,v,z,2'} is a claw, a contradiction.

The other assertions can be proved in a similar way. O

Observation 3. Np, (ro) or Np; (rp41) is a clique. Moreover, if ros1 ¢ E(G)
or rpt18p & E(G), then both Np; (ro) and Np (rp11) are cliques.

Proof. Suppose that Np (ro) is not a clique. Let z,2’ be two neighbors of
ro in Bj that are nonadjacent. By Observation 2, either x = s; or 2/ = s;.
Without loss of generality, we assume that 2’ = s;.

If ro = sg, then by our choice of By, vsi,ve ¢ E(G) and the subgraph
induced by {so,v,x,s1} is a claw, a contradiction. Thus we have that rog = v.
If s15p+1 ¢ E(G), then the subgraph induced by {v, sp+1,2,51} is a claw, a
contradiction. Thus we assume that s15,41 € E(G). This implies s; € By,
p = 1, and so there are only two blocks of G — v. Note that vs; € E(G), so
by our choice of Bf, 2 = v. Thus we have rgos; € E(G) and rpy15, € E(G).
In particular, if ros1 ¢ E(G) or rpy18, ¢ E(G), then Np, (ro) is a clique, and
by symmetry N, B, (rp+1) is a clique too, proving the second statement of the
observation.

Similarly, if we assume N B (rp+1) is not a clique, we also get that ry =
rp+1 = v, p =1 and vs; € E(G).

Moreover, if neither Np;(ro) nor Np;(rp+1) is a clique, then there is a
neighbor x of v in By — s that is nonadjacent to s; and a neighbor y of v in

B — s1 that is nonadjacent to s;. But in that case the subgraph induced by
{v,z,y,s1} is a claw, a contradiction. O

By Observation 3 and symmetry arguments, without loss of generality we
may assume that Np, (rpt+1) is a clique, and that the distance between 7 and
s1 in B is at least as large as between rp+1 and s, in B;).

Let Q" be the (unique) path from 7o to 7,41 (possibly consisting of one
vertex v only) outside By U B,,. Note that Q and Q" are disjoint. We prove
one more common observation.

Observation 4. If the distance between r,11 and s, in le7 s at least 4, then
there is a neighbor of r,11 outside B;) that is nonadjacent to sp.
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Proof. By our assumption, the distance between r¢ and s in Bj is also at
least 4. Let R’ be a shortest path in B, from r¢ to s;. Then R = Q'roR's1Q
is an induced path from 7,41 to s, outside B]’g and of length at least 4. Let
7,41 be the successor of 7,1 on R. Then 7, s, ¢ E(G). O

Now as in the set-up to Lemma 2, we set

N;={veB)—s: dpy s, (v,10) = i} and j = max{i : N; # 0}.

By Observation 2, NV; is a clique. We complete the proof by assuming that
there is no Hamilton path in B1/u from 7,11 to sp, and showing that this implies
that there exists a Hamilton path in B, from r¢ to s;. We start by proving
the following claim on the structure of V;.

Claim 1. j <2 and Ny is Ps-free.

Proof. If 7 > 3, then let = be a vertex in N3, and let R’ be a shortest path of
B{, — s1 from z to 9. Then R = Q'roR’ is an induced path with origin rpq
outside BI’J and of length at least 3. Using Lemma 3, we obtain a Hamilton
path of B{D from 7,41 to s,. Hence, j < 2.

Let zz'z” be an induced P3 in Ny. Let w be a neighbor of 2’ in N;. Then
either wx or wz” ¢ E(G); otherwise the subgraph induced by {w,rg,z,z"}
is a claw. Without loss of generality, we assume that wz” ¢ E(G). Then
R = Q'rowz'z" is an induced path with origin 7,11 outside B, and of length
at least 3. Now Lemma 3 again implies that there is a Hamilton path of B]’D
from 7,11 to sp. Hence we conclude that Ns is Ps-free. O

Claim 1 implies that every component of Ns is a clique. To complete this
subcase, we need one more observation on the existence of perfect paths.

Claim 2. Let H be a component of No. If s1 is not adjacent to H, then
H supports a perfect path to Ny; if s; is adjacent to H, then H supports a
perfect path to N7 and s7.

Proof. We first assume that s; is not adjacent to H. If H contains only one
vertex x, then by the 2-connectedness of G, x has at least two neighbors in
Ni. Let w and w’ be two neighbors of z in N7. Then R = wzw’ is a perfect
path of H to IV;.
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If H contains at least two vertices, then by the 2-connectedness of G, H is
joined to N7 by two independent edges. Let zw and 2’w’ be two such edges,
where z,2’ € H and w,w’ € Ny. Let R’ be a Hamilton path of H from z to
2’. Then R = wxR'z'w’ is a perfect path of H to Nj.

Suppose now that s is adjacent to H. Let s’ be a neighbor of s; in H. If H
consists of the vertex s’, then let w be a neighbor of s’ in N;. Then R = ws’s;
is a perfect path of H to N7 and s;. If there are at least two vertices in H,
then let x be a vertex in H other than s’. Let w be a neighbor of z in N1, and
let R’ be a Hamilton path of H from z to s. Then R = wxzR's's; is a perfect
path of H to N1 and s1. O

Using Claim 2, by Lemma 2 we conclude that there exists a Hamilton path
of B, from 7y to s1, completing this case.

By the arguments in this section, it remains to complete the proofs of the
three theorems only for the subcase that there is exactly one nontrivial inner
block B, and all the other blocks of G — r are trivial. We do this separately
for the three theorems in the following three sections.

7.5 Proof of Theorem 7.5

Let G be a 2-connected {K 3, By 4}-free graph. Adopting the notation and
set-up of the previous section we are going to prove that G has a Hamilton
path starting from a vertex r, in case G — r contains a nontrivial inner block
B, and all other inner and end blocks of G — r are trivial, so here we assume
that all the blocks other than B, are trivial.

Recall that it is sufficient to prove that B, contains a Hamilton path from
5¢ t0 S441. Suppose to the contrary that there is no such path. Set

Ni={v € By — s¢41: dB,—s,4,(v,54) =i}, and j = max{i: N; # 0}.

Note that Ng = {s,} and N1 = Np_(s4) \ {5441}

We already know from Observation 1 that Np_(s,) is a clique and Np_(s4+1)
is a clique. In particular, this implies that N is a clique. If 7 = 1, then let s’
be a neighbor of s,y in Nj. If Ny consists of the vertex ', then R = s;5"s411
is a Hamilton path of B, from s, to sgy1, a contradiction. If Ny contains at
least two vertices, then let x be a vertex in N7 other than s’, and let R’ be a
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Hamilton path of Ny from x to s’. Then R = sqzR’s's¢41 is a Hamilton path
of By from s4 to sg4+1, a contradiction. So there is nothing to prove if Ny = 0.
Hence we assume Ny # (). We complete the proof of this case by first proving
a number of claims.

Claim 1. rs; € E(G) and rsq4+1 € E(G).

Proof. Suppose that rs, ¢ E(G). Let @ be a shortest path from s, to sp41
containing rs,41 with all internal vertices outside B;. Then @ is an induced
path of length at least 3 containing r with all internal vertices outside B,.

Recall that N; is a clique. We first prove the following claim on the struc-
ture of IV;.

Claim 1.1. If N is a clique, then for every ¢ with 2 < < j, NNV, is a clique.

Proof. We use induction on ¢. For ¢ = 2, the assertion is true by assumption.
Thus we assume that 3 < i < j and N;_; is a clique.

Suppose that N; is not a clique. Let z and 2’ be two vertices in NN; such
that za’ ¢ F(G). If x and 2’ have a common neighbor in NV;_1, then let w be
a common neighbor of x and z’ in N;_1, and y be a neighbor of w in N;_s.
Then the subgraph induced by {w,y, z, 2’} is a claw, a contradiction. Thus x
and 2’ have no common neighbors in N;_1.

Let w be a neighbor of z in N;_; and w’ be a neighbor of 2’ in N;_;.
Then from the above we conclude that wz', w'z ¢ E(G), and by the induction
hypothesis, ww’ € E(G). Let v be a neighbor of w in N;_3. Then vw' €
E(G); otherwise the subgraph induced by {w,v,w’,z} is a claw. Let R be
a shortest path of B; — sq41 from v to s,. Then the subgraph induced by
{w' w2, 2} UV(R)UV(Q) is an N; 1, with £ > 4, so it contains an induced
B 4, a contradiction. O

So, if N5 is a clique, we can apply Lemma 2 and show the existence of a
Hamilton path in B, between s, and sq41, a contradiction.

Hence, we assume next that Vs is not a clique. We obtain more information
on the structure of N; by proving another set of claims.

Claim 1.2. If there is an induced Pj in U?:z N;, then the level of the center
vertex of the Ps is larger than that of at least one of its end vertices.
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Proof. Assuming the contrary, let zz’z” be an induced Pj in ngz N; such
that z’ is one of the vertices with the smallest level among the vertices in
{z,2',2"}. Throughout the section, we call such a Ps a bad Ps.

Suppose that ' € NV;, where i > 2. Let w be a neighbor of ' in N;_;. Then
either wx or wz” € E(G): otherwise the subgraph induced by {2/, w,z,z"}
is a claw. Without loss of generality, we assume that wz € E(G). Then
wz” ¢ E(G); otherwise letting y be a neighbor of w in N;_s, the subgraph
induced by {w,y,x, 2"} is a claw.

Let R be a shortest path from w to s, in By — sg41. Then the subgraph
induced by {z,z', 2"} UV(R)UV(Q) is a By ¢ with £ > 4, a contradiction. [

Claim 1.3. N, is Ps-free and ngg N; is P3-free.

Proof. If there is an induced Pj in Ns, then it is a bad Ps, a contradiction to
Claim 1.2. Thus Ny is Ps-free.

Let zz'2” be an induced Pj3 in U‘g:?) N;. Then by Claim 1.3, 2’ is not a
vertex with the smallest level in {x,2’,2"}. Without loss of generality, we
assume that x has the smallest level. Moreover, we choose the induced Ps in
UZ:3 N; subject to the other assumptions in such a way that the level of z is
as small as possible.

We claim that € N3. Assuming the contrary, suppose that x € N;, where
i > 4. Then 2’ € Nj;1. Let w be a neighbor of z in N;_;. Clearly w2’ ¢ E(G).
Thus wzxz' is an induced P in ngg N; such that w has a smaller level than x,
a contradiction to our choice of zz’z”. Thus as we claimed, x € N3 and then
' e Ny.

Now let w be a neighbor of 2 in No. We have that wz” ¢ E(G); otherwise
letting y be a neighbor of w in Ny, the subgraph induced by {w,y,z, 2"} is a
claw.

Let w’ be a vertex in Ny other than w. We claim that ww' € E(G).
Assume the contrary. Note that w and w’ have no common neighbors in Ny;
otherwise letting v be a common neighbor of w and w’ in Ny, the subgraph
induced by {v, sq, w,w'} is a claw. Let now v be a neighbor of w in N; and
v" be a neighbor of w’ in N7. Then v'w ¢ E(G) and the subgraph induced by
{v, 54, 8g-1,y,w,x,2’, 2"} is a By 4, a contradiction. This implies that w is
adjacent to all other vertices in Ns.

Let w’, w” be two vertices in Ny other than w. We claim that w'vw” € E(G).
Assume the contrary. If w'z € E(G), then by similar arguments as before we
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get that w' is adjacent to all other vertices in Na, and then w'w” € E(G). So
we assume that w'z ¢ F(G) and similarly w”z ¢ E(G). Then the subgraph
induced by {w,w’,w",x} is a claw, a contradiction.

We conclude that N is a clique, a contradiction. O

Claim 1.3 implies that every component of No and ngg N; is a clique. Our
next claims involve the connecting structure between such components.

Claim 1.4. Each component of N3 is joined to at most one component of
UJ_5 Ni; each component of [ J!_; N; is joined to at most two components of
No.

Proof. Let C be a component of Ny that is joined to at least two components
D and D' of | J/_3 N;. Let R be a shortest path from D to D’ with all internal
vertices in C. Then R contains a bad P3, a contradiction to Claim 1.2. Thus
every component of N is joined to at most one component of | J]_5 ;.

Let D be a component of ngg N; that is joined to at least three compo-
nents C, C" and C” of Ny. Let z, 2’ and z” be three vertices of C', C' and C”,
respectively, that are joined to D. Recall that any two vertices of {z, ', 2"}
have no common neighbors in Ny. Let w, w’ and w” be the neighbors of z, 2’
and x” in Ny, respectively.

If there is an induced path R of length at least 3 from x to z’ with all
internal vertices in D, then the subgraph induced by {w”, sq, sq—1,w} UV (R)
is an induced B;, with £ > 4, a contradiction. Thus we assume that all the
induced paths from x to 2’ with all internal vertices in D have length 2. Hence
z and 2’ have a common neighbor y in D. Similarly 2’ and 2" have a common
neighbor 3/ in D.

If 2"y € E(G), then the subgraph induced by {y,z,z’,2"} is a claw, a

contradiction. So 2"y ¢ E(G), and similarly zy’ ¢ FE(G), and the subgraph
induced by {w, sq, sq—1,, 2", 2", y,y'} is a B1 4, a contradiction. O

Claim 1.5. Let H be a component of ULQ N;. If sq41 is not joined to H,
then H supports a perfect path to N1; if 5441 is joined to H, then H supports
a perfect path to N1 and s¢41.

Proof. By Claim 1.4, one of the following situations applies to H:
(1) H consists of exactly one component C' of Ny; '
(2) H consists of one component C of Ny and one component D of  J]_4 N;;
or
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(3) H consists of two components C' and C’ of Ny and one component D
of ngg Nz

Case A. Situation (1) applies.

We first assume that s,41 is not joined to H. If C' has only one vertex
x, then by the 2-connectedness of GG, z has at least two neighbors in N7. Let
w,w’ be two neighbors of x in N;. Then R = wazw' is a perfect path of H to
Ni.

If C has at least two vertices, then by the 2-connectedness of GG, C' is joined
to N7 by two independent edges. Let zw and 2’w’ be two such edges, where
z,2' € C and w,w’ € Ny. Let R’ be a Hamilton path of C' from x to 2’. Then
R = wzR'z'w’ is a perfect path of H to Nj.

Suppose now that sg41 is joined to H. Let s’ be a neighbor of s441 in C.
If C' contains only the vertex s’, then let w be a neighbor of s’ in N;. Then
R = ws'sqq1 is a perfect path of H to Ny and sg¢1.

If C contains at least two vertices, then let  be a vertex in C other than
s', let w be a neighbor of x in Ny, and let R’ be a Hamilton path of C' from x
to s’. Then R = wzR's'sq11 is a perfect path of H to Ny and sg41.

Case B. Situation (2) applies.

We first assume that s,41 is not joined to H. Similarly as in the proof
of Case A, D supports a perfect path R’ to C. Let y and y be the two
end vertices of R'. By the 2-connectedness of G, C is joined to Nj by two
independent edges. Let zw and z’w’ be two such edges, where z,z’ € C and

/
w,w € Nj.

If x,2" and y,y’ are distinct pairs, then without loss of generality, we
assume that x # y,y'. If 2’ # y,y, then let T be a path of C from z to y
passing through all the vertices in C'\ {2/,4'}. Then R = waTyR'y'2'vw’ is a
perfect path of H to Ny. If 2/ = y or 3/, then without loss of generality, we
assume that #’ = y/. Let T be a path of C from z to y passing through all the

vertices in C'\ {z'}. Then R = waTyR'z'w’ is a perfect path of H to Nj.

Now we assume that z, 2’ and y, 1 are the same pair. If there is a third
vertex z” in C other that x and 2/, then let w” be a neighbor of ” in Nj.
Without loss of generality, we assume that w” # w. Then zw and z"w” are
two independent edges joining C' to Nj such that z,z” and y,vy’ are distinct
pairs. Then we can find a perfect path of H to N in the same way as before.
If we only have the vertices x and 2/ in C, then R = wzR'z’w’ is a perfect
path of H to IV;.
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Suppose now that sq11 is joined to H. If s4q; is joined to D, then let s
be a neighbor of s,41 in D. If |D| = 1, the case is similar to Case A, hence
we assume |D| > 2. By the 2-connectedness, not all vertices of C' have the
same common neighbor with s,;; in D. This implies that we can choose s in
such a way that there is an edge zy with z € D\ {s'} and y € C. Clearly, D
supports a perfect path R’ to C' and s441 with end vertex y in C. If there is a
second vertex x in C' other than y, then let w be a neighbor of z in N7 and let
T be a Hamilton path of C from z to y. Then R = waxTyR' is a perfect path
of H to N1 and sq41. If C has only one vertex y, then let w be a neighbor of
y in N7. Then R = wyR’ is a perfect path of H to Ny and Sq+1-

Suppose now that s is not joined to D but joined to C. Let s’ be a
neighbor of s,41 in C. Similarly as in the proof of Case A, D supports a
perfect path R’ to C. Let y and 3 be the two end vertices of R'.

If there is a vertex x in C other than y, 3y’ and s, then let w be a neighbor
of z in Ny. If s’ # y, 4/, then let T be a path of C' from x to y passing through
all the vertices in C'\ {¢/,s'}. Then R = waTyR'y's'sq11 is a perfect path of
H to N; and sgy1. If s =y or ¢/, then without loss of generality, we assume
that s’ = 4/. Let T be a path of C from x to y passing through all the vertices
in C'\ {y'}. Then R = wzTyR'y sq41 is a perfect path of H to N1 and sg41.

Now we assume that there are no vertices in C other than y,y’ and s'.
If & # y,y/, then let w be a neighbor of y in Ni. Then R = wyR'y's' sq41
is a perfect path of H to N; and sgy1. If s = y or ¢/, then without loss of
generality, we assume that s’ = /. Let w be a neighbor of y in N;. Then
R = wyR'y'sq+1 is a perfect path of H to Ny and sg41.

Case C. Situation (3) applies.

We first assume that s, 1 is not joined to H. If D contains only one vertex
y, then y has a neighbor in both C' and C’. Let z and 2’ be the neighbors of
y in C and C’, respectively. Then R’ = zyx’ is a perfect path of D to C' and
C'.

If D contains at least two vertices, then we claim that D is joined to C
and C’ by two independent edges. Let z and 2’ be two vertices in C and
C’, respectively, that are joined to D. If x and 2’ are joined to D by two
independent edges, then clearly D is joined to C and C’ by two independent
edges. Thus we assume that z and 2’ are adjacent to only one common vertex
y in D. Let ¢ be a neighbor of y in D. Then the subgraph induced by
{y,z,2',y'} is a claw, a contradiction. Thus, as we claimed, D is joined to
C and C’ by two independent edges. Let yx, 13’2’ be two such edges, where
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y,y € D, x € C and 2’/ € C’'. Let R” be a Hamilton path of D from y to y/'.
Then R’ = xyR"y'x’ is a perfect path of D to C and C’. Thus in any case, D
supports a perfect path R’ to C and C’. Let x and 2’ be the two end vertices
of R, where z € C and 2/ € C'.

If C contains only the vertex x, then let w = x; otherwise let w be a vertex
in C other than z. Let y be a neighbor of w in Ny, and let T' be a Hamilton
path of C' from w to z. If C’ contains only the vertex z’/, then let w' = 2/;
otherwise let w’ be a vertex in C” other than 2’. Let ' be a neighbor of w’ in
Ny, and let T” be a Hamilton path of C’ from z’ to w’. Note that C' and C’
have no common neighbors in Ny, so y # 3. Now R = ywTxzR'z'T'w'y is a
perfect path of H to Nj.

Suppose next that sqq; is joined to H. If sy is joined to C or C’, then
without loss of generality, we assume that s,1; is joined to C’, and that s’ is
a neighbor of so41 in C’. By similar arguments as before, there is a perfect
path R’ of D to C and C’. Let z and 2’ be the two end vertices of R’, where
x € C and 2’ € C'. If C contains only the vertex x, then let w = z; otherwise
let w be a vertex in C' other than x. Let y be a neighbor of w in Ny, and let
T be a Hamilton path of C from w to z. If s’ # 2/, then let 7" be a Hamilton
path of C’ from 2’ to s’. Then R = ywTzR'2'T"s'sq41 is a perfect path of H
to N1 and sq41. Now we assume that s’ = z/. If C’ contains only the vertex
o', then R = ywTxR'x's) ., is a perfect path of H to Ny and sg41. Thus we
assume that C’ contains a second vertex x” other than z’. Let 3 be a neighbor
of 2/ in R'. Then we have that 2"y’ € E(G); otherwise 2”2’y is a bad P3, a
contradiction to Claim 1.2. Thus R’ — 'z’ Uy/x” is a perfect path of D to C
and C’ such that s’ # 2”. Then we can find a perfect path of H to N7 and
Sg+1 by similar arguments as before.

Suppose now that s,4+1 is not joined to C' and C’, but that it is joined to D.
Then s,441 has no neighbors in any components of N since Np, (sq+1) \ {54}
is a clique and D cannot be joined to three components of No. Let x be a
vertex in C joined to D, let w be a neighbor of x in Ny, let 2’ be a vertex
in C” joined to D, and let w’ be a neighbor of 2/ in Nj. Note that s,41 has
no neighbors in Ny since Np, (sq+1) \ {54} is a clique, and s;s5441 ¢ E(G)
since Np,(sq) is a clique. Thus the distance between s, and sqy1 in By is at
least 4. Note that s,—1 is a neighbor of s, outside By and sq_15441 ¢ E(G).
If the distance between z and s;41 in D U {x,s441} is at least 3, then let
R be a shortest path from x to s;41 with all internal vertices in D. Then
the subgraph induced by {w’,sq, sq—1,w} U V(R) is a Byy with ¢ > 4, a
contradiction. Thus we assume that z and s441 have a common neighbor y in
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D. Similarly, 2’ and s44+1 have a common neighbor 3’ in D. If 2’y € E(G),
then the subgraph induced by {y,z,2’, sq41} is a claw, a contradiction. Thus
we assume that 2’y ¢ E(G) and similarly zy’ ¢ FE(G). Then the subgraph
induced by {sq+1,v',2',y, z, w, ¢, Sq—1} is a By 4, a contradiction. O

By Claim 1.5 we can apply Lemma 2 to obtain a Hamilton path of B, from
8¢ t0 8441, a contradiction.

Thus, vsq € E(G). The second assertion follows by symmetry. O

We note here that in the above argumentation we have implicitly proved
Lemma 3 in case I’ = B 4.

By Claim 1, rsq, 78441 € E(G). If p > 3, G contains a claw centered at r,
a contradiction. So p = 2, ¢ = 1, and G — r consists of three blocks. Recall
that the two end blocks By and Bs are both trivial, so rsgsir and rssssr are
two triangles. We again obtain more information on the structure of N; by
proving the following claim.

Claim 2. j < 3, and N3 is Ps-free.

Proof. 1f j > 4, then let x be a vertex in N4, and let R be a shortest path
from x to s1 in By — s3. Then the subgraph induced by {s¢,7,s3} UV (R) is a
B 4, a contradiction. Thus j < 3.

Let z2'z” be an induced P in N3. Let w be a neighbor of 2’ in N, and let
v be a neighbor of w in Ny. Then either wz or wz” ¢ E(G); otherwise the sub-
graph induced by {w, v, z, 2"} is a claw. Without loss of generality, we assume
that wz” ¢ E(G). Then the subgraph induced by {so,r, s3,s1,v,w,z’, 2"} is
a B4, a contradiction. O

The next claim shows that s; and so are neighbors in Bj.

Claim 3. s1s2 € E(G).

Proof. Assuming the contrary, let d be the distance between s; and s, in By,
and let Q) be a shortest path from s; to se in By. Then d > 2 and, since j < 3,
we have d < 4. We distinguish three cases according to the value of d.

Case A. d=2.

Let @Q = s1xsy. If G — x is 2-connected, then by the induction hypothesis,
G — x contains a Hamilton path P’ starting from r. Clearly s; and sy are two
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cut vertices of G — r. Thus the subpath R’ of P’ from s; to sy is a Hamilton
path of By — z. Let s’ be the neighbor of s; in R’. Then zs’ € E(G) and
R = R — 515’ Usjas’ is a Hamilton path of B; from s; to s9, a contradiction.
Thus there is another vertex y such that {x,y} is a cut.

First note that {z,r} is not a cut, since the only cut vertices of G — v are
s1 and s3. Thus y # r. Recalling that s;se ¢ E(G), by Lemma 1, s; and so
are not in a common component of G —{z,y}. Since sirss is a path from s to
s2 not passing through x, we have that either y = s; or y = so. Without loss
of generality, we assume that y = s1. Let H and H' be the two components of
G — {z,s1}, where r € H. Let v be a vertex in H', and let R be an arbitrary
path of G from v to s3. Then R will pass through either x or s;. Note that sy
has only two neighbors r and sg in H. If R does not pass through z, then it
will pass through either the edge s1r or the subpath sjsgr. This implies that
{z,r} is a cut, a contradiction.

Case B. d = 3.

Let @ = syxyse. Similarly as in Case A, we can prove that there is a
vertex v such that {z,v} is a cut, and v # r, s1 or sa. Since s and y are both
neighbors of x but s1y ¢ F(G), they are not contained in the same component
of G — {z,v}. Since sirsay is a path from s; to y not passing through z, we
get that v =y.

Let H be the component of G —{x, y} not containing r. Note that Np, (s1)
and Np, (s2) are disjoint; otherwise we have d = 2. If = has a neighbor z
outside {s1} U Np, (s1) U H, then let z’ be a neighbor of z in H; in this case
the subgraph induced by {z, s1, 2, 2’} is a claw, a contradiction. Thus all the
neighbors of z are in {s;} U Np, (s1) U H, and similarly, all the neighbors of y
are in {s2} UNp, (s2) UH. Let 2’ be a vertex in Np, (s1) other than z, and let
y' be a vertex in Np, (s2) other than u. Then ¢’ ¢ H, hence y'z ¢ E(G).

If there is a vertex in Bj other than {si,s2} U Np,(s1) U Np,(s2) U H,
then without loss of generality, we assume that z is such a vertex and za’ €
E(G). Then the subgraph induced by {s3,v,so,s2,u,z,2’,2} is a Bia, a
contradiction. Thus we assume that there are no vertices in By other than
{81, 82} U NBl(Sl) U ]VB1 (82) UH.

If H contains a vertex that is nonadjacent to x, then let 2z’ be a vertex
with distance 2 from z in H, and let z be a common neighbor of z and 2’
in H. Then the subgraph induced by {s3,s2,u,v,s1,2,2,2'} is a B, a
contradiction. Thus we assume that every vertex in H is adjacent to z. Then
by Lemma 1, H is a clique.
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Let R’ be a Hamilton path of H U{z,y} from z to y, let T be a Hamilton
path of Np, (s1) from z to 2/, and let 7" be a Hamilton path of N, (s2) from
y toy'. Then R = s12'TxR'yT'y so is a Hamilton path of By from s1 to so, a
contradiction.

Case C. d = 4.

Let Q = sjzyzsy. Similarly as in Case B, we have that either {x,y} or
{z,z} is a cut. We claim that {x, z} is a cut. Assuming the contrary, {x,y}
is a cut, and similarly {y,z} is a cut. Let H be the component of G — {z,y}
not containing r, and let H' be the component of G — {y, z} not containing r.
If H and H' share a common vertex v, then there is a path between x and z
through v with all internal vertices in H U H', implying that r is in the same
component of G—{y, z} as v, a contradiction. So H and H' are disjoint. Then
every neighbor of y is in either HU{z} or H'U{z}. Thus every path of G from
y to r passes through either z or z, and then {z, z} is a cut, a contradiction.

Let 2’ be a vertex in Np,(s1) other than x. Then 2’y ¢ E(G) and the
subgraph induced by {s3,v, so, s2, 2, y, 2,2’} is a Bj 4, a contradiction. O

By Observation 1 and Claim 3, N, (s2) \ {s1} = Np,(s1) \ {s2} = N1.

Our next claim shows that the vertices of N7 can be paired into vertex
cuts, as follows.

Claim 4. For every vertex x € Ny, there is a unique vertex 2’ € N1\{z} such
that {z,2'} is a cut.

Proof. Assume that there are no such vertices. Similarly as in the proof of
Claim 3, we have that x is contained in a cut {z,y} with y # r, 51 or so. It is
easy to check that y # sg or s3. Thus y € |JI_, N;. Let H be the component
of G — {z,y} not containing r, and let @) be a shortest path from x to y with
all internal vertices in H.

Let R be a shortest path in G — x from y to Ny, and let 2’ be the end
vertex of R other than y. Similarly as in the proof of Claim 3, 2’ is contained
in a cut {2/, y'} with a vertex y’ # s1. Let 2’ be the neighbor of 2’ in R. Note
that s; and 2’ are not contained in a common component of G —{a’,y'}. Note
that s12Q U R — 2’2’ is a path from s; to 2’ not passing through z’. We have
that ¥ must be a vertex in V(Q) UV(R) \ {z'}. By our assumption y' # .
If y € HU{y}, then let H' be the component of G — {2/, 4’} not containing
r. Then every neighbor of y will be either in H U {z} or in H' U {z'}. Hence
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every path from y to r will pass through either x or 2/, a contradiction. Thus
y e V(R)\ {z',y}.

Let T be the subpath of R from y to 3/, let H' be the component of
G — {2',9'} not containing r, and let 2’ be a neighbor of ¢’ in H’. Then the
subgraph induced by {sg,r,s3} UV(Q)UV(T) U {7’} is a By, with £ > 4, a
contradiction.

Thus we conclude that there is a vertex 2/ € Ny such that {z, 2} is a cut.

Let H be the component of G — {x, 2’} not containing r. We have that all

the neighbors of z in J/_, N; are in H; otherwise, let y be a neighbor of z in

H, and let ¥/ be a neighbor of z in Ug:2 N; \ H. Then the subgraph induced
by {z,s1,y,y'} is a claw. This implies that for any vertex z” in Ny \ {z,2'},
the pair {z,2”} is not a cut. O

By Claim 4, we can partition Nj into pairs such that each pair is a cut.
The next claim shows how we can pick up the vertices of components in paths
between the pairs.

Claim 5. Let {t,t'} be a cut of G such that ¢, € Ny, and let H be the
component of G — {t,t'} not containing r. Then there is a perfect path of H
to {t,t'}.

Proof. If H N N» contains only one vertex z, then by the 2-connectedness of
G, HN N3 =0 and zt,zt’ € E(G). Then R = txt’ is a perfect path of H to
{t,t'}. Next we assume that H N Ny contains at least two vertices. Note that
both ¢ and ' are adjacent to some vertices in H N No. We can divide H N Ny
into two nonempty subsets C' and C” such that every vertex in C' is adjacent
to t, and every vertex in C’ is adjacent to ¢'.

Recall that 7 < 3 and N3 is Ps-free, so every component of H N N3 is a
clique.

Claim 5.1. Let D be a component of H N N3. If D is joined to C' but not to
C’, then D supports a perfect path to C; if D is joined to C’ but not to C,
then D supports a perfect path to C’; and if D is joined to both C' and C’,
then D contains a perfect path to C' and C’.

Proof. Case A. D is joined to C' but not to C”.

If D contains only one vertex x, then by the 2-connectedness of G, x has
at least two neighbors in C. Let w,w’ be two neighbors of z in C. Then
R = wzw' is a perfect path of D to C.
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Now we assume that D contains at least two vertices. By the 2-connectedness
of G, D is joined to C by two independent edges. Let zw and z'w’ be two
such edges, where z,2’ € D and w,w’ € C. Let R’ be a Hamilton path of D
from z to 2/. Then R = wzR'z'w’ is a perfect path of D to C.

Case B. D is joined to C’ but not to C.
This case can be treated in a similar way as Case A.

Case C. D is joined to both C and C".

If D consists of the vertex z, then x has at least one neighbor in C' and in
C’. Let w be a neighbor of z in C, and let w’ be a neighbor of z in C’. Then
R = wzw' is a perfect path of D to C and C’.

Now we assume that D contains at least two vertices. Clearly D is joined
to C and C’ by two independent edges. Let zw and z’w’ be two such edges,
where z,2/ € D, w € C and w’ € C'. Let R’ be a Hamilton path of D from x
to #’. Then R = wxR'2'w’ is a perfect path of D to C' and C’. O

Let D = {D1,D>,..., Dy} be the set of components in H N N3 that are
joined to C but not to C’, let R; (1 <i < k) be a perfect path of D; to C, and
let x;, y; be the two end vertices of R;; let D' = {D}, D, ..., D;,} be the set of
components in H N N3 that are joined to C’ but not to C, let R, (1 <i < k)
be a perfect path of D) to C’, and let z,y, be the two end vertices of R; let

" ={D{,Dj,...,D},} be the set of components in H N N3 that are joined
to both C' and ', let R! (1 < i < k") be a perfect path of D} to C and C’,
and let =7, y! be the two end vertices of R/, where 2/ € C and yle .

We first assume that &” is odd. If D # (), then let w = x1; otherwise
let w = 2. Let T be a path from t to w passing through all the vertices
in C\ Ule{xi,yi} \ U {a/}. IE D' # 0, then let w' = Y)s; otherwise let
w = yku Let T" be a path from ¢ to w’ passing through all the vertices in

C,\Uz—l{xz’yz}\Uz—l{yz,} Then R =Tz Riyr - - kakykl‘ Rlyﬁlyg 5 ”
ol Ryl Ry, -+ 2 Ry y T is a perfect path of H to {t,t'}.

Next we assume that k” is even. If there is an edge joining C' to C’ such
that its two vertices are not the two end vertices of a common perfect path of
some component in D" (we call such an edge a good edge), then let 2z’ be a
good edge, where z € C and 2’ € C’. Note that z is possibly an end vertex
of a perfect path of some component in D or D”, or that it is not such an
end vertex, and that 2z’ is possibly an end vertex of a perfect path of some
component in D’ or D", or that it is not such an end vertex. So there are nine
different cases to consider. Here we only discuss two of the cases; for the other
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cases, a perfect path of H to {t,t'} can be found in a similar way.

If z is not an end vertex of a perfect path of some component in D
or D”, and 2’ is an end vertex of a perfect path of some component in
D', then without loss of generality, we assume that 2z’ = z}. If D # 0,
then let w = x1; otherwise, if D” # 0, then let w = z¥; otherwise let
w = z. Let T be a path from ¢ to w passing through all the vertices in
C\ U v} \ U {2/} \ {z}. Let T’ be a path from ¢ to y), pass-
ing through all the vertices in C” \ Uflzl{x;,yg} \ Uf’il{y;’} Then R =
Tz Ry - - xpRiyra] Ry vy Ry - -yl Ryl zai Ry -z, Ry y T is a
perfect path of H to {¢,t'}.

If both z and 2’ are end vertices of perfect paths of some components in
D", then note that zz’ is a good edge, so these vertices are not the end vertices
of a common perfect path. Without loss of generality, we assume that z = z
and 2’ = y{. If D # 0, then let w = x1; otherwise let w = 2. Let T be a path
from ¢ to w passing through all the vertices in C'\ ¥ {zs, vi} \ Uf;l{x;’ boIf
D' # (), then let w’ = y,,; otherwise let w’ = y}/,. Let T’ be a path from ¢’

to w’ passing through all the vertices in C’\ Uiil{xg,yg} \ Uf;l{y;’} Then
R = Ty Rygy xR RU RIS - Rt Ry - Ryl T i

a perfect path of H to {¢,t'}.

Next we assume that each edge joining C' to C is not a good edge.

If C is not joined to C’, then D" # (); otherwise ¢ will be a cut vertex of
G. If C is joined to C’, then we also have D" # (), since every edge joining C
to €’ is not good. Recall that we assume that k” is even, so we have k" > 2.

", 1!

Note that z{y),2ly) ¢ E(G); otherwise they are good edges. Thus
ty],tyy ¢ E(QG); otherwise the subgraph induced by {¢, s1, 25, y}'} or {t, s1, 27,
Y+ is a claw. Let R be a shortest path from 2! to y{ with all internal vertices
in D (possibly of length 1). Then the subgraph induced by {sg, r, s3, s1,t} U
V(R)U{y5} is a By with £ > 4, a contradiction. O

Let Ny = {x;, 2} : 1 <1i < k} such that for every ¢ with 1 <1i <k, {z;,2}}
is a cut. Let H; be the component of G — {z;, 2/} not containing v, and let
R; be a perfect path of H; to {z;,2}}. Then R = sjz1 Rz} - -z Rpx)s2 is a
Hamilton path of B from s; to s, our final contradiction.
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7.6 Proof of Theorem 7.6

Let G be a 2-connected {K 3, Ba3}-free graph. Adopting the notation and
set-up of Section 7.4 we are going to prove that G has a Hamilton path starting
from a vertex v, in case G'—r contains a nontrivial inner block B, and all other
inner and end blocks of G — r are trivial. Recall that it is sufficient to prove
that B, contains a Hamilton path from s, to s,41. Suppose to the contrary
that there is no such path. Set

Ni ={v € By — sq41:dB,—s,,,(v,5) = i}, and j = max{i : N; # 0}.

Note that Nog = {s,} and N1 = Np_(8¢) \ {5¢+1}-

We already know from Observation 1 that Np_(s,) is a clique and N, (sq+1)
is a clique. In particular, this implies that N7 is a clique. If No = (), there is
nothing to prove, so we assume No # (). We complete the proof of this case
by first proving a number of claims.

Claim 1. rs; € E(G) and rsq11 € E(G).

Proof. Suppose that rs, ¢ E(G). Let @ be a shortest path from s, to sp41
containing rs,41 and all internal vertices outside B,. Then @ is an induced

path containing r with all internal vertices outside B, and of length at least
3.

We consider the structure of N; and prove the following claim.

Claim 1.1. For every ¢ with 1 <i < j — 1, N; is a clique, and Nj is Py-free.

Proof. We use induction on i. We already know that V7 is a clique, so we
assume that 2 <7 < j— 1.

Let z be a vertex in N; that has a neighbor y in N;y1. Let 2’ be a vertex
in N; other than z. We first claim that xz’ € E(G). Assume the contrary.
Then x and z’ have no common neighbors in N;_ 1. Let w be a neighbor of
x in N;_1, and let w’ be a neighbor of 2’ in N;_;. Then wz',w'z ¢ E(G),
and by the induction hypothesis, ww’ € E(G). Let v be a neighbor of w in
N;_9. Then vw' € E(G); otherwise the subgraph induced by {w,v,w’, z} is a
claw. Let R be a shortest path of By — s441 from v to s;. Then the subgraph
induced by {w',w,z,y} UV(R)UV(Q) is a Byy with £ > 3, a contradiction.
Thus, as we claimed, z is adjacent to all other vertices in N;.
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Let 2/, 2" be two arbitrary vertices in N; other than z. We claim that
2’2" € E(G). Assume the contrary. If 2’y € E(G), then similarly as before,
2’ is adjacent to all other vertices in N; and 2’2" € F(G). Thus we assume
that 2’y ¢ F(G) and similarly 2"y ¢ E(G). Then the subgraph induced by
{z,2', 2"y} is a claw, a contradiction.

Thus N; is a clique.

Let za'2”2" be an induced Py in Nj. Let w be a neighbor of  in N;_q,
and let w” be a neighbor of " in N;_;. Then wz” ¢ E(G); otherwise let v be
a neighbor of w in N;_5. Then the subgraph induced by {w, v, z, 2"} is a claw.
Similarly, wz"”, w"z,w" 2" ¢ E(G). If wa’ € E(G), then let R be a shortest
path of B, — 441 from w to s;. Then the subgraph induced by {z, 2", 2", 2" }U
V(R)UV(Q) is a Byy with £ > 3, a contradiction. Thus we assume that
wz' ¢ E(G), and similarly w"”'z” ¢ E(G). Let v be a neighbor of w in N;_o.
Then w”'v € E(G); otherwise the subgraph induced by {w, v, w”, z} is a claw.
Let R be a shortest path of B, —s441 from u to s4. Then the subgraph induced
by {w"” w,z, 2’} UV(R)UV(Q) is a Byy with £ > 3, a contradiction.

Thus Nj is Py-free. ]

We next prove the following claim on the existence of perfect paths.

Claim 1.2. Let H be a component of Nj;. If 5,41 is not adjacent to a vertex
of H, then H supports a perfect path to N;_1; if s411 is adjacent to a vertex
of H, then H contains a perfect path to N;_1 and sg1.

Proof. We distinguish three cases.
Case A. H contains only one or two vertices.

We first assume that s,y is not adjacent to H. If H contains only one
vertex x, then by the 2-connectedness of GG, x has at least two neighbors in
Nj_1. Let w and w’ be two neighbors of z in N;j_;. Then R = wzw' is a
perfect path of H to Nj_;. If H contains two vertices z and z’, then by the
2-connectedness of G, z and z’ are joined to Nj_; by two independent edges.
Let zw and z’w’ be two such edges. Then R = wxz'w’ is a perfect path of H
to Njfl.

Suppose now that s, 1 is adjacent to H. If H contains only one vertex z,
then x is adjacent to s,41. Let w be a neighbor of x in N;_;. Then R = wxsg41
is a perfect path of H to N;j_; and sq11. If H contains two vertices z and 2/,
then without loss of generality, we assume that 2’s,41 € E(G). Let w be a
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neighbor of z in N;j_;. Then R = wza'sqq1 is a perfect path of H to Nj_;
and sg41.

Case B. H is 2-connected.

We use that N; is Py-free, and thus H is Pj-free and also N-free. By
Theorem 7.1, H contains a Hamilton cycle C.

We first assume that s,41 is not adjacent to H. By the 2-connectedness of
G, not all the vertices of H are adjacent to only one common vertex in N;_1.
Thus there are two vertices  and 2’ of H that are adjacent on C such that
x and 2’ are joined to N;_; by two independent edges. Let w and w’ be the
neighbors of « and z" in N;_; such that w # w'. Then R = C—za'U{zw, z'w'}
is a perfect path of H to N;_1.

Suppose now that sg41 is adjacent to H. Let s’ be a neighbor of sqy1 in
H, let x be a vertex in H that is adjacent to s’ on C, and let w be a neighbor
of zin Nj_;. Then R = C —xs' U{zw, s'sq11} is a perfect path of H to N;_;
and sg41.

Case C. H has a cut vertex.

Let x be a cut vertex of H. Obviously, H — = has exactly two components.
Let C and C’ be the two components of H — z. If there is a vertex in C' that
is nonadjacent to x, then let z be a vertex in C' with distance 2 from x in C,
let y be a common neighbor of x and z in C, and let 3’ be a neighbor of x in
C’'. Then zyzy is an induced Py in H, a contradiction. This implies that x
is adjacent to every vertex in C. If there are two vertices y, z in C that are
nonadjacent, then let 3y’ be a neighbor of x in C’; then the subgraph induced
by {x,y,z,y'} is a claw, a contradiction. Thus CU{z} is a clique and similarly
C’'U{x} is a clique.

We first assume that s, is not adjacent to H. Let y be a vertex in C
and let 3 be a vertex in C’. Let T be a Hamilton path of CU{x} from z to v,
let w be a neighbor of y in N;_1, let 77 be a Hamilton path of C" U {z} from
z to ', and let w’ be a neighbor of ¥ in N;_1. Then R = wyTzT"y'w' is a
perfect path of H to N;_;.

Suppose now that s,41 is adjacent to H. We claim that s;11 must be
adjacent to C or C’. Assuming the contrary, sq11 has only one neighbor x in
H. Let y be a vertex in C, and let ¢’ be a vertex in C’. Then the subgraph
induced by {z,y,v, sq+1} is a claw, a contradiction. Without loss of generality,
we assume that sq41 is adjacent to C’. Let s’ be a neighbor of s441 in C’, and
let y be a vertex in C. Let T' be a Hamilton path of C' U {z} from z to y, let
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w be a neighbor of y in N;_1, and let 7" be a Hamilton path of C' U {z} from
z to s'. Then R = wyTzT"s'sq41 is a perfect path of H to Nj_j and sqq1. O

The above claims and Lemma 2 imply that there exists a Hamilton path
of By from s4 to sq41, a contradiction. Thus we conclude that rs, € E(G).
The second assertion follows by symmetry. O

We note here that in the above argumentation we have implicitly proved
Lemma 3 in case F' = By 3.

By Claim 1, rsq, 78441 € E(G). If p > 3, G contains a claw centered at r,
a contradiction. So p = 2, ¢ = 1, and G — r consists of three blocks. Recall
that the two end blocks By and Bs are both trivial, so rsgsir and rssssr are
two triangles. We again obtain more information on the structure of N; by
proving the following claims.

Claim 2. j < 3, and N3 is Ps-free.

Proof. The proofs of the following implications are completely analogous to
the proofs of Claim 1.1 and 1.2, and the application of Lemma 2, and are
therefore omitted.

Claim 2.1. If N, is a clique, then for every ¢ with 2 <+¢ < j—1, N; is a clique
and Nj is Py-free.

Claim 2.2. If for every ¢ with 1 <7 < j —1, N; is a clique and Nj is Py-free,
then By contains a Hamilton path from s; to so.

Thus if Ns is a clique, then by Claims 2.1 and 2.2, there is a Hamilton path
of By from si to s, a contradiction. So we assume that No is not a clique.

If j > 4, then let z be a vertex in Ny, let y be a neighbor of z in N3, and let =
be a neighbor of y in Ny. Let 2’ be a vertex in Ny other than x. We claim that
xza' € E(G). Assume the contrary. Then z and 2’ have no common neighbors
in N1. Let w be a neighbor of z in Ny, and let w’ be a neighbor of 2’ in Ny.
Then w'z ¢ E(G), and the subgraph induced by {w’, s1,7,s3,w,z,y,z} is a
Bs 3, a contradiction. This implies that x is adjacent to all the other vertices
in NQ.

Now let 2’ and z” be two vertices in N, other than z. We claim that
2’2" € E(G). Assume the contrary. If 2’y € E(G), then similarly as before,
«’ is adjacent to all the other vertices in Ny, and then z'z” € E(G). Thus
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we assume that 2’y ¢ E(G), and similarly 2"y ¢ E(G). Then the subgraph
induced by {z,2’, 2", y} is a claw, a contradiction.

This implies that Ny is a clique, a contradiction. Thus j < 3.

Let yy'y” be an induced P3 in N3. Let z be a neighbor of 3/ in Ny. Then
x is nonadjacent to y or y”; otherwise, let w be a neighbor of x in Ny; then
the subgraph induced by {z,w,y,y"} is a claw. Without loss of generality, we
assume that zy” ¢ E(G). Then similarly as before, we can prove that Ny is a
clique, a contradiction. Thus N3 is Ps-free. ]

We next show that s; and sy are neighbors in Bj.

Claim 3. s1s9 € E(G)

Proof. Assume the contrary. Let d be the distance between s; and s, in B
and let ) be a shortest path from s to sg in B;. Then d > 2 and, since j < 3,
we have d < 4. We distinguish three cases according to the value of d.

Case A. d = 2.

Noting that we have not used By 4-freeness in Case A of the proof of Claim 3
in Section 7.5, this case can be proved completely analogously.

Case B. d = 3.

Let @ = sjzyse. Similarly as in Case B of the proof of Claim 3 in Sec-
tion 7.5, we can prove that {z,y} is a cut of G. Note that Np, (s1) and Np, (s2)
are disjoint; otherwise d = 2. Let H be the component of G — {z,y} not con-
taining r. Let 2’ be a vertex in Np, (s1) other than z, and let ¥’ be a vertex
in Np, (s2) other than y.

If there is a vertex in By other than {si,s2} U Np,(s1) U Np,(s2) U H,
then without loss of generality, we assume that z is such a vertex and zz’ €
E(G). Let 2 be a neighbor of y in H. Then the subgraph induced by
{s0,s1,2,2,7,82,y,2'} is a By 3, a contradiction. Thus we assume that there
are no vertices in B; other than {s1,s2} U Np,(s1) U Np, (s2) U H.

If H contains a vertex nonadjacent with x, then let 2’ be a vertex with
distance 2 from z in H, and let z be a common neighbor of x and 2’ in H. Then
the subgraph induced by {so,r,s2,9',s1,2,2,2'} is a Ba3, a contradiction.
Thus we assume that every vertex in H is adjacent to x. Then by Lemma 1,
H is a clique.

Let R’ be a Hamilton path of H U {z,y} from x to y, let T' be a Hamilton
path of Np, (s1) from z to 2/, and let 7" be a Hamilton path of N, (s2) from
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y toy'. Then R = s12'TxR'yT"y s5 is a Hamilton path of By from s1 to sg, a
contradiction.

Case C. d = 4.

Let Q = sjxyzse. Similarly as in Case C of the proof of Claim 3 in
Section 7.5, we can prove that {x,z} is a cut of G. Note that Np,(s1) and
Np, (s2) are disjoint and not adjacent; otherwise d < 3. Let 2’ be a vertex in
Np,(s1) other than x, and let 2’ be a vertex in Np, (s2) other than z. Then
the subgraph induced by {’, s1,r, s3,x,y, 2,2’} is a By 3, a contradiction. [J

By Observation 1 and Claim 3, Np, (s2) \ {s1} = Np, (s1)\ {s2} = N;. Our
next observation shows that N; can be partitioned into cut pairs.

Claim 4. For every vertex = € Nj, there is unique vertex ' € Ni\{z} such
that {z,2'} is a cut.

Proof. Assume the contrary. Similarly as in the proof of Claim 4 in Section 7.5,
there is a vertex y € (J/_, IV; such that {z,y} is a cut. Let H be the component
of G — {z,y} not containing r, and let R be a shortest path from z to y with
all internal vertices in H.

Let R’ be a shortest path in G — x from y to Ni, and let 2’ be the end
vertex of R other than y. Similarly as in the proof of Claim 4 in Section 7.5,
a’ is contained in a cut {2/, '}, and with the other vertex y' € V(R')\ {2/, y}.
Let T be the subpath of R’ from y to 3/, and let H' be the component of
G — {2',y'} not containing r.

Note that {z,z'} is not a cut by our assumption. Let R” be a shortest
path of G — {z,2'} from 7" to Ni, and let z” be the end vertex of R” in
Ni. Similarly as before, we have that z” is contained in a cut {z”,y"”}, and
with the other vertex y” € V(R”)\ {2",y,y'}. Let H” be the component of
G — {2”,y"} not containing r.

If T" passes through y”, then let 2z and 2’ be the two neighbors of 3" on
T’, and let z” be a neighbor of 3" in H”. Then the subgraph induced by
{y", 2,72, 2"} is a claw, a contradiction. Thus we assume that 77 does not pass
through y”.

Let 2’ be a neighbor of 4/ in H’. Then the subgraph induced by {z”, s1,r, s3}U
V(R)UV(T")U{%'} is a By with £ > 3, a contradiction.

Thus there is a vertex 2’ € Ny such that {z,2'} is a cut.
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One can prove the uniqueness similarly as in the proof of Claim 4 in Sec-
tion 7.5. O

By Claim 4, we can partition Nj into pairs such that each pair is a cut.
These pairs have a nice property with respect to perfect paths, as follows.

Claim 5. Let {t,t'} be a cut of G such that ¢,¢ € Ny, and let H be the
component of G — {t,t'} not containing r. Then there is a perfect path of H
to {t,t'}.

Proof. If H N N» contains only one vertex z, then by the 2-connectedness of
G, HN N3 = 0 and zt,zt’ € E(G). Then R = txt’' is a perfect path of H to
{t,t'}. Thus we assume that H N Ny contains at least two vertices. Note that
both ¢ and ' are adjacent to some vertices in H N No. We can divide H N Ny
into two nonempty subsets C' and C’ such that every vertex of C' is adjacent
to t and every vertex of C’ is adjacent to ¢'.

Recall that j < 3 and that N3 is Ps-free, so every component of H N N3
is a clique. The proof of the next observations is completely analogous to the
proof of Claim 5.1 in Section 7.5.

Claim 5.1. Let D be a component of H N N3. If D is joined to C' but not to
C’, then D supports a perfect path to C; if D is joined to C’ but not to C,
then D supports a perfect path to C’; and if D is joined to both C' and C’,
then D contains a perfect path to C' and C’.

We proceed similarly as in Section 7.5.

Let D = {D1,Ds,..., Dy} be the set of components in H N N3 that are
joined to C but not to C’, let R; (1 < i < k) be a perfect path of D; to C, and
let x;, y; be the two end vertices of R;; let D' = {D7, D5, ..., D;,} be the set of
components in H N N3 that are joined to C’ but not to C, let R, (1 <i <k/)
be a perfect path of D] to C’, and let «},y. be the two end vertices of R;; and
let D" = {DY,Dj,...,D},} be the components in H N N3 that are joined to
both C' and C’, let R} (1 <i < k") be a perfect path of D/ to C and C’, and
let 2/, y!' be the two end vertices of R/, where 2/ € C and vy € C".

1
If k" is odd, or k” is even and there is a good edge joining C' to C’, then
we can prove the assertion similarly as in Section 7.5. Thus we assume that
k" is even and that every edge joining C' to C’ is not good. Similarly as in
Section 7.5, note that £’ > 2.
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If C' is joined to C’, then without loss of generality, we assume that z}y] €

E(G). Let z be a nelghbor of 331 in DY, and let 2z’ be a neighbor of ¥4 in DJ.

Then we have vy, 24, y{, tyy  ty ¢ E( ) Bes&des we have that y}z € E(G)
otherwise the subgraph 1nduced by {z,t,y}, z} is a claw. Thus the subgraph

induced by {z,y!,y4, 2,z t, s1,50} is a Bg 3, a contradiction.

Now we assume that C is not joined to C’. Let R be a shortest path
from 2! to y{ with all internal vertices in D. Then the subgraph induced by
{xh,t,s1,50} UV (R) U{ysy} is a By with [ > 3, a contradiction. O

We complete the proof of this case by reaching our final contradiction, as

follows.

Let Ny = {x;, 2} : 1 <1i < k} such that for every ¢ with 1 <1i <k, {z;,2}}
is a cut. Let H; be the component of G — {x;, z,} not containing v, and let
R; be a perfect path of H; to {z;,2}}. Then R = syz1R12) - -z Ripx)s2 is a
Hamilton path of By from s; to sg, our final contradiction.

7.7 Proof of Theorem 7.7

Let G be a 2-connected {K; 3, Ni13}-free graph. Adopting the notation and
set-up of Section 7.4 we are going to prove that G has a Hamilton path starting
from a vertex v, in case G —r contains a nontrivial inner block B, and all other
inner and end blocks of G — r are trivial. Recall that it is sufficient to prove
that B, contains a Hamilton path from s, to s,41. Suppose to the contrary
that there is no such path. Set

Ni={v € By — sq41: dB,—s,4,(v,54) =i}, and j = max{i: N; # 0}.

Note that Nog = {s,} and N1 = Np_(s4) \ {5¢+1}-

We already know from Observation 1 that Np, (s,) is a clique and Np,(s4+1)
is a clique. In particular, this implies that V7 is a clique. There is nothing to
prove if No = (), so we assume Ny # (). We complete the proof of this case by

first proving a number of claims.

Claim 1. rs; € E(G); rsq+1 € E(G).

Proof. Suppose that rs, ¢ E(G). Let Q be a shortest path from s, to sp41
containing 75,41 and with all internal vertices outside B;. Then @ is an
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induced path with origin s, and internal vertices outside B, and of length at
least 3.

Note that V; is a clique. We first show that all N; are cliques.

Claim 1.1. For every 7 with 1 <+¢ < j, N; is a clique.

Proof. We use induction on ¢. The result is true for ¢ = 1. Thus we assume
that 2 <17 < 5.

Let « and 2’ be two vertices in N;. Suppose zz’ ¢ E(G). Then z and 2’
have no common neighbors in N;_;. Let w be a neighbor of x in NV;_1, and
let w’ be a neighbor of 2’ in N;_;. By the induction hypothesis, ww’ € E(G).
Let v be a neighbor of w in N;_5. Then w'v € E(G); otherwise the subgraph
induced by {w,v,w’, x} is a claw. Let R be a shortest path of By —s441 from v
to sq. Then the subgraph induced by {w,z,w’, 2’} UV(R)UV(Q) is an Ny 1 ¢
with ¢ > 3, a contradiction. Thus za’ € E(G), completing the proof. O

Using the above observations and Lemma 2, we conclude that B, contains a
Hamilton path from s, to sq41, a contradiction. Hence we get that rs, € E(G).
The second assertion follows by symmetry. O

We note here that in the above argumentation we have implicitly proved
Lemma 3 in case F' = Ny 1 3.

By Claim 1, rsq, 75441 € E(G). If p > 3, G contains a claw centered at r,
a contradiction. So p = 2, ¢ = 1, and G — r consists of three blocks. Recall
that the two end blocks By and By are both trivial, so rsgsir and rsqs3r are
two triangles. We again obtain more information on the structure of N; by
proving the following claims.

Claim 2. j <3, and if s1s9 € E(G), then N3 is Ps-free.

Proof. We first deduce that N is not a clique by showing the following.

Claim 2.1. If N is a clique, then for every ¢ with 2 < i < j, NNV, is a clique.

Proof. Let QQ = syrs3. Then @ is an induced path with origin s; and internal
vertices outside By and of length 2.

For ¢ = 2, the assertion is true by our assumption. So let i > 3, and
let  and 2’ be two vertices in N;. If 2’ ¢ E(G), then x and 2’ have no
common neighbors in V;_1. Let w be a neighbor of x in N;_1, and let w’ be
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a neighbor of ’ in N;_1. By the induction hypothesis, ww’ € E(G). Let v be
a neighbor of w in N;_5. Then w'v € E(G); otherwise the subgraph induced
by {w,v,w’,z} is a claw. Let R be a shortest path of By — sy from v to s.
Then the subgraph induced by {w,z,w’,2'} UV (R) U V(Q) is an Nj ;¢ with
¢ > 3, a contradiction. Thus z2’ € E(G), completing the proof. O

If for every ¢ with 1 < i < j, N; is a clique, then Lemma 2 implies that B,
contains a Hamilton path from s; to s9, a contradiction. So we assume that
Ny is not a clique.

Next suppose j > 4. Let z be a vertex in Ny, let y be a neighbor of z
in N3, and let & be a neighbor of y in Ny. Let 2’ be a vertex in Ny other
than z. We claim that xz’ € E(G). Assume the contrary. Then 2’y ¢ E(G);
otherwise the subgraph induced by {y,z,2’, 2} is a claw. Besides, x and z’
have no common neighbors in N;. Let w be a neighbor of x in Ny, and let w’
be a neighbor of 2/ in N;. Then wa/,w'z ¢ E(G), and the subgraph induced
by {s1, so,w’,2',w,z,y,z} is an Ny 1 3, a contradiction. This implies that x is
adjacent to all other vertices in No. Now letting 2’ and 2" be two vertices in Ny
other than z, we claim that 2/z” € E(G). Assume the contrary. If 2’y € E(G),
then similarly as before, ' is adjacent to all the other vertices in N1, and then
2’2" € E(G). Thus we assume that 2’y ¢ FE(G), and similarly 2"y ¢ E(G).
Then the subgraph induced by {z,2’,2”,y} is a claw, a contradiction. This
implies that Ny is a clique, a contradiction. Thus we get that j < 3.

Suppose now that s1so € E(G), and that yy'y” is an induced P3 in Ns.
Let x be a neighbor of 3’ in Ny. Then either xy or zy” ¢ FE(G). Without
loss of generality, we assume that xy” ¢ E(G). Let w be a neighbor of z in
Nj. Then sow € E(G); otherwise the subgraph induced by {s1, sg, s2, w} is a
claw. Now the subgraph induced by {s1, so, s2, s3,w,z,v’,y"} is an Ny 13, a
contradiction. O

We next show that s; and sy are neighbors in Bj.

Claim 3. s1s2 € E(G).

Proof. Assume the contrary. Let d be the distance between s; and s in By,
and let Q) be a shortest path from s; to se in By. Then d > 2 and, since j < 3,
we have d < 4. We distinguish three cases according to the value of d.

Case A. d=2.

Noting that we have not used By 4-freeness in Case A of the proof of Claim 3
in Section 7.5, this case can be proved completely analogously.
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Case B. d = 3.

Let @ = sjzyse. Similarly as in Case B of the proof of Claim 3 in Sec-
tion 7.5, we can prove that {z,y} is a cut of G. Note that Np, (s1) and Np, (s2)
are disjoint; otherwise d = 2. Let H be the component of G — {z,y} not con-
taining r. Let 2’ be a vertex in Np, (s1) other than z, and let ¥’ be a vertex
in Np, (s2) other than y.

If there is a vertex in By other than {si,s2} U Np,(s1) U Np,(s2) U H,
then without loss of generality, we assume that z is such a vertex and zx’' €
E(G). Then the subgraph induced by {s1, so,2’, z,x,y, s2,s3} is an Ny 13, a
contradiction. Thus we assume that there are no vertices in Bj other than
{81, 82} U NBl(Sl) U ]\fB1 (82) UH.

If H contains a vertex nonadjacent with x, then let 2z’ be a vertex with
distance 2 from z in H, and let z be a common neighbor of x and 2’ in H.
Then yz € E(G); otherwise the subgraph induced by {z,s1,y, 2} is a claw.
yz' ¢ E(G); otherwise the subgraph induced by {y,z, 2, s2} is a claw. Now
the subgraph induced by {y,v',z, 2/, x,s1,7,s3} is an Ny 13, a contradiction.
Thus we assume that every vertex in H is adjacent to x. Then by Lemma 1,
H is a clique.

Let R’ be a Hamilton path of H U {z,y} from x to y, let T' be a Hamilton
path of Np, (s1) from z to 2/, and let 7" be a Hamilton path of N, (s2) from
y toy'. Then R = s12/TxR'yT"y so is a Hamilton path of By from s; to s, a
contradiction.

Case C. d = 4.

Let Q = syjxyzss. Similarly as in Case C of the proof of Claim 3 in
Section 7.5, we can prove that {x,z} is a cut of G. Let 2’ be a vertex in
Np, (s1) other than z. Note that Np, (s1) and Np,(s2) are disjoint and not
adjacent; otherwise d < 3. There must be some vertex in B; other than
{s1,82} U Np,(s1) U Np, (s2) U H; otherwise {r,z} is a cut. Without loss of
generality, we assume that ¢y’ is such a vertex, and z'y’ € E(G). Then the
subgraph induced by {si, so, 2, vy, x,y, 2z, s2} is an Nj 1 3, a contradiction. [J

By Observation 1 and Claim 3, Np, (s2) \ {s1} = Np,(s1) \ {s2} = N1, and
by Claims 2 and 3, N3 is Ps3-free. Our next observation shows that N; can be
partitioned into cut pairs.

Claim 4. For every vertex € Ny, there is unique vertex ' € Nj\{z} such
that {x,2'} is a cut.
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Proof. Assume the contrary. Similarly as in the proof of Claim 4 in Section 7.5,
there is a vertex y € (}/_, IV; such that {z,y} is a cut. Let H be the component
of G — {z,y} not containing r, and let R be a shortest path from z to y with
all internal vertices in H.

Let R’ be a shortest path in G — x from y to Ni, and let 2’ be the end
vertex of R other than y. Similarly as in Section 7.5, 2’ is contained in a cut
{2/, y'} with the other vertex ¢y € V(R')\ {2/, y}. Let T” be the subpath of R’
from y to ¢/, let H' be the component of G — {z’, 3’} not containing r, and let
z' be a neighbor of 3/ in H'. Then the subgraph induced by {s1, sg, s2, s3} U
V(R)UV(T")U{z'} is an Ny 1 with £ > 3, a contradiction. Thus there is a
vertex 2/ € Ny such that {z,2} is a cut.

One can prove the uniqueness similarly as in the proof of Claim 4 in Sec-
tion 7.5. O

By Claim 4, we can partition Nj into pairs such that each pair is a cut.
These pairs have a nice property with respect to perfect paths, as follows.

Claim 5. Let {t,t'} be a cut of G such that ¢,¢ € Ny, and let H be the
component of G — {t,t'} not containing r. Then there is a perfect path of H
to {t,t'}.

Proof. 1If H N Ny contains only one vertex x, then by the 2-connectedness of
G, HN N3 = () and xt,zt’ € E(G). Then R = txt’ is a perfect path of H to
{t,t'}. Thus we assume that H N N» contains at least two vertices. Note that
both ¢ and ' are adjacent to some vertices in H N No. We can divide H N Ny
into two nonempty subset C' and C’ such that every vertex of C is adjacent
to t and every vertex of C' is adjacent to t'.

Recall that j < 3 and that N3 is Ps-free, so every component of H N N3
is a clique. The proof of the next observations is completely analogous to the
proof of Claim 5.1 in Section 7.5.

Claim 5.1. Let D be a component of H N N3. If D is joined to C' but not to
C’, then D supports a perfect path to C; if D is joined to C’ but not to C,
then D supports a perfect path to C’; and if D is joined to both C' and C’,
then D contains a perfect path to C' and C".

We proceed similarly as in Section 7.5.

Let D = {D1,Ds,..., Dy} be the set of components in H N N3 that are
joined to C but not to C’, let R; (1 <i < k) be a perfect path of D; to C, and
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let z;, y; be the two end vertices of R;; let D' = {D/, D5, ..., D}, } be the set of
components in H N N3 that are joined to C’ but not to C, let R, (1 <i <k/)
be a perfect path of D) to C’, and let z,y, be the two end vertices of R.; let
D" ={DY,Dj,...,D}.} be the set of components in H N N3 that are joined
to both C' and C’, let R/ (1 < i < k") be a perfect path of D} to C and C’,
and let 27, y! be the two end vertices of R/, where 2/ € C and y} € C'.

If £ is odd, or k" is even and there is a good edge joining C' to C’, then
we can prove the assertion similarly as in Section 7.5. Thus we assume that
k" is even and that every edge joining C' to C’ is not good. Similarly as in
Section 7.5, note that &’ > 2.

Let R be a shortest path from zf to ¢} with all internal vertices in DY.
Then the subgraph induced by {s1, so, s2, s3,t} UV (R) U{ys } is an Nj 1, with
¢ > 3, a contradiction. O

We complete the proof of this case by reaching our final contradiction, as
follows.

Let Ny = {x;, 2} : 1 <1i < k} such that for every ¢ with 1 <1i <k, {z;,z}}
is a cut. Let H; be the component of G — {z;,z}} not containing r, and let
R; be the perfect path of H; to {z;,z;}. Then R = siz R1 - - - xRy 52 is
a Hamilton path of By from s; to sg, our final contradiction.

7.8 Remarks

In this section we consider heavy subgraph conditions for a 2-connected graph
to be homogeneously traceable.

If a graph is Ps-heavy, then it is hamiltonian (see Chapter 6), and thus
homogeneously traceable. As before, it is not hard to see that the statement
‘every 2-connected S-heavy graph is homogeneously traceable’ only holds when
S = P3. Now we consider pairs of graphs {R, S} such that every 2-connected
{R, S}-heavy graph is homogeneously traceable.

First note that for each pair {K; 3, S}, with S = Py, Ps, C3, Z1, Z2, B, N
or W, every 2-connected {K1 3, S}-heavy graph is homogeneously traceable.

This can be deduced from the following theorem (see Chapter 6) and the fact
that every hamiltonian graph is homogeneously traceable.
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Theorem 7.8. Let R and S be connected graphs with R, S # P53 and let G be
a 2-connected graph. Then G being {R, S}-heavy implies G is hamiltonian if
and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1, Z3, B, N or
wW.

In fact, as we will show below, these are the only pairs with this property.

Theorem 7.9. Let R and S be connected graphs with R, S # P3 and let G be
a 2-connected graph. Then G being {R, S}-heavy implies G is homogeneously
traceable if and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1,
Zo, B, N or W.

Proof. The ‘if’ part of the theorem can be obtained from Theorem 7.8 imme-
diately. Now we prove the ‘only-if’ part of the theorem.

We first construct several graphs that are not homogeneously traceable
and are sketched in Figure 7.3.

Let R, S be the two connected graph from the statement in Theorem 7.9.
From Theorem 7.4 we can deduce that (up to symmetry) R = K3, and S is
an induced subgraph of By 4, Ba 3 or N 1 3.

Note that the graph G of Figure 7.3 is { K 3, Ps }-heavy, Ga is { K1 3, Z3}-
heavy and G3 is {K1 3, N1,1,2}-heavy, but that these graphs are not homoge-

neously traceable. Thus we conclude that S is not an induced supergraph of
Pg, Z3, or N17172. This implies S = P4, P5, Cg, Zl, ZQ, B, N or W. L]
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Figure 7.3: Some graphs that are not homogeneously traceable (II)
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Chapter 8

Heavy pairs for pancyclicity

8.1 Introduction

A graph G on n vertices is said to be hamiltonian if it contains a Hamilton
cycle, i.e., a cycle passing through all the vertices of G. If G contains cycles
of length k for every k with 3 < k < n, we say that G is pancyclic. Note
that a pancyclic graph is necessarily hamiltonian. Bedrossian [3] studied for-
bidden subgraph conditions for a 2-connected graph to be hamiltonian and to
be pancyclic. In his PhD thesis, he proved the following nice results, charac-
terizing all pairs of forbidden subgraphs for these properties. We note that
a connected Ps-free graph is a complete graph, and hence it is hamiltonian
and pancyclic if it has order at least 3. In fact, it is not hard to show that
the statement ‘every connected H-free graph is hamiltonian (pancyclic)’ only
holds if H = P3. The case with pairs of forbidden subgraphs (different from
P3) is much more interesting.

Theorem 8.1 (Bedrossian [3]). Let R and S be connected graphs with R, S #
Ps and let G be a 2-connected graph. Then G being {R, S}-free implies G is
hamiltonian if and only if (up to symmetry) R = K13 and S = Py, Ps, P,
Cg, Zl, ZQ, B, N or W.

Theorem 8.2 (Bedrossian [3]). Let R and S be connected graphs with R, S #
Ps; and let G be a 2-connected graph which is not a cycle. Then G being
{R, S}-free implies G is pancyclic if and only if (up to symmetry) R = K3
and S = P4, P57 Zl or ZQ.

157
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Forbidding pairs of graphs as induced subgraphs might impose such a
strong condition on the graphs under consideration that hamiltonian proper-
ties are almost trivially obtained. As an example, one easily shows that, apart
from paths and cycles, connected {K 3, Z; }-free graphs are only a matching
away from complete graphs, i.e., their complements consist of isolated vertices
and isolated edges. This is one of the motivations to relax forbidden sub-
graph conditions to conditions in which the subgraphs are allowed, but where
additional conditions are imposed on these subgraphs if they appear. Early
examples of this approach in the context of hamiltonicity and pancyclicity
date back to the early 1990s [4,12]. The idea to put a minimum degree bound
on one or two of the end vertices of an induced claw has been explored in [11].
Here we follow the ideas and terminology of [17] by putting an Ore-type degree
sum condition on at least one pair of nonadjacent vertices in certain induced
subgraphs. These degree sum conditions refer to one of the earliest papers
in this area, in which Ore [30] proved that a graph G on n > 3 vertices is
hamiltonian if the degree sum of any two nonadjacent vertices of G is at least
n.

The counterpart of Theorem 8.1 for heavy subgraphs was studied in Chap-
ter 6. For hamiltonicity of 2-connected graphs we obtained the following result
(see Chapter 6).

Theorem 8.3. Let R and S be connected graphs with R, S # P53 and let G be
a 2-connected graph. Then G being {R, S}-heavy implies G is hamiltonian if
and only if (up to symmetry) R = K13 and S = Py, Ps, C3, Z1, Z>, B, N or
w.

Is there a natural counterpart of Theorem 8.2 involving heavy subgraphs?
What can we say about the pancyclicity of graphs when we consider heavy
subgraph conditions instead of forbidden subgraph conditions? To start with a
negative observation, let us first consider the complete bipartite graph K, /3 , /2.
Note that every induced subgraph of K, /3, /o (other than P, and %) is heavy,
but K, /2n/2 is clearly not pancyclic. This implies that for any family H of
graphs, a 2-connected graph G (not being a cycle) cannot be guaranteed to
be pancyclic by imposing that G is H-heavy. As in existing degree condition
results for pancyclicity, we have to impose a slightly stronger degree condition
in order to exclude the above counterexamples.
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Imposing a natural slightly stronger Ore-type degree condition, we obtain
the following counterpart of Theorem 8.2.

Theorem 8.4. Let R and S be connected graphs with R, S # P3 and let G
be a 2-connected graph which is not a cycle. Then G being {R, S}-01-heavy
implies G is pancyclic if and only if (up to symmetry) R = Ky 3 and S = Py,
P5, Zl or ZQ.

The ‘only if’ part of the theorem follows almost directly from Theorem 8.2,
since H-free graphs are H-oi-heavy. For the ‘if’ part of the theorem, noting
that Py and Z; are both induced subgraphs of Zs, it is sufficient to prove the
following result.

Theorem 8.5. Let G be a 2-connected graph which is not a cycle. If G is
{K1 3, Ps}-01-heavy or {K 3, Zs}-01-heavy, then G is pancyclic.

The proof is by induction on the order n of the graph. Using Theorem 8.2,
we are done if G is { K 3, Ps}-free or { K1 3, Zs}-free, so we may assume there
is at least one pair of vertices with degree sum at least n + 1. Cycles of
length 3, 4 and 5 are easily obtained from the degree conditions, and cycles
of length n and n — 1 are easily obtained by using Theorem 8.3 directly, and
after establishing the existence of a vertex v whose removal does not affect the
2-connectedness and then using Theorem 8.3 on G — v. For the other cases,
we are done if we can find a vertex or a pair of vertices whose removal does
not affect the 2-connectedness and the degree sum conditions on remaining
pairs in the smaller graph. Assuming that such vertices or pairs of vertices do
not exist, forces a lot of structure on the vertex cuts S with |S| = 2 of G and
on the components of G — S, enabling us to prove Theorem 8.5. We postpone
the details of the proof of Theorem 8.5 to Section 8.3.

Let F' = P5 or ' = Z5. As we pointed out before, K, /3 ,,/ is a 2-connected
{K 3, F}-heavy graph which is not pancyclic. Another graph with this prop-
erty is K, /2,2 — € (the graph obtained from K, 5 ,,/» by deleting an arbitrary
edge). Apart from the cycles and these two types of graphs, we do not know
whether there exist any other graphs with the above properties, so we raise it
as an open problem.

Problem 8.1. Is there some graph G on n vertices other than Cy, K 2 /2
and K, /3 ,/2 — € such that G is {K1 3, P5}-heavy or {K7 3, Za}-heavy but not
pancyclic?
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8.2 Some preliminaries

In the next section we will prove Theorem 8.5. Before we do so, in this
section we introduce some additional terminology, and we will prove some
useful lemmas.

Let G be a graph. For a subgraph H of GG, when no confusion can arise
we also use H to denote the vertex set of H; and similarly, for a subset S of
V(QG), we also use S to denote the subgraph of G induced by S.

The following useful lemma is an easy exercise that can be found in [8], but
we do not know the precise origin of the result. We present it here without a
proof. A stronger result appeared in [5].

Lemma 1. Let G be a graph on n vertices, and let x be a vertex of G. If
d(x) > n/2 and G — x is hamiltonian, then G is pancyclic.

Our next result is a structural lemma on claw-o1-heavy graphs.

Lemma 2. Let G be a claw-o1-heavy graph on n > 4 vertices, and let x and
x' be two vertices of G. Then
(1) if z2’ € E(GQ) and d(z) + d(2') > n + 1, then za' is contained in a
triangle;
(2) if d(x) > (n+1)/2, then z is contained in a triangle; and
(3) if za’ ¢ E(G) and d(z) + d(z') > n+1, then
(a) x and x’ have at least three common neighbors in G, and
(b) x and 2’ are contained in a common quadrangle and a common pen-
tagon.

Proof. (1) Since d(z) + d(z') > n+ 1,  and 2’ have at least one common
neighbor y. Then zyz'x is a triangle containing xx’.

(2) Since d(x) > (n+1)/2 and n > 4, d(x) > 3. Let y,y',y” be three
neighbors of z. If yy' € E(G), then zyy'z is a triangle containing x. Next
assume that yy’ ¢ E(G), and similarly, yy”,y'y” ¢ E(G). Then the subgraph
induced by {z,y,v’,y"} is a claw. Since G is claw-01-heavy, there must be a
vertex in {y,y,y"} with degree at least (n+ 1)/2. Without loss of generality,
we assume that d(y) > (n+ 1)/2. Then d(z) + d(y) > n+ 1. By (1), zy is
contained in a triangle.

(3) Here we assume zz’ ¢ F(G) and d(x) + d(2')
have at most two common neighbors, then d(z) 4+ d(z’)

n+1. If x and o'

>
<(n—-2)+2=n,a
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contradiction. Thus z and 2’ have at least three common neighbors. We may
assume without loss of generality that d(z) > (n +1)/2.

Let y,v',7y” be three common neighbors of x and 2’. Then zyz'y'z is a
quadrangle containing = and z’. If yy' € E(G), then xyy'z'y"x is a pentagon
containing x and x’. Next assume that yy’ ¢ E(G), and similarly, yy”, y'y" ¢
E(G). Then the subgraph induced by {z,y,y/,y"} is a claw. Without loss of
generality, we assume that d(y) > (n+ 1)/2. Then d(z) + d(y) > n+ 1. By
(1), xy is contained in a triangle xyzz. Noting that z # /|y, xzyx'y'z is a
pentagon containing x and z’. O

Let G be a graph on n vertices. In the following, we call a vertex x a super
heavy vertex of G if d(x) > (n+ 1)/2, and we call a pair of vertices {z,y} a
super heavy pair of G if zy ¢ E(G) and d(z)+d(y) > n+1. Note that a super
heavy pair contains at least one super heavy vertex. The importance of the
existence of super heavy vertices for pancyclicity is already demonstrated by
Lemma 1. The next lemma relates the (non)existence of such vertices to the
structure of the neighborhood of a vertex cut.

Lemma 3. Let G be a 2-connected claw-o1-heavy graph, and suppose {r,s} is
a vertex cut of G. Then
(1) G —{r,s} has ezactly two components; and
(2) for any distinct neighbors x and x’ of r: x and z' are in a common
component of G — {r,s} if and only if xo’ € E(G) or {x,2'} is a super
heavy pair of G.

Proof. (1) If there are at least three components of G — {r, s}, then let H,
H’ and H” be three such components. Let x, 2’ and z” be neighbors of r in
H, H' and H", respectively. Then the subgraph induced by {r,z,2’,z"} is
a claw. Since z and 2’ have at most the two common neighbors r and s, by
Lemma 2, d(z) + d(2') < n. Similarly, d(z) + d(2") < n and d(z') + d(2") <
n, contradicting that G is claw-oj-heavy. Thus, G — {r, s} has exactly two
components.

(2) If z and 2’ are not in a common component, then clearly zz’ ¢ E(G),
and since z and 7’ have at most the two common neighbors r and s, by Lemma
2, d(z)+d(z') < n. Thus {z,2'} is not a super heavy pair. On the other hand,
if z and 2/ are in a common component, then let 2”7 be a neighbor of r in the
component not containing z and a’. If zz’ ¢ E(G), then the subgraph induced
by {r,z,2',2"} is a claw and d(z) + d(z") < n, d(2’) + d(2”) < n. Since G is
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claw-o1-heavy, d(z)+d(z') > n+1, so {z, 2} is a super heavy pair, completing
the proof of Lemma 3. 0

In the sequel, by the concept cut we always refer to a vertex cut with 2
vertices. A pair of vertices {z,y} is called a separable pair of G if x and y are
in distinct components of G — {r, s} for some cut {r, s} of G. So by Lemma
3, a separable pair cannot be a super heavy pair.

Let G be a 2-connected graph, let {r,s} be a cut of G, and let H be a
component of G — {r,s}. We call the subgraph induced by H U{r, s} a link of
G (this is called an {r, s}-component in [8]). For such a link, {r,s} is called
the bolt of the link, H is called the inside, and H' = G—{r, s} — H is called the
outside of the link. Let L be a link of G with bolt {r, s} and inside H. Then
if its outside H' = G — {r, s} — H is connected, then the subgraph induced by
H' U {r, s} is also a link, called the co-link of L, and denoted by L..

Note that if a link L has a co-link, then its co-link is unique, and L is the
co-link of its co-link. By Lemma 3, we see that if a graph G has connectivity
2 and is claw-o1-heavy, then every link of G has a co-link. It is convenient to
denote a link L with bolt {r, s} by L(r,s), and its co-link by L.(r,s).

The next series of lemmas provides some structural information on cuts
and links.

Lemma 4. Let G be a 2-connected graph, let L(r,s) be a link of G, and let
H be the inside of L. If {r',s'} is a cut of G with r', s’ € L, then there is a
component of G —{r',s'} contained in H.

Proof. If {r',s'} = {r, s}, then the result is trivially true. So we assume that
{r',s'} # {r,s}. Without loss of generality, we assume that r # ', s’. Note
that r has a neighbor in every component of G — {r,s}. Since r',s' € H,
every component of G — {r, s} other than H is contained in a component of
G — {r',s'} common to r (and also common to s if s # 7/, s'). Thus any other
component of G — {r’, s’} is contained in H. O

Let L be a link of a graph. A vertex of the inside (outside) of L is called
a vertex inside (outside) L.
Lemma 5. Let G be a 2-connected graph, let L = L(r,s) be a link of G, and

let © be a vertex inside L. If {x,y} is a cut of G for some vertex y outside L,
then
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(1) rs ¢ E(G), and r and s are in distinct components of G — {x,y};

(2) z is a cut vertex of L, and r and s are in distinct components of L — x;
and

(3) rx € E(G) and x is the only neighbor of r in H, or {r,x} is a cut.

Proof. (1) Let u be an arbitrary vertex inside L other than z. By the 2-
connectedness of G, there is a path from u to r or s not passing through z
with all internal vertices inside L. Similarly, for an arbitrary vertex v outside
L other than y, there is a path from v to r or s not passing through y with all
internal vertices outside L. Thus if rs € E(G) or if r and s are in a common
component of G — {z,y}, then G — {z,y} is connected, a contradiction.

(2) Let P be an arbitrary path of L from r to s. Note that P cannot pass
through y. By (1), P passes through z. This implies that z is a cut vertex of
L, and that r and s are in distinct components of L — x.

(3) Suppose that r has a neighbor 7' in L other than z. By (1), r and s
are in distinct components of G — {z,y}. Clearly r and " are in a common
component. Let P be an arbitrary path of G from 7’ to s. Thus P either
passes through x or passes through y. If P passes through y, then it also
passes through r. This implies that {r,z} is a cut. O

Lemma 6. Let G be a 2-connected claw-o1-heavy graph, let L = L(r,s) be
a link of G, let H be the inside of L, and let x be a vertex in H. Then the
following two statements are equivalent:

(1) rx € E(G) and x is the only neighbor of r in H, or {r,x} is a cut.
(1) sz € E(G) and x is the only neighbor of s in H, or {s,z} is a cut.

Proof. First assume that rz € E(G) and z is the only neighbor of r in H.
If st ¢ E(G) or s has at least two neighbors in H, then there is a neighbor
s’ # x of sin H. Let P be an arbitrary path of G from s’ to r. If P does
not pass through s, then every internal vertex of P is in H. Noting that r has
only one neighbor x in H, this implies that P then passes through x. Hence
{s,z} is a cut.

Suppose now that {r, z} is a cut. Let H. be the outside of L. Using Lemma
4, let H' be the component of G — {r,x} contained in H. If sz ¢ E(G) or s
has at least two neighbors in H, then let 7’ be a neighbor of r in H’, let /. be

a neighbor of r outside L, and let s’ be a neighbor of s inside L other than z.
Clearly s’ ¢ H'.



164 Chapter 8

We claim that every neighbor of r is either in H' U {z} or in H., U {s}.
Otherwise, let 7 be a neighbor of r in H — xz — H'. Then the subgraph

induced by {r,r',r., 7"} is a claw. It is easily seen that any pair of vertices

s ey
from {r’,r.,7"} is separable. By Lemma 3, the claw induced by {r,r’, 7., r"}

is not o;-heavy, a contradiction.

Recall that " and s’ are in distinct components of G — {r,z}. Let P be an
arbitrary path of G from 7’ to s’. Then P passes through either r or z. Also
recall that every neighbor of r not in H'U{z} is in H.U{s}. Thus if P passes
through r, then it will also pass through s. This implies that {s,z} is a cut.
This completes the proof of one direction of the lemma.

The opposite direction follows by symmetry. ]

A link L = L(r,s) is said to be simple if both r and s have at least two
neighbors inside L, and for every vertex x inside L, {r,z} and {s,z} are not
cuts. By Lemma 6, we can see that if L = L(r,s) is a link of a 2-connected
claw-o1-heavy graph, then L is simple if and only if r has at least two neighbors
inside L, and for every vertex x inside L, {r,z} is not a cut.

Lemma 7. Let G be a 2-connected claw-o1-heavy graph, let L = L(r,s) be a
link of G, and let H be the inside of L. Then L is 2-connected if and only if
rs € E(G) or L is simple.

Proof. First we assume that L has a cut vertex z. Clearly r and s are in
distinct components of L—x; otherwise z is a cut vertex of G. Thusrs ¢ E(G).
Moreover, if 7 has at least two neighbors in H, then let v’ be a neighbor of r
in H other than x. Let P be an arbitrary path of G from 7’ to s. If P does
not pass through r, then every internal vertex of P is in H. Note that x is a
cut vertex of L, and clearly ' and r are in a common component of L —x. P
will pass through z. This implies that {r,z} is a cut and L is not simple.

Suppose now that L is 2-connected. We assume that rs ¢ E(G). If r has
only one neighbor x in H, then clearly = is a cut vertex of L. So we assume
that r has at least two neighbors in H. If {r,z} is a cut of G for some x in H,
then let H' be the component of G — {r,z} contained in H, and let H, be the
outside of L. Let P be an arbitrary path of L from r to s. Similarly as in the
proof of Lemma 6, we can prove that every neighbor of r is either in H' U {z}
or in H.. Note that every internal vertex of P is in H. P must pass through
x. This implies x is a cut vertex of GG, a contradiction. So L is simple. O
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Let G be a 2-connected claw-o1-heavy graph, and let rzsr be a triangle
such that d(z) = 2, d(r) > 3, and d(s) > 3. Then by Lemma 7, we get
that G — x is 2-connected. Similarly, let rzysr be a quadrangle such that
d(x) =d(y) =2, d(r) > 3, and d(s) > 3. Then G — {x,y} is 2-connected.

Note that a simple link is not necessarily a minimal one. Now we prove
the following lemma.

Lemma 8. Let G be a 2-connected claw-o1-heavy graph, let L = L(r,s) be a
simple link of G, and let H be the inside of L. Suppose that there is a link L'
contained in H. Then there is a link L" (possibly equal to L') contained in H
and containing L' such that its co-link L is simple.

Proof. We consider a link L” contained in H and containing L’ with the largest
order. Let {r”,s"} be the bolt, H” the inside, and H/ the outside of L".

By Lemma 6, for each xz in H, {r,z} and {s,z} are not cuts. If 7" has
only one neighbor z in H/, then {s”,z} is a cut and x € H. Then H" U {r"}
is the component of G — {s”, x} contained in H, and the subgraph induced by
H"U{r",s" x} is a link contained in H and containing L’ with larger order
than L”, a contradiction. Thus we assume that r” has at least two neighbors
in H/, and similarly, s” has at least two neighbors in H/.

If {r",x} is a cut of G for some = € H/, then note that = # r, s, and by
Lemma 5, x ¢ H.U{r, s}, where H, is the outside of L. This implies x is inside
H. By Lemma 6, {s”,z} is a cut. Let H"” be the component of G — {r”, x}
contained in H. If H” is contained in H", then the subgraph induced by
H"U{r" 2z} is a link contained in H and containing L’ with larger order than
L", a contradiction. Thus we assume that H” is not contained in H"”. Note
that every neighbor of 7 is either in H”U{s"} or in H" U{z}. H"UH" U{r"}
is the component of G — {s”, x} contained in H, and the subgraph induced by
H"UH"U{r", s" x} is a link contained in H and containing L’ with larger
order than L”, a contradiction.

Thus we conclude that L” is simple. O

Let G be a 2-connected graph. If G — z is 2-connected for a vertex x of G,
then we call © a c-removable vertexr of G (a removable vertex with respect to
the connectivity condition); similarly, if G — {z,y} is 2-connected for a pair
of vertices {x,y} of G, then we call {z,y} a c-removable pair of G. Note that
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every vertex of a 3-connected graph is c-removable. Also note that every non-
removable vertex of a 2-connected graph is contained in a cut. The existence
of c-removable vertices and pairs plays a key role in our induction proof of
Theorem 8.5 in the next section. Here we prove a preliminary lemma on
c-removable pairs.

Lemma 9. Let G be a 2-connected graph on at least 5 wertices, and let
L=1L(r,s) and L' = L' (', s") be two 2-connected links of G that are internally-
disjoint. If x and x' are two c-removable vertices of G inside L and L', re-
spectively, then {x,x'} is a c-removable pair of G.

Proof. Let y be an arbitrary vertex of G — {z,2'}. We prove that G' =
G — {z,2',y} is connected.

If y is one of the vertices in {r, s,7’,s'}, then without loss of generality, we
assume that y = r. Then for every vertex u inside L with u # x, since x is
c-removable and {r, z} is not a cut, there is a path P of G —{r,z} from u to s.
Clearly, P does not pass through z’. This implies that u and s are connected
by the path P in G’. Similarly, for every vertex v outside L with v # 2/, since
2’ is c-removable and {r, 2’} is not a cut, there is a path @ of G — {r, 2} from
v to s that does not pass through x. This implies that v and s are connected
by the path @ in G’. Thus G’ is connected.

Now we assume that y is not a vertex of {r,s,r’,s'}. Without loss of
generality, we assume that y is outside L. Then for every vertex u inside L
with u # z, since L is 2-connected, there is a path P of L — x from u to r.
This implies that w and r are connected by the path P in G’. In particular, r
and s are connected in G’. Besides, for every vertex v outside L with v # 2/, y,
since 2’ is c-removable and {2/, y} is not a cut, there is a path Q of G — {r, 2’}
from v to r or s with all internal vertices outside L. This implies that v and
r or s are connected by the path @ in G’. Thus G’ is connected. O

Let G be a graph and let z be a vertex of G. If every super heavy pair
{u,v} of G, with u,v € V(G)\{z}, is also a super heavy pair of G—z (in terms
of the order of the new graph), then we call x a d-removable verter of G (a
removable vertex with respect to the degree condition). Let x, y be two distinct
vertices of G. If every super heavy pair {u,v} of G, with u,v € V(G) \ {z,y},
is also a super heavy pair of G — {z,y}, then we call {z,y} a d-removable pair
of G. For an induction proof the existence of vertices or pairs of vertices that
are both c-removable and d-removable is very favorable, as we will see in the
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next section. We finish this section with the following easy observations on
d-removable vertices and pairs.

Lemma 10. Let G be a graph, and let x,y be two distinct vertices of G.
Then

(1) if N(x) contains no super heavy pair of G, then x is a d-removable
vertex of G; and
(2) if x and y have no common neighbors, then {xz,y} is a d-removable pair

of G.

Proof. We use n to denote the order of G.

(1) Let G = G — z, and let {u,v} be an arbitrary super heavy pair of
G with u,v € V(G) \ {z}. If N(z) contains no super heavy pairs of G,
then at least one of w and v is not in N(z). Without loss of generality, we
assume that v ¢ N(z). Then dg/(u) = d(u) and dg/(v) > d(v) — 1. Thus
de(u) + dgr(v) > n. Since the order of G is n — 1, {u,v} is a super heavy
pair of G’. This implies that x is a d-removable vertex of G.

(2) Let G’ = G — {x,y}, and let {u,v} be an arbitrary super heavy pair of
G with w,v € V(G) \ {z,y}. If z and y have no common neighbors, then at
least one of ux and uy is not in E(G). Then dg(u) > d(u) — 1, and similarly,
de(v) > d(v) —1. Thus dgr(u) 4+ dgr(v) > n—1. Since the order of G is n— 2,
{u,v} is a super heavy pair of G’. This implies that {z,y} is a d-removable
pair of G. O

8.3 Proof of Theorem 8.5

Let G be a 2-connected { K7 3, Ps}-01-heavy or { K 3, Zs }-01-heavy graph that
is not a cycle, and let n = |V (G)|. We are going to prove that G is a pancyclic
graph by induction on n. If G contains only three vertices, then the result is
trivially true. So we assume that n > 4.

If G is {K13, Ps}-free or {K 3, Zy}-free, then by Theorem 8.2, G is pan-
cyclic. So we assume that G is neither {K; 3, Ps}-free nor {Kj 3, Zs}-free.
This implies that G contains at least one super heavy pair.

By Lemma 2, G contains a triangle, a quadrangle and a pentagon. Next
we are going to prove a number of claims. Our first claim establishes the
existence of long cycles.



168 Chapter 8

Claim 1. G contains a cycle of length n and a cycle of length n — 1.

Proof. Since G is { K1 3, Ps}-o1-heavy or { K 3, Z2}-01-heavy, by Theorem 8.3,
G is hamiltonian. So G contains a cycle of length n.

Let C be a Hamilton cycle of G, and let {r, s} be a super heavy pair of G.
Clearly {r, s} divides C into two subpaths. Recall from the definition of a super
heavy pair that rs € E(G). Let P = raxjxzo - - xs and Q = ry1ys2 - - - yes be the
two subpaths of C', where k+£+2 = n. If rag € E(G), then C' = C' —raxjax9U
rag (with the obvious meaning) is a cycle of length n—1. Thus we assume that
rxe ¢ E(G) and, similarly szy_1,7y2, sye—1 ¢ E(G). Since d(r)+d(s) > n+1,
there must be a vertex x;, 2 < ¢ < k — 1, such that rz;11,sx,—1 € E(G),
or a vertex y;, 2 < j < £ — 1, such that ry;i1,sy;—1 € E(G). Without loss
of generality, we assume that there is a vertex z;, 2 < ¢ < k — 1, such that
rTit1, sri—1 € E(G). Clearly z; is a c-removable vertex of G.

Let G’ = G —z;. Then G’ is 2-connected. Let {u,v} be an arbitrary super
heavy pair of G. Noting that dg/(u) > d(u) — 1 and dg(v) > d(v) — 1, we
have dg/(u) +dgr(v) > n—1. Since G’ has n—1 vertices, {u, v} is a heavy pair
of G', i.e., u,v are nonadjacent and with degree sum at least |V(G’)|. This
implies that G’ is {K1 3, Ps}-heavy or {K; 3, Zs}-heavy. Hence, by Theorem
8.3, G’ contains a Hamilton cycle, which is a cycle of length n — 1. O

By Lemma 2 and Claim 1, if n < 7, then G is pancyclic. So we assume
that n > 8. It suffices to prove that G contains a cycle of length k for all
ke [6,n— 2]

Suppose to the contrary that G does not contain cycles of all these lengths.
Our next claim shows that G has no vertices or vertex pairs that are c-
removable and d-removable at the same time.

Claim 2. G contains no vertices or pairs that are both c-removable and d-
removable.

Proof. If G contains a vertex = that is both c-removable and d-removable,
then G’ = G — z is 2-connected and {K 3, Ps}-01-heavy or {Kj 3, Za}-01-
heavy. By the induction hypothesis, G’ contains a cycle of length & for all
k € [3,n — 1], a contradiction. Similarly, if G contains a pair of vertices {z,y}
that is both c-removable and d-removable, then G’ = G —{x, y} is 2-connected
and {K 3, Ps}-o1-heavy or {K 3, Z2}-01-heavy. By the induction hypothesis,
G’ contains a cycle of length k for all k € [3,n — 2], a contradiction. O
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The next claim shows that super heavy vertices must be part of a cut of

G.

Claim 3. Every super heavy vertex of GG is contained in a cut.

Proof. Let r be a super heavy vertex of G. If r is not contained in any cut,
then r is c-removable and G — r is 2-connected. Similarly as in the proof of
Claim 1, we can prove that G —r is { K 3, Ps }-heavy or { K} 3, Z>}-heavy, and
hence hamiltonian. By Lemma 1, G is pancyclic, a contradiction. O

The following claim provides useful structural properties related to the
links of G.

Claim 4. Let L = L(r, s) be a link of G, and let H be the inside of L. Then
one of the following statements holds.

(1) H contains a c-removable vertex of G, or

(2) L is an induced path from r to s.

Proof. We use induction on |V(H)|. If H consists of only one vertex x, then
rz, sz € E(G). If rs € E(G), then by Lemma 7, G — z is 2-connected, hence
x is c-removable and (1) holds. If rs ¢ E(G), then L is an induced path rzs
and (2) holds. Thus we assume that H has at least two vertices. Suppose that
both statements of the claim do not hold. We prove a number of subclaims to
reach a contradiction.

Claim 4.1. There is a vertex in H with degree at least 3.

Proof. Suppose that every vertex of H has degree 2. If rs ¢ E(G), then L is
an induced path and (2) holds. So we assume that rs € E(G). If H consists of
two vertices x1 and x9, then by Lemma 7, G — {z1, z2} is 2-connected, hence
{z1,22} is a c-removable pair of G. By Lemma 10, {x1, 22} is a d-removable
pair of G, a contradiction to Claim 2. Thus we assume that H has k > 3
vertices.

Let rxzixo - - - xs be the path from r to s, where x; € H, 1 <1 < k. Note
that z; cannot be in a super heavy pair of G since d(x;) = 2. Let y be a
neighbor of r outside L and z be a neighbor of s outside L. Then yrxixoxs is
an induced Ps; which is not oj-heavy. At the same time, if sy € F(G), then
the subgraph induced by {r,s,y,x1,z2} is a Z which is not o;-heavy. Thus
G will be neither Ps-o1-heavy nor Zs-o1-heavy, a contradiction. So we assume
that sy ¢ F(G) and similarly, rz ¢ F(G). Then the subgraph induced by
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{r,s,y,x1}isaclaw. Thus d(s)+d(y) > n+1, and similarly, d(r)+d(z) > n+1.
This implies that d(r) + d(y) > n+ 1 or d(s) + d(z) > n + 1. Without loss
of generality, we assume that d(r) + d(y) > n + 1. Then by Lemma 2, ry is
contained in a triangle ryy’r. Now the subgraph induced by {y, v, r, z1, 22}
is a Z2 which is not o;-heavy, a contradiction. O

Claim 4.2. L is simple.

Proof. If r has only one neighbor x in H, then s has a neighbor in H other
than x; otherwise x would be a cut vertex of G. By Lemma 6, {s,z} is a cut.
Let H' be the component of G —{s,z} contained in H. Then L' = H' U{s, z}
is a link contained in L. Clearly, every vertex in L is either r or in L'. By
the induction hypothesis, either H' contains a c-removable vertex of G' or L'
is an induced path from s to xz. If L’ is an induced path from s to z, then
every vertex in H will have degree 2, a contradiction. Thus H’ contains a
c-removable vertex of (G, and it is also contained in H, a contradiction.

Thus we next assume that r has at least two neighbors in H, and similarly,
that s has at least two neighbors in H.

If there is a vertex x in H such that {r,z} is a cut, then by Lemma 6,
{s,z} is a cut. Let H' be the component of G — {r,x} contained in H, and
let H” be the component of G — {s,z} contained in H. Then L' = H' U{r,z}
and L” = H" U {s,x} are two links contained in L. Clearly, every vertex in
L is either in L' or in L”. If both L' and L” are induced paths, then every
vertex in H will have degree 2, a contradiction. Thus we assume that L’ or
L" is not an induced path. By the induction hypothesis, H' or H” contains a
c-removable vertex of G, and it is also contained in H, a contradiction. O

Claim 4.3. There is a link contained in H. Moreover, if H contains a super
heavy vertex, then there is a link contained in H and containing a super heavy
vertex.

Proof. Let x be an arbitrary vertex of H. If x is not c-removable, then x is
contained in a cut {z,y}. By Claim 4.2, {r,z} and {s,x} are not cuts. Thus
y #rory#s,and by Lemma 5, y € H. This implies that there is a link L'
contained in H (and containing x). In particular, if H contains a super heavy
vertex 7/, then there is a link L’ contained in H and containing z’. O

Here we continue the proof of Claim 4. By Lemma 8, there is a link
contained in H such that its co-link is simple. Moreover, if H contains a super
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heavy vertex x, then by Claim 4.3 there is a link contained in H and containing
. Then by Lemma 8, there is a link contained in H and containing = such
that its co-link is simple. Denote this link by L, let x be a vertex inside L’
and assume that x is super heavy if H contains the super heavy vertex x. Let
{r',s'} be the bolt, H' the inside, and H. the outside of L’. If H' contains
a c-removable vertex of G, then it is also a c-removable vertex contained in
H, a contradiction. So by the induction hypothesis, we assume that L’ is an
induced path.

If H' consists of only one vertex x, then since L, = G — z is simple,
by Lemma 7, x is a c-removable vertex of G, and it is also contained in H,
a contradiction. If H' consists of only two vertices 1 and x5, then since
L., = G — {1,292} is simple, by Lemma 7, {z1,x2} is a c-removable pair of
G and by Lemma 10, {x1,z2} is a d-removable pair of G, a contradiction to
Claim 2. Thus we assume that H’ contains k > 3 vertices.

Let r'xz125 - - - 78" be the path of L’ from 7’ to s’, where z; € H', 1 <1 < k.

Note that x; cannot be in a super heavy pair of G since d(z;) = 2. Let y be
a neighbor of 7" in H., and let z be a neighbor of s’ in H... Then yr'xixoxs is
an induced P5 of G which is not oj-heavy. At the same time, if 7’ is contained
in a triangle, then we assume that r’yy’r’ is a triangle. Then the subgraph
induced by {y,vy',r’,x1,22} is a Zy which is not oj-heavy, a contradiction.
Thus we assume that 7’ is not contained in a triangle. By Lemma 2, r’ is not
super heavy. Similarly, we get that s’ is not contained in a triangle and is not
super heavy. This implies that there are no super heavy vertices in H.

Since L/, is simple, 7’ has at least two neighbors in H.. Let ¢’ be a neighbor
of " in H! other than y. Note that ' is contained in no triangles, yy' ¢ E(G),
and the subgraph induced by {7, y,vy',21} is a claw. Since d(x1) = 2, either
y or y' is a super heavy vertex of G. Without loss of generality, we assume
that y is super heavy. Since H contains no super heavy vertex, v’ has at most
one neighbor in H — H', and y = r or y = s. Without loss of generality, we
assume that y = r. Note that r is a super heavy vertex. By Lemma 2, r is
contained in a triangle rtt'r.

If t € H, then {r’,t} is not a super heavy pair, since 7’ and ¢ are not super
heavy vertices. If t = s, then {r’,t} is not a super heavy pair, since ' has
at most one neighbor in H — H'. If t € G — L, then {r/,t} is not a super
heavy pair by Lemma 3. Similarly, {r/,¢'} is not a super heavy pair of G.
Thus the subgraph induced by {¢,t',r, 1,21} is a Z3 which is not o;-heavy, a
contradiction. O



172 Chapter 8

The next claim provides useful information on the existence of c-removable
vertices in the inside of a simple link.

Claim 5. Let L = L(r, s) be a simple link of G, and let H be the inside of L.
Then

(1) H contains a c-removable vertex of G;

(2) if H contains a vertex nonadjacent to 7, then H contains a c-removable
vertex nonadjacent to r; and

(3) if H contains a vertex nonadjacent to both r and s, then H contains a
c-removable vertex nonadjacent to both r and s.

Proof. By definition, a simple link cannot be an induced path. Hence, by
Claim 4, H contains a c-removable vertex of G. Thus (1) holds.

In order to prove (2), we assume that H contains a vertex, but no c-
removable vertices, nonadjacent to r. We first prove the following subclaim in
order to reach a contradiction.

Claim 5.1. There is a link contained in H. Moreover, if H contains a super
heavy vertex, then there is a link contained in H and containing a super heavy
vertex.

Proof. Let r' be an arbitrary vertex of H nonadjacent to r. By our assumption,
r’ is contained in a cut {r’,s’}. Since L is simple, s’ # r, s, and by Lemma 5,
s’ is not outside L. Now ', s’ € H. Let H' be the component of G — {r’, s’}
contained in H. Then the subgraph induced by H' U{r’, s’} is a link contained
in H (and containing r’). Moreover, if H contains a super heavy vertex r”,
then by Claim 3, r” is contained in a cut {r”,s”}. Similarly as in the above
analysis, we get that there is a link contained in H and containing r”. O

By Lemma 8, there is a link L’ contained in H such that its co-link L.,
is simple. Moreover, if H contains a super heavy vertex, L’ can be chosen in
such a way that it contains a super heavy vertex. Let {r’, s’} be the bolt and
H' be the inside of L'. Note that every vertex in H’ is nonadjacent to r. If
H' contains a c-removable vertex of GG, then the assertion is true. Thus, using
Claim 4, we assume that L’ is an induced path from 7’ to s’. Then similarly
as in the proof of Claim 4, we get that G contains a P5 and a Z5 that are not
o1-heavy, a contradiction.

The third assertion can be proved similarly. We omit the details. O
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Let r be a super heavy vertex of G. By Claim 3, G — r is separable, i.e.,
has a cut vertex, so we can consider the blocks of G — r, i.e., the maximal
subgraphs of G — r without a cut vertex (these blocks are either 2-connected
or isomorphic to K3). An end block of G — r is a block containing precisely
one cut vertex of G —r. Note that every end block of G — r contains an inner
vertex (a vertex that is not the cut vertex of G —r of that end block) adjacent
to r. Using Lemma 2 and Lemma 3, we deduce that there are exactly two
end blocks of G — r. This implies that the blocks of G — r can be denoted as
By, By, ..., By with cut vertices s;, 1 < i < k, common to B;_1 and B;.

Our next claim shows that G — r consists of two or three blocks.

Claim 6. k=1 or 2.

Proof. Suppose that k > 3. We prove the following subclaims in order to reach
a contradiction. The first subclaim shows that all the super heavy vertices # r
are concentrated in one block.

Claim 6.1. All the super heavy vertices of G other than r are contained in a
common end block of G — r.

Proof. Since r is super heavy, every other super heavy vertex is either adjacent
to r or forms a super heavy pair together with r.

Using Lemma 2 and Lemma 3, note that every neighbor of r is either in
By or in By, and every vertex in Uf;ll B; — {s1, s} has at most two neighbors
in common with r. This implies that every super heavy vertex other than r is
either in By or in By,.

Note that £ > 3. A vertex in By and a vertex in Bj, have at most two
common neighbors, so they cannot be super heavy at the same time. Thus
all the super heavy vertices of G other than r are contained in a common end

block of G — r. O

Using Claim 6.1, without loss of generality, we assume that every super
heavy vertex of G other than r is in By. We reach a contradiction by proving
two subclaims, showing that G has an induced P and an induced Z5 that are
both not o;-heavy, respectively.

Claim 6.2. There is an induced P5 in G that is not oj-heavy.
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Proof. Note that for every vertex s’ in By —s1, {r, s’} cannot be a super heavy
pair, and for every vertex r’ in By, {s1,7’'} cannot be a super heavy pair. So
either {r,r'} is not a super heavy pair for all ' € By, or {s1, '} is not a super
heavy pair for all s’ € B; — s1. We distinguish two cases.

Case A. {s1,s'} is not a super heavy pair for all s € By — s1.

In this case, let z be a neighbor of s; in By — s1, let P be a shortest path
of B; from s; to s, let @) be a shortest path of By from so to sz, and let y be
a neighbor of s3 in By — s3. Then xs;Pso@Qssy is an induced P, with £ > 5
that is not o1-heavy.

Case B. There is a vertex s’ € By — s1 such that {s1,s'} is a super heavy
pair.

In this case, By — {s1,s2} # 0 and {r,r'} is not a super heavy pair for
all ' € By. Let x be a neighbor of r in By — s1, let P be a shortest path of
By, U {r} from r to sg, let @ be a shortest path of By_; from sj to si_1, and
let y be a neighbor of s;_1 in Bi_5 such that y # s;. Then xrPsi@Qsg_1y is
an induced P, with £ > 5 that is not o;-heavy. ]

Claim 6.3. There is an induced Zs in G that is not o1-heavy.

Proof. Recalling that n > 8, we have d(r) > 5. This implies that r has at
least two neighbors in By — s1 or in By — s;. We again distinguish two cases.

Case A. r has at least two neighbors in B — sp.

If s has only one neighbor = in By — si, then by Lemma 6, {r,z} is a
cut, a contradiction. Thus sy has at least two neighbors in By, — si. Let x, 2’
be two neighbors of s; in By — si. Recall that By contains no super heavy
vertices. By Lemma 3, 22’ € E(G). Let P be a shortest path of Bj_; from sy,
to sx_1, and let y be a neighbor of s;_1 in Bg_o. Then the subgraph induced
by {z,2'} UV(P)U{y} is a Z; with £ > 2 that is not o;-heavy.

Case B. r has only one neighbor in By — s.

We claim that r is contained in a triangle such that the two other vertices
of the triangle are in By —sg. Note that r has at least two neighbors in By — s7.
Let z, 2’ be two neighbors of 7 in By — s1. If 2’ € E(G), then rzz'r is the
required triangle. So we assume that z2’ ¢ F(G). By Lemma 3, {z,2'} is a
super heavy pair. Without loss of generality, we assume that x is super heavy.
Thus d(r) + d(z) > n + 1. Note that s3 is nonadjacent to both r and z. So r
and z have at least two common neighbors. Let z” be a common neighbor of
r,x other than s;. Then rzz”r is the required triangle.
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Now let rza'r be a triangle such that z, 2’ € By — s1. Let P be a shortest
path of By U {r} from r to si, and let y be a neighbor of s; in Bx_1. Note
that r has only one neighbor in By. No vertex in P can form a super heavy
pair together with 7. Thus the subgraph induced by {z,2'} UV (P)U{y} is a
Zy with £ > 2 that is not o;-heavy. O

By Claims 6.2 and 6.3, G is neither {K 3, P5}-o1-heavy nor {K 3, Z3}-01-
heavy, a contradiction. This completes the proof of Claim 6. O

By Claim 6, G — r has either two or three blocks. Recalling that d(r) > 5,
without loss of generality, we may assume that r has at least two neighbors
in By — s1. Note that {r,z} is not a cut for all x € By — s1. Thus L(r,s1) =
By U {r} is a simple link. We distinguish two cases: k =2 and k = 1.

Case 1. k£ = 2.

In this case, G — r has three blocks By, B1 and By. We distinguish three
subcases, depending on the order of B; and the number of neighbors of r in
Bs.

Case 1.1. By — {s1,52} # 0.

We first claim that L'(s1,s2) = By is a simple link. If {s1,z} is a cut for
some z € By —{s1, s2}, then by Lemma 6, {r, 2} is a cut, a contradiction. Thus
we assume that {s1,z} is not a cut for all x € By — {s1,s2}, and similarly,
{s2,2} is not a cut for all z € By — {s1, s2}. If s; has only one neighbor z in
B; — {s1, s2}, then by Lemma 6, sy has only one neighbor x in By — {s1, s2}.
This implies that By —{s1, s2} consists of only one vertex z; otherwise x is a cut
vertex of G. If s1s9 ¢ E(G), then by Lemma 6, {r,z} is a cut, a contradiction.
Thus we assume that s1s2 € E(G). By Lemma 7, x is a c-removable vertex,
and by Lemma 10, x is a d-removable vertex, a contradiction to Claim 2. Thus
as we claimed, L'(s1, s2) = Bj is a simple link.

Secondly, we claim that r has at least two neighbors in By — so. Suppose
to the contrary that r has only one neighbor 7’ in By — s9. Suppose first
that rso € E(G). If so has only one neighbor 7’ in By — s, then By — s
consists of only one vertex 7/, and r’ is a c-removable and d-removable vertex,
a contradiction. If {s9,7’} is a cut, then let H be the component of G — {s2, 7'}
contained in By — s9, let « be a neighbor of sg in By — {s1, s2}, and let y be a
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neighbor of sy in H. Then the subgraph induced by {s2,r, z,y} is a claw that
is not o;-heavy, a contradiction. Thus we assume that rse ¢ F(G). Note that
{r,z} is not a super heavy pair for every = € Bs. Let z be a neighbor of r in
By — s1, let P be a shortest path of By from r’ to so, and let y be a neighbor
of s in By — {s1,$2}. Then zrr'Psyy is an induced P, for £ > 5 that is not
o1-heavy. At the same time, similarly as in Case B of Claim 6.3, we can prove
that 7 is contained in a triangle rzz'r with z, 2’ € By—s1. Let y be a neighbor
of 7" in By — r’. Then the subgraph induced by {z,z’,r, 7', y} is a Z; that is
not oj-heavy. Thus G is neither {K 3, P5}-01-heavy nor {K 3, Z2}-01-heavy,
a contradiction. So as we claimed, r has at least two neighbors in By — ss.
Note that {r,z} is not a cut for all z € By — s5. Hence L"(s2,7) = Bo U {r}
is a simple link.

We conclude that G consists of three simple links L = L(r,s1), L' =
L'(s1,82) and L = L"(sa,7).

Suppose that there is a vertex inside L nonadjacent to r. Using Claim
5, let & be a c-removable vertex inside L nonadjacent to r, and let y be a
c-removable vertex in L”. Then by Lemma 9, {x,y} is a c-removable pair, and
by Lemma 10, {z,y} is a d-removable pair, a contradiction. Thus we deduce
that r is adjacent to every vertex inside L. Similarly, we can prove that s; is
adjacent to every vertex inside L', and sy is adjacent to every vertex inside
L.

We claim that L contains a path from r to s; of length k for all £ €
[2,|V(L)| — 1]. Recall that G is hamiltonian and that {r,s;} is a cut of G.
There is a Hamilton path of L from r to s;. Let P = rxjzo---7;51 be a
Hamilton path of L, where j = [V(L)| — 2. Then rx;_jyo---x;51 is a path of
L from r to s; of length k.

Thus as we claimed, L contains a path from r to s; of length k& for all
k€ [2,|V(L)] — 1]. Similarly, L' contains a path from s; to sy of length & for
all k € [2,|[V(L")| — 1], and L” contains a path from sy to r of length & for all
k€ [2,]V(L")| — 1]. Thus G contains a cycle of length k for all k € [6,n].

Case 1.2. By — {s1,s2} = () and r has at least two neighbors in By — sa.
Note that {r,z} is not a cut for all z € Ba—sy. Hence L'(r, s3) = BoU{r}is

a simple link. So G consists of two simple links L = L(r, s1) and L' = L'(r, s2),
and an edge s153.
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Similarly as in the proof of Case 1.1, we get that r is adjacent to every
vertex inside L, and L contains a path from r to sy of length k for all k €
[2,|V(L)|—1]. Similarly, r is adjacent to every vertex inside L', and L’ contains
a path from 7 to s2 of length k for all k € [2,|V(L)| — 1]. Thus G contains a
cycle of length k for all k € [5,n].

Case 1.3. B; — {s1,s2} = 0 and r has only one neighbor in By — ss.

Let 7" be the neighbor of 7 in By — so. Suppose first that By — so consists
of only one vertex r’. If rsy € E(G), then v is a c-removable vertex and
a d-removable vertex, a contradiction. If rsy ¢ E(G), then {r',ss} is a c-
removable pair and a d-removable pair, also a contradiction. Thus we assume
that By — so has at least two vertices. By Lemma 6, {r’,s2} is a cut and
L'(r',s3) = By is a link. Now we get that G consists of two links L = L(r, s1)
and L' = L'(r', s2), and two edges rr’ and s1s2 (and maybe an additional edge
rS2).

We claim that L' is 2-connected. If r’'so € F(G), then by Lemma 7, L’ is
2-connected. Thus we assume that ’s ¢ E(G). If s has only one neighbor
inside L’ or {s2, 2} is a cut for some z inside L', then by Lemma 6, {r,z} is a
cut, a contradiction. Thus L’ is simple, and by Lemma 7, L’ is 2-connected.

Note that L’ is not a path. Using Claim 4, let z be a c-removable vertex
inside L, and let y be a c-removable vertex inside L’. Then by Lemma 9,
{z,y} is a c-removable pair, and by Lemma 10, {z,y} is a d-removable pair,
a contradiction.

This completes the proof of Case 1.
Case 2. k= 1.

In this case, G — r has only two blocks By and By. We again distinguish
three subcases according to the order and the number of neighbors of  in Bj.

Case 2.1. r has at least two neighbors in By — s7.
Note that {r,z} is not a cut for all x € By — s1. We have that L'(r,s1) =

By U {r} is a simple link. So G consists of two simple links L = L(r, s1) and
L' =L'(r, s1).

If there is a vertex inside L nonadjacent to both r and s1, then using Claim
5, let x be a c-removable vertex inside L nonadjacent to both r and s;, and let
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y be a c-removable vertex inside L’. Then by Lemma 9, {x,y} is a c-removable
pair, and by Lemma 10, {z,y} is a d-removable pair, a contradiction. Thus
we assume that every vertex inside L is either adjacent to r or to s;, and
similarly, every vertex inside L’ is either adjacent to 7 or to si.

If there is a super heavy vertex r’ inside L, then by Claim 3, r’ is contained
in a cut {r',s'}. Since L is simple, s’ # r,s, and by Lemma 5, s’ is inside L.
Using Lemma 4, let H be the component of G — {r’, s’} contained in By — s;.
Then every vertex in H is nonadjacent to both r and s, a contradiction. Thus
we assume that there are no super heavy vertices inside L.

Note that there are at least two vertices inside L. We can divide the inside
of L into two nonempty subsets H and H’ such that every vertex of H is
adjacent to r and every vertex of H’ is adjacent to s;. Let xy be an edge
connecting H and H', where z € H and y € H'. Note that there are no super
heavy vertices in H. By Lemma 3, H is a clique. Thus HU{r} contains a path
from r to x of length k for all k € [1, |V (H)|], and similarly, H'U{s;} contains
a path from y to sq of length & for all k € [1,|V (H')|]. Hence L contains a path
from 7 to s; of length k for all k € [3,|V(L)| — 1], and similarly, L' contains a
path from r to s of length k for all k£ € [3,|V(L')] — 1]. So G contains a cycle
of length k for all k € [6,n].

Case 2.2. B; — s has at least two vertices and r has only one neighbor in
B1 — S1.

Let 7’ be the neighbor of r in By — s1. By Lemma 6, {r’,s1} is a cut and
L' = L'(r',s1) = By is a link. If L is simple, then G consists of two simple
links L = L(r,s1) and L'(r/, s1), and an edge rr'. Then as in Case 1.2, we can
prove that G contains a cycle of length k for all k£ € [5,n]. Thus we assume
that L’ is not simple.

If {s1,x} is a cut for some z inside L', then by Lemma 6, {r,z} is a cut,
a contradiction. Thus we assume that {sj,x} is not a cut for all z inside
L'. Note that L’ is not simple. Now s; has only one neighbor s’ inside L.
If r's1 ¢ E(G), then {r,s'} is a cut, a contradiction. Thus we assume that
r’sy € E(G). If there is only one vertex 7’ inside L', then by Lemma 7,
r’ is a c-removable vertex, and by Lemma 10, v’ is a d-removable vertex, a
contradiction. Thus we assume that there are at least two vertices inside L'.
By Lemma 6, {7, s’} is a cut and L (', ') = By —s; is a link. Thus G consists
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of two links L(r,s1) and L” = L"(r',s"), and three edges rr’, s1s’ and r’'s.
Similarly as in Case 1.3, we can prove that L” is 2-connected. Using Claim
4, let x be a c-removable vertex inside L, and let y be a c-removable vertex
inside L”. Then by Lemma 9, {z,y} is a c-removable pair, and by Lemma 10,
{z,y} is a d-removable pair, a contradiction.

Case 2.3. B; — s has only one vertex.

Let y be the vertex of By — s;. Recall that L is simple. Now y is a c-
removable vertex. Using Claim 3, we get that y is not a d-removable vertex.
By Lemma 10, {r, s1} is a super heavy pair.

First we assume that there is a vertex inside L nonadjacent to both r and
s1. By Claim 5, let  be a c-removable vertex inside L nonadjacent to both r
and s;. Then by Lemma 10, {z,y} is a d-removable pair.

We claim that {z,y} is a c-removable pair. Let z be an arbitrary vertex
of G — {z,y}. We prove that G’ = G — {x,y, z} is connected. If z = r or sy,
then without loss of generality, we assume that z = r. Then for every vertex
v inside L with v # z, since x is c-removable and {r,z} is not a cut, there is
a path P of G — {r,z} from v to s;. Clearly, P does not pass through y. This
implies that v and s are connected by the path P in G’. Thus G’ is connected.
So we assume that z # r,s; and then z is inside L. Then for every vertex v
inside L with v # z, z, since z is c-removable and {z, z} is not a cut, there
is a path P of G — {z, 2z} from v to r or s with all internal vertices inside L.
This implies that v and r or s are connected by the path P in G’. Recall that
{r, s1} is a super heavy pair. By Lemma 3, r and s; have a common neighbor ¢
other than y and z. Thus r and s; are connected by the path rts; in G’. This
implies that G’ is connected. Thus as we claimed, {z,y} is a c-removable pair,
and recalling that {x,y} is a d-removable pair too, we obtain a contradiction.

In the remaining case, we assume that every vertex inside L is either ad-
jacent to r or to s;. Similarly as in Case 2.1, we can prove that there are
no super heavy vertices inside L, and that L contains a path from r to s; of
length k for all k € [3,|V(L)| — 1]. Thus G contains a cycle of length & for all
ke [5,n].

This completes the proof of Theorem 8.5.






Chapter 9

Heavy pairs for path partition
optimality

9.1 Introduction

A path partition of a graph G is the union of some pairwise vertex-disjoint
paths such that every vertex of G is contained in one of the paths. If G is a
nonhamiltonian graph, then the path partition number of G, denoted by 7(G),
is the minimum number of paths in a path partition of GG; if G is hamiltonian,
then we define 7(G) = 0. Alternatively, 7(G) is the minimum number of edges
we have to add to G to turn it into a hamiltonian graph, except for degenerate
cases. Note that m(K;) = n(K3) =1 and 7(2K;) = 2.

The separable degree of a graph G, denoted by o(G), is defined as the
minimum number of edges one has to add to G to turn it into a 2-connected
graph, again except for degenerate cases. We define 0(K;) = o(K2) = 1 and
0(2K7) = 2. Note that any 2-connected graph has separable degree 0 and any
disconnected graph has separable degree at least 2.

It is not difficult to see that for every graph G, 7(G) > o(G): if G has only
one or two vertices, then the result is trivially true. If G has at least three
vertices, then the result can be obtained by the fact that a hamiltonian graph
is necessarily 2-connected.

We call a graph path partition optimal if its path partition number is equal
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to its separable degree. It is clear from the above definitions that K7, Ko and
2K are path partition optimal.

In this final chapter of the thesis, we consider subgraph conditions for path
partition optimality of graphs.

We first prove an extension of Ore’s Theorem for hamiltonicity.

For a graph G that is not complete, we define o2(G) as the minimum degree
sum of any two nonadjacent vertices of G. If G is complete, then we define
02(G) = 0o. We repeat Ore’s Theorem for convenience. Here n(G) denotes
the number of vertices of G.

Theorem 9.1 (Ore [30]). Let G be a 2-connected graph. If o2(G) > n(G),
then G is hamiltonian.

As an extension of Theorem 9.1, we obtain the following result.

Theorem 9.2. Let G be a graph. If 02(G) > n(G) — o(G), then G is path
partition optimal.

Proof. If n(G) < 2, then the result is trivially true. So we assume that n(G) >
3. If G is 2-connected, then the result follows from Theorem 9.1. So we assume
that o(G) > 1.

Let Y be a set of vertices such that Y N V(G) = 0 and |Y| = o(G). We
construct a graph G’ such that V(G') = V(G)UY and E(G') = E(G) U {uv :
u €Y, v e YUV(G)}. Note that Y is a clique in G’ and that every vertex of
Y is adjacent to every vertex of V(G).

If 0(G) > 2, then |Y| > 2 and G’ is 2-connected; if o(G) = 1, then G is
connected and G’ is 2-connected. Thus in any case, G’ is 2-connected.

Let u and v be two nonadjacent vertices in G’. Then u,v € V(G) and
d(u) +d(v) > n(G) — o(G). Noting that dg/(u) = dg(u) + o(G) and dgr(v) =
dg(v) + o(G), we get dg(u) + dgr(v) > n(G) + o(G) = n(G’). By Theorem
9.1, G’ is hamiltonian.

Let C be a Hamilton cycle of G'. Then C' — Y is a path partition of G
with at most o(G) paths. This implies that 7(G) < ¢(G), and hence that
m(G) = o(G). Thus G is path partition optimal. O

Note that a graph G is hamiltonian if and only if 7(G) = 0; and that
G is traceable but nonhamiltonian if and only if 7(G) = 1. If a graph G is
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connected and Ps-free, then it is a complete graph and it is trivially traceable
(and hamiltonian if n(G) > 3). In fact, as we have seen before P is the only
single subgraph with this property.

The following theorem on forbidden pairs of subgraphs for hamiltonicity
is well-known, and is repeated here for convenience.

Theorem 9.3 (Duffus, Jacobson and Gould [21]). Let G be a {K; 3, N}-free
graph. Then

(1) if G is connected, then G is traceable;

(2) if G is 2-connected then G is hamiltonian.

As noted before, if H is an induced subgraph of N, then {K; 3, H }-free
yields the same conclusions in the above theorem, and Faudree et al. proved
that these are the only forbidden pairs with this property.

Theorem 9.4 (Faudree and Gould [24]). Let R and S be connected graphs
with R, S # Ps and let G be a connected graph. Then G being {R,S}-free
implies G is traceable if and only if (up to symmetry) R = K13 and S = Cs,
P4, Zl, B or N.

If a disconnected graph G is Ps-free, then every component of G is a clique.
Clearly such a graph has a separable degree equal to its number of components
and equal to its path partition number, and hence is path partition optimal.
In fact, we will prove the following.

Theorem 9.5. The only connected graph S such that a graph G being S-free
implies G is path partition optimal is Ps.

Proof. We first prove the ‘if’ part of the theorem. If G has only one or two
vertices, then the result is trivially true. If G is a connected Ps;-free graph
with at least three vertices, then 7(G) = 0 and the result is also true. Next
we assume that G is a disconnected Ps-free graph with at least three vertices.
Then every component of GG is a clique. Clearly such a graph has a separable
degree equal to its number of components and equal to its path partition
number, and hence is path partition optimal.

Now we prove the ‘only-if’ part of the theorem. Let G be a disconnected
graph with k£ components each of which is a K 3; and let G be a disconnected
graph with £ components each of which is an N. Note that 7(G1) = 7(G2) =
2k and 0(G1) = 0(G2) = [3k/2]. Neither G nor G2 is path partition optimal.
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Thus S is a common connected induced subgraph of G; and G5. Note that
the only common connected induced subgraph of G; and G4 (on at least three
vertices) is P3, Thus we conclude that S = Ps. ]

It is not difficult to see that a { K 3, N }-free graph with connectivity 1 has
separable degree 1. Thus Theorem 9.3 implies that any connected {K 3, N}-
free graph is path partition optimal. In fact, this statement is also true for
disconnected graphs.

Theorem 9.6. Let G be a {K; 3, N}-free graph. Then G is path partition
optimal.

Proof. If G is connected, then by the above analysis the result is true. Suppose
now that G has k > 2 components.

Let H be an arbitrary component of G. Then H is connected and { K7 3, N }-
free. By Theorem 9.3, H contains a Hamilton path. Note that the set of
Hamilton paths of the components of G is a path partition of G. Hence
m(G) = k.

Let G’ be a 2-connected spanning supergraph of G. Then every component
of G is joined to other components by at least two additional edges in G’. This
implies that G’ has at least k& additional edges. Hence o(G) > k.

Thus 7(G) < o(G) and we conclude that 7(G) = o(G), so G is path
partition optimal. O

For pairs of forbidden subgraphs, we obtain the following counterpart of
Theorem 9.4.

Theorem 9.7. Let R and S be connected graphs with R, S # P53 and let G be
a graph. Then G being {R, S}-free implies G is path partition optimal if and
only if (up to symmetry) R = K13 and S = C3, Py, Z1, B or N.

Proof. The ‘if’ part of the theorem can be deduced from Theorem 9.6 imme-
diately. Now we prove the ‘only-if’ part of the theorem. Let G; and G2 be
two graphs as in the proof of Theorem 9.5. Since neither G; nor G5 is path
partition optimal, G; and G9 must contain R or S as an induced subgraph.
Note that the maximal connected induced subgraphs of G and G are K 3
and N, respectively. This implies that (up to symmetry) R = K3 and S is
an induced subgraph of N. O
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Before stating and proving the counterparts of the above theorems for
heavy subgraphs, we introduce some additional terminology and notation.

Let G be a graph and let G’ be an induced subgraph of G. We define
the heft of G' in G, denoted by hg(G') (or briefly, h(G’)), as the maximum
degree sum of two nonadjacent vertices in V(G'). If G’ is a clique, then we
define h(G’) = 0. For a given graph H, the H-heft index of G, denoted by
ng(G), is the minimum heft of an induced subgraph of G isomorphic to H.
If G is H-free, then we define ny(G) = oco. Note that if H; is an induced
subgraph of Hs, then ngy, (G) < nm,(G). By the above definitions, a graph G
with ng(G) > n(G) + k is an H-og-heavy graph.

With respect to heavy subgraph conditions for path partition optimality,
we obtained the following extensions of Theorems 9.5 and 9.7 involving the
heft index.

Theorem 9.8. The only connected graph S such that a graph G satisfying
1s(G) > n(G) — o(G) implies G is path partition optimal is Ps.

Theorem 9.9. Let R and S be connected graphs with R, S # P3 and let G be
a graph. Then nr(G) > n(G) — o(G) and ns(G) > n(G) — o(G) implies G is
path partition optimal if and only if (up to symmetry) R = K13 and S = Cs,
Py, Z1, B or N.

Note that if a graph G is H-free, then ngy(G) = co > n(G) — o(G). Thus
the ‘only if’ part of Theorems 9.8 and 9.9 can be deduced from Theorems 9.5
and 9.7, respectively. For the ‘if’ part of Theorem 9.9, it is sufficient to prove
the following.

Theorem 9.10. Let G be a graph. If ni, ;(G) > n(G) — o(G) and nn(G) >
n(G) — o(QG), then G is path partition optimal.

Note that P is an induced subgraph of K;3 and N. Thus np,(G) <
Nk, 5(G) and np,(G) < nn(G), so the ‘if” part of Theorem 9.8 can also be
deduced from Theorem 9.10. Before we are going to prove Theorem 9.10 in
the final section of this chapter, we introduce some additional terminology and
prove some useful auxiliary results in the next section.
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9.2 Some preliminaries

Let G be a graph. For a subgraph B of G, when no confusion can arise, we
also use B to denote its vertex set; similarly, for a subset C' of V(G), we also
use C' to denote the subgraph induced by C.

We use w(G) to denote the number of components of G. A vertex v of G
is called a cut vertex of G if w(G —v) > w(G). A graph is said to be separable
if it is disconnected or has at least one cut vertex. A maximal non-separable
subgraph of G is called a block of G. Thus a block is either a non-separable
component of G or contains at least one cut vertex of G. A block which
contains exactly one cut vertex of GG is called an end block of G; and a block
which is neither a non-separable component nor an end block is called an inner
block of G. A vertex in an end block which is not a cut vertex is called an
inner verter of the end block. So an end block has at least one inner vertex
and an inner block contains at least two cut vertices of G. A component with
only one vertex is called a trivial component (the vertex of such a component
is called an isolated vertex), and a block isomorphic to K is called a trivial
block (the inner vertex of such an end block is called a leaf). Note that every
edge of G is contained in exactly one block.

Note that a vertex is a cut vertex if and only if it is contained in at least
two blocks. We call a vertex a chop vertex if it is contained in at least three
blocks. Let x be a chop vertex, and let y,7/,y” be three neighbors of z in
distinct components of G — z. Then the subgraph induced by {z,y,y’,y"} is
a claw. A claw of such a type is called a chop claw.

Lemma 1. Let G be a graph, let x be a cut vertex of G, and let H be a
component of G — x containing a neighbor of x. Then G' = H U{x} contains
exactly one block containing x and at least one end block of G.

Proof. Note that G’ —x = H is connected, so x is not a cut vertex of G'. The
unique block of G’ containing z is also a block of G.

If G’ is non-separable, then it is an end block of G. If G’ is separable, then
let H' be an end block of G’ not containing z (note that a separable graph
contains at least two end blocks). Then H is an end block of G. O

We use sco(G) to denote the number of separable components of G, nco(G)
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to denote the number of non-separable components of G, ebl(G) to denote the
number of end blocks of G, and cve(G) to denote the number of chop vertices
of G. We define

ebl(G) + nco(G) — sco(G), if cve(G) < 1;

o'(G) = ,
ebl(G) + nco(G) — sco(G) — 1, otherwise,
and
o’ (G) = [ebl(G)/2] + nco(G).

Lemma 2. For every graph G, 0" (G) < 0(G) < o/(G).

Proof. 1f G has only one or two vertices, or GG is 2-connected, then the result
is trivially true. Next we assume that n(G) > 3 and that G is separable.

Let G’ be a 2-connected spanning supergraph of G and let E' = E(G’) \
E(G). Note that for every end block of G, there is at least one edge of E’
incident with some inner vertex of the end block, and for every non-separable
component of G, there are at least two edges of £’ incident with some vertices
of the component. Hence |E’| > [ebl(G)/2] + nco(G), implying that ¢”(G) <
o(Q).

We now prove o(G) < ¢/(G) by induction on n(G)(n(G) —1)/2 — |E(G)|.
Recall that the result is true if G is 2-connected. So we assume that G is a
separable graph.

First we assume that G is disconnected. Let H and H' be two components
of G.

If both H and H’ are separable, then let  be an inner vertex of some
end block in H, and let 2’ be an inner vertex of some end block in H'. Let
G’ be the graph obtained from G by adding the edge za’. By the induction
hypothesis, o(G’) < ¢/'(G"). Note that ebl(G") = ebl(G)—2, nco(G’) = nco(G),
sco(G') = sco(G) — 1 and cve(G’) = cve(G). Thus o'(G') = ¢/(G) — 1. Tt is
not difficult to see that o(G) < o(G’) + 1. So we get that o(G) < ¢/'(G).

If H is separable and H’ is non-separable, then let x be an inner vertex
of some end block in H, and let 2/ be an arbitrary vertex of H'. Let G’
be the graph obtained from G by adding the edge zz’. By the induction
hypothesis, o(G’) < ¢/(G"). Note that ebl(G’) = ebl(G), nco(G’) = nco(G)—1,
sco(G") = sco(G) and cve(G’) = cve(G). Thus o/'(G') = ¢/(G) — 1. Tt is not
difficult to see that o(G) < o(G’) + 1. So we get that o(G) < ¢/(G).

The case that H is non-separable and H' is separable follows by symmetry.
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If both H and H' are non-separable, then let z be an arbitrary vertex of
H, and let 2’ be an arbitrary vertex of H'. Let G’ be the graph obtained
from G by adding the edge z2’. By the induction hypothesis, o(G’) < o/ (G’).
If both H and H' are trivial, then ebl(G’) = ebl(G), nco(G’) = nco(G) — 1,
sco(@') = sco(@) and cve(G') = cve(G); otherwise, ebl(G') = ebl(G) + 2,
nco(G’) = nco(G) — 2, sco(G’) = sco(G) + 1 and cve(G’') = cve(G). In both
cases, o' (G') = ¢/(G) — 1. Tt is not difficult to see that o(G) < o(G’) + 1. So
we get that o(G) < o/(G).

Next we assume that G is connected. Thus nco(G) = 0 and sco(G) = 1. If
G contains at least two chop vertices, then let z and x’ be two chop vertices of
G with the distance between them as short as possible. Let H be a component
of G — z not containing z’, and let H' be a component of G — 2’ not containing
x. By Lemma 1, HU{x} (H'U{2'}) contains at least one end block of G. Let
y be a vertex of H that is an inner vertex of an end block, and let ¢/ be a vertex
of H' that is an inner vertex of an end block. Let G’ be the graph obtained
from G by adding the edge yy’. By the induction hypothesis, o(G’) < o/'(G').
Since x and 2’ are cut vertices of G’, nco(G’) = 0 and sco(G’) = 1. Note that y
and 3y’ are contained in a common block of G, and this block is an inner block
(since it contains at least two cut vertices z and z’). Now ebl(G’) = ebl(G)—2.
If G’ also contains at least two chop vertices, then ¢/(G’) = o/(G)—2; otherwise
d'(G") = ¢'(G) — 1. Thus ¢/(G’) < ¢/(G) — 1. Tt is not difficult to see that
(@) < o(G') + 1. So we get that o(G) < o'(G).

Finally we assume that G contains at most one chop vertex. If G has a
chop vertex, then let z be the chop vertex of G; if G contains no chop vertices,
then let = be a cut vertex of G. Let H;, 1 < i < k, be the components of
G — z. Clearly, H; U{z}, 1 < i < k, contains exactly one end block of G;
otherwise, there would be a second chop vertex. Thus we have ebl(G) = k, and
o'(G) = k—1. Let y; be a vertex of H; that is an inner vertex of an end block.
Let G’ be the graph obtained from G by adding edges yiyr, 1 <@ < k — 1.
Then G’ is 2-connected. This implies that o(G) < k — 1 = ¢/(G). O

Let G be a graph and let v be a vertex of G. We call v a good vertex if v
is contained in at most one end block of G.

Lemma 3. Let G be a graph. If G has a chop vertex, then G contains a chop
claw with at least two good end-vertices.

Proof. Let H be a component of G that contains a chop vertex. If every vertex
in H is good, then let z be a chop vertex in H, let C, C’ and C” be three
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components of H — z, and let y, ¢/ and 3" be neighbors of z in C', C' and C”,
respectively. Then the subgraph induced by {z,y,y’,y"} is the required claw.

Now we assume that there is a bad vertex x in H. Let B and B’ be two
end blocks containing z, and let C = B —z, C' = B’ — z. If H consists of
B U B’, then there are no chop vertices in H, a contradiction. This implies
that there is at least a third component C” of H — x other than C and C’.
Let y, v and 3" be neighbors of z in C, C" and C”, respectively. Note that
y and y' are good vertices. Now the subgraph induced by {z,y,y/,y"} is the
required claw. ]

Adopting the terminology of [26], we say that a graph is a block-chain if
it is non-separable or it has at least one cut vertex and has exactly two end
blocks.

A vertex with degree at least (n(G) — o(G))/2 is called a critical vertex
and a pair of nonadjacent vertices with degree sum at least n(G) — o(G) is
called a critical pair. Thus a critical pair contains at least one critical vertex.

We finish this section by recalling the following two theorems, that have
been proved in earlier chapters of the thesis, for later reference.

Theorem 9.11. Let G be a 2-connected graph. If G is {Ki 3, N }-heavy, then
G is hamiltonian.

Theorem 9.12. Let G be a block-chain. If G is {K1 3, N }-0_1-heavy, then G
is traceable.

From these two theorems, we immediately get that a block-chain G with
N, 5(G) > n(G) — o(G) and nn(G) > n(G) — o(G) is path partition optimal.

9.3 Proof of Theorem 9.10

Let G be a graph on n(G) vertices, and assume that 1y, ;(G) > n(G) — o (G)
and Ny (G) > n(G) — o(G). We are going to prove that G is path partition
optimal by induction on n(G). If G has only one or two vertices, then the
result is trivially true. So we assume that n(G) > 3.

If G is { K1 3, N }-free, then the result is true by Theorem 9.5. So we assume
that there is at least one induced subgraph isomorphic to Kj 3 or N. Since
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N, 5(G) > n(G) — o(G) and nn(G) > n(G) — o(G), there is at least one
critical pair in G. We distinguish two cases: G has a chop vertex or does not
have a chop vertex.

Case 1. G has a chop vertex.

By Lemma 3, there exists a chop claw, say induced by {z,y, v, 3"}, such
that at least two end-vertices, say y and v/, are good. Let C, C’ and C” be the
components of G — z containing vy, v’ and y”, respectively, and let D = C — v,
D' =" -9y and D" = C" — y”. Without loss of generality, we assume that
d(y) = min{d(v) : v € Neg(z)} and d(y') = min{d(v') : v/ € Nev(z)}. Let H
be the component of G containing x.

Since g, ,(G) > n(G) — 0(G), there is a critical pair in {y,y',y"}. We
again distinguish two cases: {y,y'} is a critical pair or at least one of {y,y"}
and {y/,y"} is a critical pair.

Case 1.1. {y,y'} is a critical pair.

By Lemma 2, d(y) + d(y') + o/ (G) > n(G).

Let U be the union of blocks containing y, and let U’ be the union of blocks
containing 3. Note that d(y) < n(U) — 1 and d(y') < n(U’) — 1. For every
end block of G not containing y and 4/, we choose an inner vertex of it as the
representative of this end block; and for every non-separable component of G,
we choose a vertex of it as the representative of this non-separable component.
Let S and T be the set of all these representatives of end blocks and non-
separable components, respectively. Thus ebl(G) < |S|+ 2 and nco(G) = |T.
Note that H is a separable component, and z is a chop vertex, of G, so
sco(G) > 1 and cve(G) > 1. Thus d(y) +d(y') + o' (G) < n(C)+n(C") +|S|+
24T =1<nU —=z) +nU =)+ |S|+|T| + {z}] < n.

We conclude that d(y)+d(y')+0'(G) = n(G). Note that this equation holds
only if y is adjacent to every vertex in D, 3/ is adjacent to every vertex in D’,
every end block not containing y and 3y’ and every non-separable component
of GG is trivial, there is only one separable component H and only one chop
vertex x, y and 3 are both contained in an end block, and every vertex of G is
either an isolated vertex, a leaf or adjacent to y or 3. Moreover, this implies
that U —x =C and U’ — z = C".
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Let s = |S| and ¢t = |T|. Note that ¢/(G) =s+2+t—1=s+t+1. So
0(G) < s+t+ 1. We claim that o(G) = s+t + 1. Let G’ be a 2-connected
spanning supergraph of G. Then G’ —x is connected. Since G —x has s+t +2
components, e(G’' —x)—e(G—x) > s+t+1. This implies that o(G) > s+t+1.
Thus as we claimed, 0(G) = s+t + 1.

Next we claim that C'U {z} contains a Hamilton path starting from z. If
C contains only one or two vertices, then the result is trivially true. So we
assume that C' has at least three vertices.

If there is a second neighbor z of z in C, then z is a good vertex; otherwise
there would be some vertex in C' nonadjacent to y. Note that d(y) < d(z).
Similarly as in the above analysis, we obtain that y is adjacent to all the
vertices of C' — z. Thus C is 2-connected. If there is only one neighbor y of z
in C, then note that y is adjacent to all the vertices in D, and y is the only
possible cut vertex of C. But this implies that y is contained in at least two
end blocks, contradicting that y is a good vertex. So in any case, we have that
C is 2-connected.

Now we claim that C' is {K7 3, N}-heavy. Note that if some vertex in C
is adjacent to z, then it is also adjacent to all other vertices of C. Let u,v
be two nonadjacent vertices such that d(u) + d(v) > n(G) — o(G). Then
uz,vr ¢ E(G). Thus do(u) + do(v) = d(u) + d(v) > n(G) — o(G) = n(G) —
(s+t+1) =n(C). Since ng, ;(G) > n(G) —o(G) and Ny (G) > n(G) — o (G),
we conclude that C'is {K; 3, N }-heavy.

By Theorem 9.11, C' has a Hamilton cycle. This implies that C'U {z} has
a Hamilton path starting from z, and similarly, C’ U {z} contains a Hamilton
path starting from x.

Let @ and Q' be the Hamilton path of C' U{z} and C'U {x}, respectively,
starting from z. Then Qz@Q’ and all the isolated vertices of SUT form a path
partition of G. Hence 7(G) < s+t+1 = o(G). So G is path partition optimal.

Case 1.2. {y,y"} or {¢/,y"} is a critical pair.

Without loss of generality, we assume that {y,y”} is a critical pair. If y” is
a good vertex, then we can prove this case similarly as Case 1.1. So we assume
that y” is contained in at least two end blocks. Moreover, if there is a chop
claw with three good end-vertices, we can also prove that G is path partition
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optimal as before. Thus we assume that there are no such chop claws. If some
vertex is contained in at least three end blocks, then there will be a chop claw
with three good end-vertices. Thus we assume that every bad vertex of G is
contained in exactly two end blocks.

Let B be the block containing the edge xy”. Then B is an inner block.
Let V(B) = {1, x2,...,x}, where 1 = z and x5 = ¢".

Note that xo is bad. Here we prove that if some vertex x; of B is bad, then
every neighbor of it in B, say z;, is also bad. Assume that x; is good. Note
that z; is contained in exactly two end blocks. Let y; and y; be two neighbors
of z; in distinct end blocks. Then the subgraph induced by {z;, i, ., z;} is
a chop claw with three good end-vertices, a contradiction. This implies that
every vertex in B is bad.

For the bad vertex z;, let B;, B/ be the two end blocks containing z;,
and let C; = B; — x;, C/ = B} — x;, and y; and y, be two neighbors of
z; in C; and C, respectively. Without loss of generality, we assume that
d(y;) = min{d(v;) : v € Ne,(2i)}, d(y;) = min{d(v;) : v; € Ner(zi)} and
d(yi) > d(y;). If d(y;) + d(y.) > n(G) — o(G), then we can complete the proof
similarly as in Case 1.1. So we assume that d(y;) + d(y}) < n(G) — o(G) for

all i, 1<i< k.

Let x; and z; be two vertices of B such that z;z; € E(G). Then the
subgraph induced by {zj,y;,y}, zi} is a claw. Since 1k, 4(G) > n(G) — o(G),
dlyy) + d(y]) < n(G) - o(G) and d(y;) > d(y}), we get that d(w;) + d(y;) >
n(G) — o(G). By Lemma 2, d(z;) + d(y;) + 0/ (G) > n(G).

For every end block of G other than Cj, C/,C;, we choose an inner ver-
tex of it as the representative of this end block; and for every non-separable
component of G we choose a vertex of it as the representative of this non-
separable component. Let S and T be the set of all these representatives of
end blocks and non-separable components, respectively. Thus ebl(G) = |S|+3
and nco(G) = |T|. Let U; be the union of blocks containing x;, and let
D; =U; —x; — C; — Cl. Then d(z;) < n(C;) +n(C}) + |D;| and d(y;) < n(Cj).
Note that H is a separable component, and z; and x; are chop vertices of G,
so sco(G) > 1 and cve(G) > 2. Thus d(y) + d(2’) + o/(G) < n(C;) + n(C)) +
| Dy +1(C)+|S|+3+|T|—1—1 < n(C;) +n(C!) +n(C;) +|D|+|S| +|T| < n.

We conclude that d(z;) + d(y;) + 0’(G) = n(G). Note that this equation
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holds only if x; is adjacent to every vertex in C;UCIUD;, y; is adjacent to every
vertex in C; — y;, every end block other than C;, C/ and C; and every non-
separable component of G are trivial, there is only one separable component
H, and every vertex of G is either an isolated vertex, a leaf or adjacent to x;
or yj. By symmetry, we get that for every ¢, 1 <i <k, z; is adjacent to every
vertex in C; UC! U D;, y; is adjacent to every vertex in C; — y;, and every end
block other than C;, 1 < ¢ < k, and every component of G other than H are
trivial. Moreover, this implies that D = B and B is a clique.

Note that H consists of B and C;,C!, 1 <i <k. Let T = {21, 22,..., 2}
By Lemma 2, 0(G) > k +t. We claim that o(G) = k + t.

Let G’ be a graph such that V(G’) = V(G) and E(G’) = E(G) U{y,yi+1 :
1 <i<k-1}U{y.z1}U{zjzj41 : 1 < j < t}U{zy1}. Then G’ is a 2-connected
supergraph of G and |E(G’)|— |E(G)| = k+t. This implies that o(G) = k+t.

Similarly as in Case 1.1, we can prove that for every i, 1 <i < k, C; U{z;}
contains a Hamilton path starting from x;.

Let @) be the Hamilton path of C; U {x;} starting from z; and let Q; =
yiz;Qi. Then Q;, 1 < i < k, and all the isolated vertices of T form a path
partition of G. Hence 7(G) < k+t = o(G). So G is path partition optimal.

Case 2. GG has no chop vertices.

We distinguish two subcases: some critical pair is not contained in a block
or all critical pairs are contained in a block.

Case 2.1. There is a critical pair that is not contained in a block.

Let {z,2'} be a critical pair such that x and 2’ are not contained in the
same block. We treat the two subcases that x and 2’ are in a common com-
ponent or in different components, differently.

Case 2.1.1. z and 7’ are in a common component.

Let H be the component containing z and z’. Note that x and 2’ are
not chop vertices, so each of them is contained in at most two blocks. If z is
contained in two end blocks, then H will consist of the two end blocks, and x
and 2’ will be in a common block, a contradiction. Thus we assume that x,
and similarly, 2/, are contained in at most one end block.
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Let U be the union of blocks containing = and let U’ be the union of blocks
containing z’. Then U and U’ have at most one common vertex.

For every end block of G' not containing z and z’, we choose an inner
vertex of it as the representative of this end block, and for every non-separable
component of G we choose a vertex of it as the representative of this non-
separable component. Let S and T be the set of all these representatives of
end blocks and non-separable components, respectively. Then ebl(G) < |S|+2
and nco(G) = |T|. Since H is a separable component, sco(G) > 1. Thus
dz)+d(2")+0'(G) <nU—z)+nU —2')+|S|+2+|T| -1 < n(UUU")+
S|+ T] < n(G).

Now d(z) + d(2’) 4+ ¢'(G) = n(G). Note that this equation holds only if x
is adjacent to every vertex of U —z, 2’ is adjacent to every vertex of U' — ', U
and U’ both contain exactly one end block, U and U’ have exactly one common
vertex, every end block of G not containing x and 2’ and every component of
G other than H is trivial, and every vertex of GG is either an isolated vertex, a
leaf or adjacent to x or /. This implies that o(G) = ¢/(G) = |S| + |T| + 1.

Let y be a neighbor of = in an end block, let ¢/ be a neighbor of 2’ in an
end block, let S = {y1,y2,...,ys} and T = {z1, 22,..., 2}

We claim that s = 0 or 1. Suppose that s > 2. Let G’ be a graph such that
V(G") =V(G) and E(G') = E(G) U{yiyi+1 : 1 <i < s—1}U{yz1}U{zjzj41 :
1 <j<t—1}U{zy}. Then G is a 2-connected supergraph of G and
|E(G")| — |E(G)| = s +t. This implies that o(G) < s + t, a contradiction.

If s = 0, then H is a block-chain. We claim that H is { K 3, N }-o_;-heavy.
Let {u,v} be a critical pair of G contained in H. Then dy(u)+dy(v) = d(u)+
d(v) > n(G)—0o(G) =n(G)—t—1=n(H)—1. Since 1k, ,(G) > n(G) —o(G)
and nn(G) > n(G) — o(G), we conclude that H is {K; 3, N}-o_i-heavy. By
Theorem 9.12, H is traceable. Let ) be a Hamilton path of H. Then @ and
all the isolated vertex of T' form a path partition of G. Thus 7(G) < t+1 and
G is path partition optimal.

Now we assume that S has exactly one vertex, say y”. Let z be the (only)
common vertex of U and U’, let C' and C’ be the two components of H — z
containing x and z’, respectively, and let B = C U {z} and B’ = C" U {z}.
Without loss of generality, we assume that x is a critical vertex.
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Note that B is a block-chain. We claim that B is { K 3, N }-o_1-heavy. Let
{u, v} be a critical pair of G such that u,v € V(B). Without loss of generality,
we assume that u # z. Then dp(u) = d(u), dg(v) > d(v) — n(C" — ') and
dp(u) + dp(v) > d(u) + d(v) — n(C") +1 > n(GQ) — o(G) —n(C") +1 =
n(G) — (t+2) —n(C’') + 1 =n(B) — 1. This implies that B is {K1 3, N}-0_1-
heavy. By Theorem 9.12, B contains a Hamilton path.

Now we claim that C’ contains a Hamilton path. Let D’ be the end block
containing z’. Note that 2’ is adjacent to every vertex in C' — {2/, y"}. If there
are two nonadjacent vertices in D' — 2/ or in C' — D' — 4", then there will be
an induced claw in C’ with center z’, and there will be a critical vertex z” in
C’ other than z/. Thus {z,z"} is a critical pair such that z and z” are not in
a common block. By the above analysis, " is contained in an end block and
2" is adjacent to every vertex in C' — (D' — 2’). This implies that z” is the
(unique) neighbor of y”. Using the same analysis, we can deduce that D’ is
trivial. This will cause that 2" is nonadjacent to some vertex in C' — (D' — /),
a contradiction. So we assume that D’ and C' — D" — 4/ are cliques. Then C’
is clearly traceable.

Let @ be a Hamilton path of B, and let Q" be a Hamilton path of C’. Then
Q, @', and all the isolated vertices of T form a path partition of G. Hence
m(G) <t+2=0(G). So G is path partition optimal.

Case 2.1.2. 7 and 7’ are in distinct components.

Let H be the component containing x, and let H' be the component con-
taining z’. Let U be the union of blocks containing z, let U’ be the union of
blocks containing 2/, and let C = U — z and C' = U’ — 2'.

For every end block of G' not containing x and 2/, we choose an inner ver-
tex of it as the representative of this end block, and for every non-separable
component of G other that H and H’, we choose a vertex of it as the repre-
sentative of this non-separable component. Let S and T be the set of all these
representatives of end blocks and non-separable components.

If  is contained in one or two end blocks, then H is a separable component;
if ' is contained in one or two end blocks, then H’ is a separable component.

If x and 2’ are both contained in no end blocks, then U NS = 0 and
U' NS = . Note that ebl(G) = |S|, nco(G) < |T| + 2 and sco(G) > 0.
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We get d(z) + d(2') + 0'(G) < n(U —z) +nU' — ') + |S| +|T| +2 <
n(U) +n(U") +|S|+ |T| < n(G).

If z is contained in no end blocks and z’ is contained in at least one end
block, then U NS = (. Note that ebl(G) < |S| + 2, nco(G) < |T| + 1 and
sco(G) > 1. We get d(z) +d(2') + o' (G) < n(U —z) +n(U — ')+ |S|+ 2+
IT|+1—1<nU)+nU)+|S|+|T| <n(G).

If z is contained in at least one end block and z’ is contained in no end
blocks, then we can similarly obtain that d(x) + d(2') + ¢/(G) < n(G).

If z and 2’ are both contained in at least one end block, then ebl(G) <
|S] + 4, nco(G) = |T| and sco(G) > 2. We get d(z) + d(z') + o' (G) < n(U —
2) +n(U" = o) + S|+ 4+ [T| = 2 < n(U) + n(U") + |S] + |T| < n(G).

Thus in any case, d(z) + d(z') + ¢/(G) = n(G). Note that this equation
holds only if = is adjacent to every vertex of U — z, x’ is adjacent to every
vertex of U’ — ', H is either a non-separable component or consists of two end
blocks, H' is either a non-separable components or consist of two end blocks,
every component of G' other than H and H’ is trivial, and every vertex of G
is either an isolated vertex, a leaf or adjacent to z or x’. This implies that
o(G)=0'(G) = |T|+2. Let t = |T.

Note that H is a block-chain. We claim that H is {Kj 3, N}-o_i-heavy.
Let {u,v} be a critical pair of G contained in H. Then dg(u)+dg(v) = d(u)+
d(v) > n(G) —o(G) =n(G) —t—2 > n(H)—1. Since nx, ,(G) > n(G) —o(G)
and Ny (G) > n(G) — o(G). So H is {Kj 3, N}-o_i-heavy. By Theorem 9.12,
H is traceable. Similarly, we can prove that H' is traceable.

Let @Q be a Hamilton path of H, and let ' be a Hamilton path of H’.

Then @, @', and all the isolated vertices of T form a path partition of G.
Thus we have 7(G) < t+2 = o(G). So G is path partition optimal.

Case 2.2. Every critical pair is contained in a block.

By our assumption, there is an induced copy of K;3 or NV in G. Thus
there is at least one critical pair and at least one critical vertex. We assume
here that every critical pair is contained in a block. It is not difficult to see
that this implies that all the critical pairs are contained in a common block.
Let B be a block containing all the critical pairs, and let H be the component
containing B.
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Let x;, 1 < i < k, be the cut vertices contained in B. For every ¢, 1 < < k,
Let 2/ be a neighbor of x; in B, let y; be a neighbor of z; in H — B, let C;
be the component of H — x; containing y;, and let D; be the subgraph of G
induced by C; U {x;, 2 }.

Since D; contains no critical pairs, D; is {Kj 3, N }-free, and thus is trace-
able by Theorem 9.3. This implies that D; is a block-chain and C; U {x;}
contains exactly one end block of G. Let y; be an inner vertex of the end
block contained in C; U {x;}.

Let H;, 1 < j <t, be the components of G other than H. For every j,
1 < j <'t, since H; contains no critical pairs, H; is {K 3, N }-free, and thus
is traceable by Theorem 9.3. This implies that H; is a block-chain. If H; is
trivial, then let z; = 2 be the (only) vertex in Hj; if Hj is non-trivial and
non-separable, then let z; and zg- be two distinct vertices of H;; and if Hj is
separable, then let z; and z} be inner vertices of two distinct end blocks of Hj.

We first assume that H is non-separable. Then ¥ = 0 and ¢ > 1. By
Lemma 2, 0(G) > t+ 1. We claim that ¢(G) = t + 1. Let y,y be two
distinct vertices of H. Let G’ be the graph with V(G’') = V(G) and E(G') =
E(G)U{yz1} U{zizj41 1 1 <j <t—1}U{zy'}. Then G’ is a 2-connected
supergraph of G and |E(G’)| — |E(G)| = t+ 1. This implies that o(G) =t + 1.

Note that H is a block-chain. We claim that H is {Kj 3, N}-0_i-heavy.
Let {u,v} be a critical pair of G contained in H. Then dy(u)+dg(v) = d(u)+
d(v) > n(G)—0o(G) =n(G)—t—1>n(H)—1. Since 1k, ,(G) > n(G) —a(G)
and nny(G) > n(G) — o(G), we conclude that H is {K; 3, N}-o_i-heavy. By
Theorem 9.12, H is traceable.

Recall that every component of G other than H is also traceable. All the
Hamilton paths of the components of G form a path partition of G. This
implies that 7(G) <t+ 1= 0(G), so G is path partition optimal.

Now we assume that k > 1. By Lemma 2, 0(G) > [k/2]+t. We claim that
o(G) = [k/2] +t. If k is even, then let G’ be the graph with V(G') = V(G)
and B(G') = B(G) Ulghyytty : 1 1 < (k—2)/2} Uy ya1} Udshzn 11 <
Jj<t—1}U{zy.}. If kis odd, then let G’ be the graph with V(G’) = V(G)
and E(G') = B(G) U {uhiywhy - 1 <1 < (b= 1)/2} U {ghon} U {2h2ps
1 <j<t—1}U{zy)}. Then G’ is a 2-connected supergraph of G and
|E(G")| — |E(G)| = [k/2] + t. This implies that o(G) = [k/2] + .
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If t > 1, then let G’ be the graph obtained from G by deleting the compo-
nent H;. Clearly, 1k, ,(G') > n(G’) — o(G’) and nn(G') > n(G') — o(G'). By
the induction hypothesis, 7(G') = o¢(G’") = [k/2] + ¢ — 1. Note that a path
partition of G’ together with a Hamilton path of H; forms a path partition of
G. This implies that 7(G) < [k/2] +t, so G is path partition optimal.

Next we assume that ¢ = 0, implying that there is only one component
H of G. If there is some i, 1 < ¢ < k, such that C; is non-trivial, then let
G' be the graph obtained from G by deleting C; — z;. Clearly, 1, ,(G") >
n(G') — o(G") and ny(G') > n(G') — o(G’). By the induction hypothesis,
7(G'") = 0(G’) = [k/2]. Let P’ be a path partition of G’ with [k/2] paths,
and let P; be a Hamilton path of D;. If y; is a trivial path in P’, then let
Q; = P, — {x;,y;}, and P = P\ {y;} U {Q;} is a path partition of G. If z;
is contained in some non-trivial path @}, then @/ contains the edge x;z;. Let
Qi = (Q) — zyy;) U (P — zx}), and P = P\ {Q;} U {Q;} is a path partition
of G. Hence 7(G) < [k/2], so G is path partition optimal.

Next we assume that for every i, 1 < ¢ < k, C; is trivial. If k& > 3,
then let G’ be the graph with V(G') = V(G) \ {zk—1, 2k} U {z} and E(G’) =
E(G —{zk-1,2}) U{zk_12, x2z}. Note that de(z) = 2 and any copy of K; 3
or N in G’ contains at most one edge in {z}_12,xz}. Every induced copy of
Ki 3 or N in G’ is also induced in G. Let {u,v} be a critical pair of G. Then
u,v € B, dgr(u) = d(u), and dg(v) = d(v). Noting that n(G') = n(G) — 1
and o(G') = o(G) — 1, we see that 1k, ,(G") > n(G’) — o(G’) and nn(G') >
n(G’) — o(G"). By the induction hypothesis, 7(G') = o(G’) = [k/2] — 1. Let
P’ be a path partition of G’ with [k/2] — 1 paths, and let @ be the path in
P’ containing z. Let P and P’ be the subpaths of @ ending at and starting
from z such that @ = PzP’. Then P = P'\ {Q} U{P, P'} is a path partition
of G. This implies that 7(G) < [k/2], so G is path partition optimal.

Finally, we assume that £ = 1 or 2. Then G is a block-chain. By Theorem
9.12, (G is path partition optimal.

This completes the proof of Theorem 9.10.



Summary

The research that forms the basis of this thesis addresses the following general
structural questions in graph theory: which fixed graph or pair of graphs do
we have to forbid as an induced subgraph of an arbitrary graph G to guar-
antee that G has a nice structure? In this thesis the nice structural property
we have been aiming for is the existence of a Hamilton cycle, i.e., a cycle con-
taining all the vertices of the graph, or related properties like the existence of
a Hamilton path, of cycles of every length, or of Hamilton paths starting at
every vertex of the graph. For these structural properties, sufficient Ore-type
degree conditions (where the degree of a vertex is the number of neighbors of
that vertex, or equivalently, the number of edges incident with that vertex)
are known since the 1960s. These Ore-conditions are of the type: if every pair
of nonadjacent vertices of the graph G has degree sum at least some lower
bound, then G is guaranteed to have the structural property. For the exis-
tence of a Hamilton cycle the critical lower bound is the number of vertices of
the graph, for a Hamilton path it is the number of vertices minus one, and for
cycles of every length it is the number of vertices plus one. In order to obtain
common generalizations of these sufficiency results based on Ore-type degree
sum conditions on one hand and forbidden induced subgraph conditions on
the other hand, the following questions have also been addressed in the thesis.
Can we restrict the corresponding Ore-type degree sum condition to certain
induced subgraphs or pairs of induced subgraphs of a graph GG and still guar-
antee that G has the same nice structure? In the thesis work we have proved
many examples that provide affirmative answers to these general questions.

For convenience, we will not go into the details and subtle differences of the
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definitions for the different concepts, but say that an induced subgraph H of
a graph G is heavy for some property if there is a pair of nonadjacent vertices
of H with degree sum at least the Ore-type degree lower bound of G for that
property. In that case we say that G is H-heavy if every induced subgraph of
G isomorphic to H is heavy (for that property). We refer to the listed chapters

for the details and for the precise definitions and formulations of the results.

Chapter 1 contains a short general introduction to the topics of the thesis
and gives an overview of the main results, together with some motivation and
connections to and relationships with older results. Specific terminology and

notation can be found just before each of the topics.

In Chapter 2, we first characterize all the graphs that do not contain a
heavy cycle (a cycle of a graph G containing all the vertices with degree at
least |V(G)|/2). We use this result to characterize all the connected graphs
S with the following property: every longest cycle of a 2-connected S-free (or

S-heavy) graph is a heavy cycle.

In Chapter 3, we characterize the pairs of connected graphs R,S such
that every connected R-heavy and S-heavy graph is traceable, i.e., contains
a Hamilton path. We also determine the graphs S such that every connected

K 3-heavy and S-free graph is traceable.

In Chapter 4, we consider forbidden subgraph conditions for block-chains
(graphs whose block-tree is a path) to be traceable. We characterize the pairs
of connected graphs R, S such that every R-free and S-free block-chain is

traceable.

In Chapter 5, we consider heavy subgraph conditions for traceability of
block-chains. We characterize the pairs of connected graphs R,S such that
every R-heavy and S-heavy block-chain is traceable.

In Chapter 6, we consider heavy subgraph conditions for hamiltonicity.
We characterize the pairs of graphs R, S such that every 2-connected R-heavy
and S-heavy graph is hamiltonian.

In Chapter 7, we consider forbidden subgraph conditions for a 2-connected

graph to be homogeneously traceable, i.e., such that there is a Hamilton path
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starting at every vertex. We characterize the pairs of graphs R, S such that
every 2-connected R-free and S-free graph is homogeneously traceable. We

also characterize the heavy subgraph pairs for this property.

In Chapter 8, we consider heavy subgraph conditions for pancyclicity, i.e.,
for the existence of cycles of every length between 3 and the number of vertices
of the graph. We characterize the pairs of graphs R, S such that every 2-

connected R-heavy and S-heavy graph that is not a cycle is pancyclic.

In Chapter 9, we introduce and deal with the path partition number and
separable degree of graphs. We give forbidden and heavy subgraph conditions
for a graph to have path partition number equal to the separable degree,

thereby extending existing results on hamiltonicity.
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distance, 2, 116 level, 55, 117
dominating cycle, 19 line graph, 3
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